lournal of
athematical
nequalities

Volume 7, Number 1 (2013), 11-14 doi:10.7153/jmi-07-02

MORE ABOUT JENSEN’S INEQUALITY AND CAUCHY’S
MEANS FOR SUPERQUADRATIC FUNCTIONS

S. ABRAMOVICH, G. FARID AND J. PECARIC

(Communicated by I. Franjic)

Abstract. One of the many inequalities that superquadratic functions satisfy is the parallelogram
inequality

Flutv)+ fu—v) 2 2f(u) +2f(v).
In this paper, we present Cauchy means for superquadratic functions and other mean value the-
orems. We show also positive semi-definiteness, log-convexity, exponential convexity of certain
set of functions.

1. Introduction

Let E be a nonempty set and L be a linear class of real valued functions f: E — R
having the properties:

f,ge L= (af +bg) €L, Va,beR, (LD

leLie., f(t)=1 forallt c E= f € L. (L2)

An isotonic linear functional is a functional A : L — R having the properties:

A(of +PBg) = aA(f)+ BA(g) for f,geL, o, €R, (A islinear). (A1)
fELf(t)>0 on E=A(f) >0 (A is isotonic). (A2)
If A(1)=1 we say that A is normalized functional. (A3)

DEFINITION A. [2, Definition 2.1] A function ¢ : [0,%0) — R is superquadratic
provided that for all x > 0 there exists a constant C(x) such that

@) — o) —o(ly—x[) > Clx)(y—x) (L.1)

for all y > 0. We say that ¢ is subquadratic if —¢ is a superquadratic function. We say
that ¢ is strictly superquadratic function if for x # y, x,y # 0, there is strict inequal-
ity in (1.1). We say that ¢ is strictly subquadratic if —¢ is a strictly superquadratic
function (see [7]).

The following lemma is proved in [2, Lemma 3.1].
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LEMMA A. Suppose ¢ :[0,%) — R is continuously differentiable and ¢(0) < 0.
If @' is superadditive or x — @ is increasing, then ¢ is superquadratic.

We want to emphasize that using Definition A, it was proved in [1] and [2] that the
parallelogram inequality holds for superquadratic functions and that if the superquadratic
function is also positive, then it is also convex. Therefore in such a case we get refine-
ments of Jensen inequality, Jensen Steffensen inequality and many other inequalities
that hold for convex functions. A very important set of superquadratic functions is the
set of the power functions f(x) =x”, p>2, x>0. Thus we get refinements of Holder
inequality, Hardy inequality and many more inequalities related to power functions.

The following Jensen type inequality is given in [8, Theorem 10].

THEOREM A. Let L satisfy L1, L2 on anon-empty set E, and let @ :[0,00) — R
be a continuous superquadratic function. Assume that A is an isotonic linear functional
on Lwith A(1) = 1. If f € L is non-negative and such that o(f),o(|f —A(f)|) € L
then we have

P(A(f) <A(e(f)) —Ale(lf =A(N)- (1.2)
If the function @ is subquadratic, then the inequality above is reversed.

DEFINITION B. [3, Definition 1] A function % : (a,b) — R is exponentially con-
vex if it is continuous and
n
2 uiujh(x;+x;) =0
ij=1
for all n €N and all choices u; € R,i=1,2,...,n and x; € (a,b), such that x;+x; €
(a,b), 1 <i,j<n.

PROPOSITION A. [3, Proposition 1] Let h: (a,b) — R. The following are equiv-
alent.

(i) h is exponentially convex.

