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DIRECT AND INVERSE STRONG–TYPE INEQUALITIES FOR

JACKSON–MATSUOKA POLYNOMIALS ON THE SPHERE

GUO FENG AND YUAN FENG

(Communicated by V. D. Stepanov)

Abstract. The direct and inverse strong-type inequalities are established for the best approxima-
tion by Jackson-Matsuoka polynomials in the Lp space on the unit sphere of Rd which with the
help of the relation between K-functionals and modulus of smoothness of sphere.

1. Introduction and Notations

Let S := Sd−1 = {x : ‖x‖= 1} denote the unit sphere in Rd (d � 3) , d ∈N , where
‖x‖ denotes the usual Euclidean norm, Z+ the set of non-negative integers, and N the
set of positive integers. We denote by Lp := Lp(S) , 1 � p � ∞ , the space of functions
defined on S with the finite norm

‖ f‖p :=
(∫

S

| f (ϖ)|pdϖ
) 1

p

, 1 � p < ∞,

and for p = ∞ we assume that L∞ is replaced by C(S) the space of continuous functions
on S with the usual uniform norm ‖ f‖∞ , where ϖ ∈ S , and dϖ is the measure element

on S , and |Sd−1| = ∫
S
dϖ = 2π

d
2

Γ( d
2 )

is the surface area of S .

Denote by H d
k the space of spherical harmonics of degree k . The Laplace-

Beltrami operator on the sphere denotes by

D f (ϖ) := Δ f

(
ϖ
|ϖ |
)
|ϖ∈S, (1.1)

which has eigenvalues λk :=−k(k+d−2) corresponding to the eigenspaces H d
k with

k ∈ Z+, that is, H d
k = {Ψ ∈C(S) : DΨ = −k(k+d−2)Ψ} . For the properties of the

space of spherical harmonics and the Laplace-Beltrami operators reference see [6, 7, 9].
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The standard Hilbert space theory shows that L2(S) = ∑∞
k=0

⊕
H d

k . That is, with each
f ∈ L2(S) , we can associate its harmonics expansion

f (ϖ) =
∞

∑
k=0

Yk( f ,ϖ), ϖ ∈ S,

in L2(S) norm. The orthogonal projection Yk : L2(S) �→ H d
k take the form

Yk( f ;ϖ) :=
Γ(λ )(k+ λ )

2πλ+1

∫
S

Pλ
k (ϖ ,ϑ) f (ϑ)dϑ , (1.2)

where 2λ = d−2, Pλ
k denotes hyperspherical polynomials of degree k which satisfies

(1−2rcosθ + r2)−r = ∑∞
k=0 rkPλ

k (cosθ ) , 0 � θ � π . The properties of hyperspherical
polynomials see in [12] for more details.

The spherical means denotes by

Tθ ( f ) := Tθ ( f ;ϖ) :=
1

|Sd−2|(sinθ )d−2

∫
〈ϖ ,ϑ 〉=cosθ

f (ϑ)dϑ ,

where |Sd−2| is the surface area of Sd−2 , 〈x,y〉 denote the usual Euclidean inner prod-
uct. The properties of the spherical means are well known (see [1, 10]). In particular,
the function Tθ ( f ;ϖ) has the expansion

Tθ ( f ;ϖ) ∼
∞

∑
k=0

Pλ
k (cosθ )
Pλ

k (1)
Yk( f ;ϖ) :=

∞

∑
k=0

Qλ
k (cosθ )Yk( f ;ϖ). (1.3)

Simultaneously, they lead to the following definition of an analog of the modulus of
smoothness:

DEFINITION 1.1. [4, 7] For f ∈ Lp , 1 � p < ∞ , or f ∈ C(S) , the modulus of
smoothness on the sphere is given by

ω( f ;t)p := sup
0<θ�t

‖ f −Tθ ( f )‖p. (1.4)

The K-functional on the sphere is given by

K( f ;t2)p = inf
g∈Wp(S)

{‖ f −g‖p + t2‖Dg‖p
}

, (1.5)

where Wp(S) :=
{

f : f ∈ Lp,D f ∈ Lp
}

, 0 < t < t0 , t0 is a positive constants, D f
denote the Laplace-Beltrami operator on the sphere.

In [4, 11], Z. Ditzian, and S. Riemenschneider, K. Y. Wang proved the weak equiv-
alence relation

C−1K( f ;t2)p � ω( f ;t)p � CK( f ; t2)p. (1.6)

Throughout this paper, C denotes a positive constant independent on n and f and C(a)
denotes a positive constant dependent on a , which may be different in different places.
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Based on the classical Jackson-Matsuoka kernel (see in [8]) we define a new kernel

Mn; j,i,s(θ ) :=
1

Ωn; j,i,s

(
sin2 j nθ/2

sin2i θ/2

)2s

, n = 1,2, . . . ,θ ∈ R,

where j, i,s ∈ N , Ωn; j,i,s is chosen such that
∫ π
0 Mn; j,i,s(θ )sin2λ θdθ = 1. It is known

that Mn; j,i,s(θ ) is an even nonnegative operator. In particular, it is an even and non-
negative trigonometric polynomial of degree at most 2s(n j+2 j−2i) for j � i and the
Jackson polynomials for j = i . Using Mn; j,i,s(θ ) we consider spherical convolution:

Jn; j,i,s( f ;ϖ) := ( f ∗Mn; j,i,s)(ϖ) :=
∫ π

0
Tθ ( f ;ϖ)Mn; j,i,s(θ )(θ )sin2λ θdθ . (1.7)

It is called the Jackson-Matsuoka polynomials on the sphere based on the Jackson-
Matsuoka kernel. In particular, ( f0 ∗Mn; j,i,s)(ϖ) = 1 for f0(ϖ) = 1. The classical
Jackson-Matsuoka polynomials in classical Lp space that has been studied by many
authors see in [3, 8].

