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SOME GEOMETRIC INEQUALITIES OF RADON — MITRINOVIC

D. M. BATINEIU-GIURGIU AND NECULAI STANCIU

(Communicated by J. Pecari¢)

Abstract. Some Mitrinovi¢ type inequalities for general convex polygons are presented. The
main tool in the proofs is the Radon inequality.

1. Introduction

Inequality of J. Radon has the statement:
IfneN*  meRy, xx €Ry, yr €R,Vk=1,n, X;, =

TM:

n
X, Yo=Y yi,then:
1 k=1

n merl Xr71+1

DI

m
=1 Yk vy

(R)

Equality holds if and only if there exists ¢ € R’ such that x; =1y, Yk = 1,n.
Inequality of Dragoslav S. Mitrinovic has the statement:
In any triangle with perimeter 2p, circumscribed of circle C(I;r) occurs the in-
equality
p=3rv3 (M)

Equality holds if and only if the triangle is equilateral.

2. Results

The purpose of this article is to establish some geometric inequalities (other then
[1]) on (M)-type, in convex polygons, used the (R)-inequality.

For any convex polygon AA;...A,,n >3 we denoted by S the area of the polygon,
by 2p the perimeter of the polygon, by a; the side of the length [A¢Ax 1] (k=1,n),
Ap+1 =Ay, and for any point M from inside the polygon we denoted Ty = praga,, M,
dp =MTy., S =area[AyMAy+1], Vk= 1,n,and u; = W(LAMA 1), vi = U (LAMTL),
wr = W(LTiMAy) the measures of angles LA MA;. 1, ZAMT, respectively
LTiMA1 in radians.
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LEMMA. If A,B,A # B are points in the same plane and M ¢ AB, T = pragM,
d=MT, then:
AB AB u
— == 221g,
d MT 2
where u = (LAMB) is the measure of the angle ZAMB in radians.

Proof. We denoted v = u(ZAMT) and w = u(£TMB).
We have the following possibilities:

i) T € (AB). In this case tgv= 4L and tgw= & so
AB AB AT +TB

d MT MT

Since the function f: [0,%] — R, f(x) = tgx, is convex on [0, %] it follows by

Jensen’s inequality that

V+w u
=1 L, 2t —=2t —=.
gv+tgw = 2tg 2 €5
ii) T =A. In this case tgw = —, and tgv = ‘£ = % = 0. Also we have:
tgu = tgw, so A8 = tgu = tg2( ) = lzttgg%u >2tg5 & tg3% > 0, which is true.
iii) T = B.This case is analogous with 11).Hence the conclusion follows.
iv) A € (TB). We have tgv= 14 = and tgw=tg(u+v)=LE =18,
Hence,
AB_TB—TA_ . iiv)—tgvat
7= y =tg(u+v)—tgv > tgu
tgu+ tgv
&> — 0< tgut t L. 0,
T gutgy &Y gv > gutgv(tgu+tgv) >

which is true.
Therefore, AdB > tgu >2tg %

v) B € (AT). This case is analogous with iv). Hence the conclusion follows.
And we are done

THEOREM 1. If AjA;...A, (n = 3) is a convex polygon and M is a point inside
this polygon, then:

n
3 &> onggZ ()
n

k=1 %

~

Proof. By lemma we have:
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and then

AN gk

k=1 %k k=1
Since the function f: [0,%] — Ry, f(x) = tg3, is convex on [0,%] by Jensen’s
inequality follows that:

n n
Uy, 1 2r T
te = >ntg [ — =ntg=— =ntg=. O
kg‘lg2 ng<2nkz‘luk> ng2n ngn

OBSERVATION 1.1. Ifthe polygon A|A;...A, is circumscribed in the circle C(I;r)
and M =1, then: dy =r, Vk = 1,n, and (1) becomes:

)

P T T
ap=— 22ntg— & p>nrig—
r& r n n

(1)

OBSERVATION 1.2. The inequality (1) is a generalization of the (M)-inequality,
and if the polygon is the triangle ABC (1) becomes:

a b c T
teta 6tg 3 6V/3

and if M =1, then we obtain the (M)-inequality.

(1)

THEOREM 2. If AjA;y...A, (n > 3) is a convex polygon, M is a point inside this
polygon and m € R, then:

Sy s @
Proof. We have:
PSR T SR S
k=1% k=1 \“k%k k=1 k k=1 “k
and used the (R)-inequality, we obtain
n m+1
iz%}%(kziak) ] —zim.szr;Im)mH :z.p:;:l .
k=1 % <k§1Sk>

OBSERVATION 2.1. If the polygon AjA;...A, (n > 3) is circumscribed in the
circle C(I;r), then S = pr, and (2) becomes:

’ pmrm = rm (2/)
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If M =1 then by (1’), we deduce that:

L oa T
2 @ 2 rm—l tg— (2//)

THEOREM 3. If AjAy...A, (n > 3) is a convex polygon, M is a point inside this
polygon, and m € R, then:
om m+1 T
L tg m+l 2 (3)
p n

n n m+1
Proof. We have: k21 d;?]‘(“ =y L <3—i> , where we apply the (R)-inequality

n m+1
and we obtain Z W k> 2L ( > d;) , then by (1) we deduce the
conclusion. [

OBSERVATION 3.1. The relation (3) is also written as:

T
P oy 22 g 3
k=1 %k

If the polygon A1A;...A, (n > 3) is circumscribed in the circle C(I;r), then (3') be-
comes: | "
2 +1 +1 1 T\™ "
2p~- s > 2" g™ <:>p >2" (nrtg ) (3")