(ii) h is continuous and

Z it <x,+x1> >0,

i,j=1

forevery uj € R andevery x;,xj € (a,b),1 <i,j
(iii) h is continuous and for every x; € (a,b), i

det [h(mﬂ > 0.
2 ij=1

COROLLARY A. [3, 10] If h: (a,b) — (0,%) is exponentially convex function,
then for all x,y € (a,b) h is a log-convex function:

Sn
i=

Yy

h(2

) < Vh(x)h(y).
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REMARK A. In Definition B and Proposition A it is sufficient to require mea-
surability and finiteness almost everywhere in place of continuity because of the fol-
lowing theorem (see [9, 13, p.105, Th.9.1b]): If the function % : (a,b) — R is mea-
surable and finite almost everywhere, % is continuous if also —eo < A(x) < e and
h(2) < ngh(y)7 a < x,y < b. In this paper we follow the reasoning and the tech-
niques of [3, 4, 5, 6, 12] but here we do it for superquadratic functions. We present here
mean value theorems, show positive semi-definiteness, log-convexity and exponential
convexity of Ap =A (@ (f)) —@(A(f)) —A(e(|f—A(f)|)). We also define Cauchy

mean for superquadratic function and show its monotonicity.

2. Mean value theorems

We start this section by defining the linear functional A, then using the classical
Cauchy mean value and some properties that lead to superquadracity, we build new
means. In the rest of the section we will use C!(I) to denote the class of functions
having first order continuous derivatives on an interval I and C>(I) to denote the class
of functions having second order continuous derivatives on /.

DEFINITION 1. Let L satisfy properties L1,L2 onanonempty set E and A: L —
R be a functional having properties (A1) — (A3). Let ¢ : [0,0) — R, f € L be a non-
negative function with @(f),o(|f —A(f)|) € L. We define the functional A, : L — R
as:

Ap =A(9(f)) — 9(A(f) —Ale(lf = A(N)- 2.1)

If ¢ is continuous superquadratic function then by (1.2), A, > 0.

In the following we assume that a function f satisfies conditions, which imply
that if A is strictly positive functional and ¢ is strictly superquadratic function, then
Agp > 0. The following lemma is important to prove mean value theorems.

LEMMA 1. Suppose ¢ € C?([0,%0)), —co < m < M < oo be such that
((P’(é))’ _§9"(E)—¢'(5)
S g

Consider the functions @y, @, : [0,00) — R defined as:

m < <M forall& > 0. (2.2)

Mx3 mx>
01(x) = 5~ 0x), 2(9) = plx) — 5,
Then the functions x — @ X @ are increasing. If also ¢(0) =0, then @;,

i=1,2 are superquadratic.

Proof. By using inequality (2.2) it is easy to see that the functions x — (PIT(X),
X %T(x) are increasing. Also if ¢(0) =0, then by Lemma A we have that ¢;, i = 1,2

are superquadratic. [

By using Lemma 1 we prove the following theorem.
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THEOREM 1. Let @:[0,00) =R, ¢(0) =0 be a function with the assumptions of

Theorem 1, and assume that A is strictly positive functional. If @ € C'(0,00), then
there exists £ € (0,00) such that the following equality holds

Ap= %W (A~ @A) -Alf-ANP). @3

/ / / /
Proof. Case 1. Suppose that m = n(l&n) (‘P )Ex)> and M = max ((p m) exist.
x€ (0,00

Using ¢, instead of ¢ in (1.2) we get

AP(1) — P(ALN) — AlolS —A)
<X -anr-au-amp). e

Similarly, using ¢, instead of ¢ in (1.2) we get

AWQ(F) = PA(F) ~Alp(f =A))
> ZAP) - AP -Alf-ApP). @9

As @ = x3 is strictly superquadratic, and A is strictly positive therefore
A = @A) =Ar-ANF > 0.
By combining inequalities (2.4), (2.5) and using the fact that

e K00 =)

X2 sM

there exists & € (0,0) such that we get (2.3).
/ / / /
Case 2. Suppose that m = min (907(")) and M = sup (qJT(X)) , and assume
x€(0,02) x€(0,00)
that M is not a maximum. In this case ¢, is strictly superquadratic. Using ¢; instead
of ¢ in (1.2) we get
Ale(f) —e(A(f) —Ale(lf —A)

<Har)-amy-alr-anP).  @o
Using ¢, instead of ¢ in (1.2) we get

AWQ(F) = PA(F) —Alp(f =A))
> A - AP -Alf-ApP). @D
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By combining inequalities (2.6), (2.7) and using the fact that

e 500 =)

there exists & € (0,e0) such that we ge

=
N
o
=
o
Il
8
=
bal
—~
e\

!/
al ) . The proof is
x€(0,00)

analogous to the proof in Case 2.

i

t
Case 3. Suppose that m = inf (

/ / / /
Case 4. Suppose that m = inf (2 (x)> and M = sup <(P)Ex ) . The proof is

x€(0,00)

analogous to the proof in Case 2.
In the case where M = < (that is (@)l is not bounded above) and m exists,
using just ¢, , we obtain , /
e 00

in the case of minimum, and strong inequality in the case where m is infimum. The rest
of the proof is as above.
The remaining cases could be treated analogously. [

THEOREM 2. Let @,y :[0,00) =R, ¢(0) = yw(0) =0 be functions with the as-
sumptions of Theorem 1, and assume that A is strictly positive functional. If (pT(x),

@ € C'(0,00), then there exists & € (0,00) such that we have

Ay _ £9"(E)—¢'(E)
Ay &) &)

provided the denominators are not equal to zero.

(2.8)

Proof. We consider a function & defined as h = c;¢ — coy, where c¢y,c; are de-
fined by
C1 :Al’/7 2 :Aq).
Then W , ,
— —Clg—CQW ECI(O )
X X

after a short calculation we obtain that A, = 0 and using Theorem 1 with ¢ =h we
have

(c1(E@"(&)—¢'(§)) —ca(EW"(E) —¥/(E))) x
< (A(f?) = (A(f)’ —A(f —A(NHP)) =0. (2.9)

As @ = x> is strictly superquadratic, and A is strictly positive therefore
¢ y superq yp

A(f) = (A()) —A(f —ANP > 0.
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‘We conclude that

2 _§9"(6)=9'(5) _Ae

a  EyE) -y Ay
provided that denominator is not zero. This completes the proof. [l

Theorem 2 enables us to define new means. Set

_9"(E)—9'(¢)
Ey"(&)—v'(E)

and suppose that K is invertible, then

K(&)

is a new mean.
By using the following definition of generalized mean we give the next result.

DEFINITION 2. [11, p. 107] Let L satisfy properties L1,L2 on a non-empty
set E, A be positive linear and normalized functional (that is, A satisfies conditions
(A1) — (A3)) on L, and let g € L. Then for strictly monotone continuous function o
such that cxo g € L, the generalized mean of g with respect to the positive functional
A and the function « is defined by

Mq(g,A) = o (A(og)). (2.10)
Using Theorem 2 we get that the following theorem holds for My, (g,A) :

THEOREM 3. Let o,f3,y: (0,00) — R be strictly monotone functions. Let f :
E — R be a function such that f(t) € (0,%), forall t € E. Let o, 3,y € C*(0,), and

(Ocoy*l)’()C)7 (ﬁoy;l)/(X) c CI(O,OO) with O(O)/_l(()) =0, O)/_l(O) — 0, then

X

(Mo (f,A)) — a(My(f,A)) — Moy ' (|70 f — ¥(My(f,A))]),A))
B(Mo(f,A)) = B(My(f,A)) = B(Mg(y—"(Jyo f — v(My(f,A))]),A))

_ ()" ()Y (n) =o' (m)y"(n) — &' (M) (¥ (n))*
Y (B"(m)y'(n) =B’ ()y"(n)) = B'(n)(v'(n))?

holds for some M in the image of f provided that denominators are not zero.