THEOREM 4. If AjAy...A, (n > 3) is a convex polygon, M is a point inside this
polygon and m € Ry, then for any x,y € R’ such that 2px >y mI?x ay, occurs the

inequality:
i nmtl

m+1 > mQm m+1
= dy 2px yak) 2ms™ (nx — y)

“4)

Proof. We have:

n m+1

a 1 &1 mil
+1_2 £ m+l:_2_m A )
) 2SSy

k=1 agdy (2px — ary k=1 2px —yay

where we apply the (R)-inequality and we obtain that

2px yak)

m+1
i 1 (Z 2px ya;\) B 1 <i a )m-&-l.

m (2 it 2 om’ n Mmoo mgm 2px —ya
(2px— yak) (Z Sk) & K
k=1
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Also we have,

< ai o Yak
U= ———eyw,=Y ———
,Zl 2px — yay Z‘ 2px—yay
n yay n 1
S yU,+n= <7+1>=2px —_—.
! 2‘1 2px — yay ,; 2px — yay

By Bergstrom’s inequality we deduce that:

n n2 n2
g px yak i (sz_yak) - 2p(nx—y)
k=1
Therefore,
1 1 2 n2x
yU,+n=2px ) — >2px- =
" ;Z’lsz_yak 2p(nx—y) nx—y
2
< yU, > nx —n= ny s U, > " .
nx—y nx—y nx—y
Hence,
nm-H

O

n
=

g‘l ay pr yap )" T 2mgm (px — y)mt!

OBSERVATION 4.1. If the polygon from theorem 4 is circumscribed in the circle

), then for any m € R and for any point M which is inside the polygon holds the

C(Lr
inequality:
n nm+1 nm+1 ,
Z mz m+l> mom mrl P m+1 (4)
=1 d' (2px— yak) 2mSm (nx — y) 2mp™mr (nx — y)
If M =1, then
n ag nm+1
2 m+1 2 m+1
=1 " (2px — yay) 2mp™mr™ (nx — y)
n ax nm+l .
2 m+1 > m+1 (4 )
k=1 (2px — yay) 2" (nx—y)

OBSERVATION 4.2. If the polygon from theorem 4 is the triangle ABC, then (4)

becomes:
3m+1

b c

+ =
dzn (2px _ Cy)m+1 omgm (3)C _ y)m+1
(4///)

a
+
dm (2px —ay)"t - dr (2px —by)" !
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Also (4”) becomes:

m a N b N c - 3mtl
p =z .
2px—ya)""  (2px—yb)"* " (2px—yo)"t ) T 2m (Bx—y)"t!
If we take m =0, x =y = 1, then by the last relation we obtain:

a n b n c >3
b+c¢ c¢+a a+b” 2

and this is Nesbitt’s inequality.

THEOREM 5. If a convex polyhedron has n faces (n > 4 ) which are convex poly-
gons with their areas Sy (k =1 n) M is a point inside the polyhedron, dy is the dis-
tance from M to the face with area Sy, (k = I,_n) , V is the volume of the polyhedron, S
is total area of the polyhedron and m € R, then:

n
LI 3

Proof. We have:

Sm+1 n Sm+1

n S B n B 4
,Zld —§ (dicSk) m—ng,;w

where Vj is the volume of the pyramid which has the vertex M and which has the base
the polygon of the face with the area S; (k=1,n).
By (R)-inequality, we deduce that:

n m+1
N
i Si - <kzl k) B g+l
d_m = n m 3my/m
k=1"k 3m < 2 Vk)
k=1

OBSERVATION 5.1. If the convex polyhedron from theorem 5 is circumscribed in
the sphere S(I;r), then (5) becomes:

2@2 (S}")m:_ (5/)

If M =1, then dy = r, Yk = 1,n, and the inequality (5') becomes a equality.

THEOREM 6. If we have a convex polyhedron like in theorem 5 and m € R4,
X,y € R, such that xS > y max Sy, then:

I<k<n

n m+1
Z n

m+1 > m+1
o1 d} (xS — yS ) 3mym (px —y)

(6)



SOME GEOMETRIC INEQUALITIES OF RADON — MITRINOVIC

Proof. We have:

n Serl

31

S

P

(xS — yS)

= (i)™ (xS — ySi)" !

n 1 m+1
=3 (xS—ySk> ’

where we apply the (R)-inequality and we obtain that:

(2
k=1

m+1
Sk
)CS*ySk l

n
gld (xS — ysk>’"“/

Also we have,

—Z

xS — yS
YSk

=y, =
W, +n kzl<xS—ySk+

By Bergstrom’s inequality we deduce that:

1 n?

1 ! 3L
()
k=1

SyW, =Y

m+1
3 5
= xS —yS '

n

Y8k
xS — ySk

k=1

L 1
1) =xS§ .
) kg‘xS—ySk

1

2

i n
> J—
p— = n - ’
= xS —ySk 3 (xS —ySy) (nx—y)S
k=1
So,
2 2
Wtn>x —— oW, > —— = 2w, >
nx — nx — nx—y nx—y
Therefore,
n nm+1
O

OBSERVATION 6.1. If convex polyhedron from theorem 6 is circumscribed in the

sphere S(I;r), then the relation (6) becomes:

nm+1

If in addition M =1, then:

1 d) (xS — yS e

>
= Smpm (px — )™t

(6')

m+1

gtl XS — yS m+1

> 1
Sm (nx —y)"™*

(6")
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