Proof. We select the functions @ and y so that ¢ = oy !, y =B oy ! and
J = 7o f, by making these substitutions in equation (2.8) we have that there exists an
& such that

(Mo (f,A)) — a(My(f,A)) — Moy ' ([yo f — ¥(My(f,A))]),A))
B(Mo(f,A)) = B(My(f,A)) = B(Mg(y~"(Jyo f — v(My(f,A))]),A))
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_E@" Y E) o (r N (r ) — o (N E) (Y (v (E)?
SB"(r M ENY (1) =B ENY(r N =B T EN (r ()

Hence by setting y~!(£) =1, we have that there exists an 1] in the image of f such
that

a(Mo(f,A)) — a(My(f,A)) — a(Ma ("' (J7o f — Y(My(£,4))]),A))
B(Mo(f,A)) = B(My(f,A)) = B(Mp (v~ (lye f —v(My(f,A))]),A))

Theorem 3 enable us to define new means. Set

y(m)(e"(m)y (n) — &' (m)y" () — &' (M) (¥ (n))?
Y (B"()y'(n) = B'(n)y'(n)) — B'(n)(v' (m))?

and when F is invertible, then

i (O‘(Ma(faA))_( y(f:A)) — (Mo (y ' (Jyo f - (y(f,A))I),A))>
B(Ma(f,A)) = B(My(f,A)) = B(Mp (v~ (lyo f = v(My(f,A))]),A)) )

Since 1 is in the image of f, then we have ItIélbpf(t) <N < max x f(t),i.e. we get a new
mean.

Now we give definition of generalized power mean and use in the above theorem
to give new mean.

F(n)=

DEFINITION 3. [11, p. 108] The generalized power mean of g with respect to the
normalized positive linear functional A is defined by

_[A@)r, r#0
M) ={ G0 ) 10 1D

Now we can deduce corresponding results for the generalized power mean.

COROLLARY 1. Suppose that all the conditions of Theorem 3 are satisfied. Then
for rl;s € Ry such that r # I;r,1 # 2s, we have that

MI(f.A) ~ MI(F,A) ~ MU(S — M3(FA)[FA)  r(r—2)
MI(f,4) = ML(f.4)— M(|F —M3(F,A)|},4)  LT=29)

holds for some 1 in the image of f, provided that the denominators are not zero.
Therefore we have a new mean.

n"! (2.12)
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(r) =* in Theorem 3, we get assertion
suggests a new mean which satisfies

A\
’A)

Proof. If we set a(t) =1",B(t) =1,y
(2.12). Since 7 is in the image of f, (2 2)

i (1 —2) MEF,A) — MI(F.A) — ME(f — ME(F.A)
mnf(t)\<r<r—25> MI(f.A)— M(F.A)— M — M(f.A)
<maxf(t), rnl,seRi,r#12s. O

Py -

From (2.12) it follows that we can define a new mean M ( fLA) as

Myl](f,A):(l(l—%)MI(f,A)—Ms’(f A) M (' My ()
| r(r=29) MJ(f.4) = MI(f.A4) = M](|f* — M3(.4)|

fornl,s e Ry, r#1;rl+#2s.
For some other cases of r,1,s we apply the following conditions that we call (A4):

al=| =
=
~—
S——
1

—~

[\

—

(9]

—~

limA(f") = A(f"), (A4)

1—to

A t-+At —A(f
g

and we get the following definition of Mlsl] for more cases of r,l,s € Ry.

DEFINITION 4. Let L satisfy properties L1,L2 on a non-empty set £, A be a
positive linear functional on L with (A3) and let (A4) be valid. Then for r,l,s € R}
we define Cauchy-type mean of f with respect to the positive linear functional A for

r#£l, r#2s, 1#2s by (2.13).

@l

Denoting d = |f*— M$ (f,A)|* , we get in the limiting cases:

o o (AU ogf) — MI(f,A) logM,(£,A4) — Ald'logd)  2(1—s)
M (f,A) —CXP< ML(f,A) — ML(f,A) — M. (d,A) 1(1—2s) )’

l2\(f7 ) Mgil(va)

1

o 2S(Mll (va) - M{ (f7A) _Mll (d7A)) e
— (I —25)(A(f2 log f) — M2 (f,A) logM,(f,A) — A(d* logd)) ’

i B A(f>(log f)?) — M>(f,A)(logM,(f,A))? — A(d*(logd)?) 1
Mysaulf,A) = exp ( 2(A(f>log f) — M>(f,A)logM,(f,A) — A(d*logd)) 2_s) '
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3. Positive-semidefiniteness, exponential convexity and log-convexity
In the following we assume that the linear functional A satisfies (A4).

LEMMA 2. Consider the function @y for k > 0 defined as

X
k;«é2
k(k—2)°
(3.1)
5 logx, k=2.

[

Pr(x) =

Then, with the convention 0log 0 = 0, ¢ is superquadratic.

Proof. Since @(0) =0 and ((p"éx))’ =x¥=3 >0 for x >0, by Lemma A, ¢ is
superquadratic. [J

THEOREM 4. For Ay, defined by using Lemma 2 in (2.1) we have

n
a) forneN,p;e Ry, i=1,....n, the matrix A = [A } , IS a positive

i,j=1

Pritrj
i}

semi-definite matrix.

b) the function s — Ay, s € Ry, is exponentially convex.

c¢) if Ay, is positive then the function s — Ag, is log-convex that is for r <s <t
where r,s,t € R we have

(Ap) " < (Ag,) *(Ag) " (3.2)

Proof. Define the function F(x) =

Pitp;
lui“j‘Ppij (x), where p;; = =5~L. Then,

TM=

I,

(P42 = 5 (B2 = (B2 0

and F(0) = 0. This implies that F is superquadratic, so using this F in the place of ¢
n (2.1) we have

Afp = 2 uitjAg, > 0. (3.3)
ij=1

n
Hence the matrix A = {A(P pitp } is positive semi-definite.
7 ij=1
b) Since after some computation we have lirr%A% = Ay, so the function s +—
S—

Ag,, s € Ry is continuous on R, then by (3.3) and Proposition 1, we have that the
function s +— Ay, s € R is exponentially convex.

¢) As Ay, is positive and s — Ag, , s € Ry is continuous, then by Corollary 1 we
have s — A, is log-convex and we get (3.2). [

In the next corollary and two theorems we suppose that the functional A, is such
that continuity property of Theorem 4. b) is satisfied on an appropriate interval.
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COROLLARY 2. Let dy = A(f*) — (A(f)F —A(f —A(F)[F), k>0, k#2, and

dy = A(f*log f) = (A(f))*logA(f) = A(|f —A(f)log| f — A(S)))-
By applying Theorem 4. c) we get

(i) Fors>4:

A= @)+ AQ - A + 2 Gaysay S, G
(i) For0<s<2:

A < @Y+ - AP - Cr a3, 39

(i) For 1 <s<?2:

s—3
AP > Y A=A (6= 2807400 (3727 )
(3.6)

@iv) For2<s<3:

AP <G+ AQ AP + 5 ey 2, 6
(V) For3<s<4:
ALY < A0+l - A0 + S Gaysay a6

EXAMPLE. Let y > x>0 and

x4+y4 x+y 4 y—x 43 5 5
a=50 - (2) - (35F) =309 0+

() () e

Then for s > 4
4 X4y x+v\* y—x\*
o2 2 2

s(6-2) (%)”_sw—z) (32<y+x>2>“ (=02 (r+29)
3 P \8ds T3 42 (y+2x)

>

By computing directly ds we get from the above inequality

7y + 14y*x + 11yx® + 8x° - 3* (y+x)*
16 T 20 (y 4+ x)”
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IfO<s<2andy>x2>0 then

P4y () (y=x\_ —s-2) (820+29) =22 (429
2 _<_§_> _< 2 ) ST 3 <3Hy+xf> 4 '

Therefore for s = 1 the following holds:
L8V 0429 -
3.4 32 (y —+ x)4 '

In the following theorem we give result analogous to refinement of Holder’s inequality
for superquadratic functions given in [2].

—r—x) < -

THEOREM 5. Let L satisfy conditions L1, L2 and A satisfy conditions (A1), (A2)
onaset E. Let | <p <2, %—Fé =1,if f,g >0 and fP, g%, fg, fg, logfg' ™4,

f2¢>~49 € L then we have
p
) —(A(f3))"

(Algln]) (A(f2g2‘qlog(fgl‘q))A(gq)

A(f8)
A(g?)

1
p(p—2

==

(((A( D)1 (A7)~ A (")

)

1
<_
2

-1
(AU log A8 g1 <g2-qh|2>log<gl-q|h>)p . (39

where h=|f —

A
Proof. In Theorem 4. c) take r = 1,5 = p,t =2 so that, 1 < p < 2, then we have
(Awp)l < (Ag)* P(Agy)P

By setting A(f) = /Z((Wv{)) we get

1 A(wfp)__<A(wf))p Awlf =220 P)
p(p=2) \ A(w) A(w) A(w)

2—-p

1 [ Awlf =5

A
<
2 A(w)

Abwflogf) (AN, Alwf) ALl—5EP) Alwf)
A(w) (A(w)) P8 A0 T A 1°g<' A(w) )

Putting w = g4, f = fg!~9, after some calculation we get the inequality (3.9). O

p—1

When log f is convex we see that [6, Lemma 1.3]:
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LEMMA 3. Let f be log-convex function and x; < y1,x3 < y2,X] # X2,V1 7 V2.
Then the following inequality is valid

()™ < ()™

In the following we assume that Ay, is continuous for ¥ = @, ¢.

THEOREM 6. Let t,r,u,v € Ry be such that t <v,r <u. Then we have

g

M <M,

Proof. As Ay, is log-convex, Lemma 3 implies that for 7,r,u,v € Ry such that
t <vr<u,t#rv+#u we have,
1

1
A —r A v—u
—"’) < "’") ) (3.10)
Aqu Aun

By substitution f = f°, r==% r==L wu="% v="2 and from the continuity of Ay,

s? s? s

we get our result for u=r, v=t; u:r,t#v; u;é‘r,t:v. O

LEMMA 4. Let us define the function

txeX —e* 41
@(x) _ { 13 ) t 7é Oa

3
T t=0

, /
Then <¢’T(X)) =™ >0, and ¢,(0) = 0. Therefore ¢, is superquadratic.
THEOREM 7. Theorem 4 is still valid if we set @5 = @;.

Proof. See the proof of Theorem 4. [J

DEFINITION 5. Let L satisfy properties L1,L2 on a non-empty set E, A be a
positive linear functional on L with (A3) and let (A4) be valid. Let t,r € R} and
1, f", logf, (logf)?, (logf)?, (logf)* € L for t,r € R,. Then we define Cauchy-
type mean of f with respect to the positive linear functional A, M, ,(f,A) by

MlJ(va)

_ ( r(tA(f log f) — M! — M{log(M})) + M}y — tA(bexp(tb)) + A(exp(th)) — 1) ) o
3(rA(frlog f) — Mr — M{log(M{) + M — rA(bexp(rb)) + A(exp(rb)) — 1)

t #r where M,(f,A) = M,, and b:“og(MLO”_
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In the limiting case when [ goes to r we have

My (f,A)

~exp ( r(A(f"(log f)?) — My (log(My))* — A(b*exp(rb))) 3 )
(rA(f"log f) — ML — M} log(My) + M}, — rA(bexp(rb)) +A(exp(rb)) — 1) r )’

When r goes to 0 we have

A((logf)*) — (log(Mo))* — A(b*))
8(A((logf)?) — (log(Mo))® —A(b*))

Moo (f,A) = exp

THEOREM 8. Let t,r,u,v € Ry be such that t <v, r <u. Then

Mt,r < Mv,u-

Proof. As Ay, is log-convex function, Lemma 3 implies that for 7,r,u,v € Ry
such that t <wv,r <u, t#r,v#u we get,

1 1
A t—r v—u
q)l < Aq)v .
Ay, Ay,

From the continuity of Ay we getour result for u =r,v=t;u=rt#viu#rnt=
v. O
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