In this paper, we consider the approximation of the Jackson-Matsuoka polynomi-
als on the sphere. With the help of the relation between K-functionals and modulus of
smoothness on the sphere and the properties of the spherical means, we obtain the di-
rect and inverse estimate for the best approximation by Jackson-Matsuoka polynomials
in the Lp space on the unit sphere of Rd .

2. Auxiliary Lemmas

We need the following Lemmas.

LEMMA 2.1. Let Ωn;, j,i,s =
∫ π
0

(
sin2 j nθ

2
sin2i θ

2

)2s

sind−2 θdθ . Then, the weak equiva-

lence
Ωn; j,i,s 
 n4is−d+1, (2.1)

holds true for 4si > d − 1 , j � i , 2λ = d − 2 , d � 3 , where the weak equivalence
relation A(n)
B(n) means that A(n)�B(n) and B(n)�A(n) , and relation An �Bn

means that there is a positive constant C independent on n such that A(n) � CB(n) .

Proof. Since θ
π � sin θ

2 � θ
2 and sinθ � θ for 0 � θ � π , we have

Ωn;, j,i,s =
∫ π

0

(
sin2 j nθ

2

sin2i θ
2

)2s

sind−2 θdθ


 n4is−d+1
∫ nπ/2

0
td−2

(
sin2 j t

t2i

)2s

dt


 n4is−d+1

(∫ π/2

0
td−2

(
sin2 j t

t2i

)2s

dt +
∫ ∞

π/2
td−2

(
sin2 j t

t2i

)2s

dt

)


 n4is−d+1, (2.2)
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since 4si > d−1. The Lemma 2.1 has been proved. �

LEMMA 2.2. For 4is > r + d − 1 , j � i , r ∈ R , there is a constant C(d, j, i,s)
such that ∫ π

0
θ rMn; j,i,s(θ )sin2λ θdθ � C(d, j, i,s)n−r . (2.3)

Proof. Since θ
π � sin θ

2 � θ
2 and sinθ � θ for 0 � θ � π , by Ωn; j,i,s 
 n4is−d+1 ,

we have∫ π

0
θ rMn; j,i,s(θ )sin2λ θdθ

� C(d, j, i,s)n−4is+d−1
∫ π

0
θ r

(
sin2 j nθ

2

sin2i θ
2

)2s

sin2λ θdθ

� C(d, j, i,s)n−4is+d−1n4is−r−d+1
∫ nπ/2

0
tr+d−2

(
sin2 j t

t2i

)2s

dt

� C(d, j, i,s)n−r

(∫ π/2

0
tr+d−2

(
sin2 j t

t2i

)2s

dt +
∫ ∞

π/2
tr+d−2

(
sin2 j t

t2i

)2s

dt

)

� C(d, j, i,s)C2n
λ � C(d, j, i,s)n−r ,

where

C2 =
∫ π/2

0
tr+d−2

(
sin2 j t

t2i

)2s

dt +
∫ ∞

π/2
tr+d−2

(
sin2 j t

t2i

)2s

dt,

since 4is > r+d−1, j � i , r ∈ R. The Lemma 2.2 has been proved. �

LEMMA 2.3. For t � 0 , there is a constant C such that

ω( f ;tδ )p � Cmax{1,t2}ω( f ;δ )p. (2.4)

Proof. By the equivalence relation between the modulus of smoothness and K -
functional, and the definition of K( f ;t2)p , we have

ω( f ; tδ )p � CK( f ;(tδ )2)p � C(‖ f −g‖p + t2δ 2‖Dg‖p)

� Cmax{1,t2}(‖ f −g‖p + δ 2‖Dg‖p)

� Cmax{1,t2}K( f ;δ 2)p � Cmax{1,t2}ω( f ;δ )p

The Lemma 2.3 has been proved. �

LEMMA 2.4. [5] Suppose g ∈C2(S) . Then, for ϖ ∈ (S) and 0 < t < π
2 , we have

Bt(g,ϖ)−g(ϖ) =
1

Φ(t)

∫ t

0
sind−2 θdθ

∫ θ

0

1

sind−2 u
Φ(u)Bu(Dg,ϖ)du. (2.5)
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Tθ (g;ϖ)−g(ϖ) =
Γ( d−1

2 )

2π d−1
2

∫ θ

0

Φ(t)
sind−2 t

Bt(Dg,ϖ)dt, (2.6)

where

Bt( f ,ϖ) =
1

Φ(t)

∫
cost�〈ϖ ,ϑ 〉�1

f (ϑ)dϑ , t > 0,ϖ ,ϑ ∈ S
d−1,

Φ(t) = 2π
d−1

2

Γ( d−1
2 )

∫ t
0 sind−2 udu,

LEMMA 2.5. Let g, Dg, D2g ∈ Lp(S) , 1 � p � ∞ , Jn; j,i,s( f ;ϖ) be the Jackson-
Matsuoka polynomials on the sphere based on the Jackson-Matsuoka kernel, 4is >
d +3 . Then, there is a constant C(d, j, i,s) such that

‖Jn; j,i,sg−g−α(n)Dg‖p � C(d, j, i,s)n−4‖D2g‖p, (2.7)

where α(n) 
 n−2 .

Proof. By (2.6), we have

Jn; j,i,s(g;ϖ)−g(ϖ) (2.8)

=
∫ π

0
Mn; j,i,s(θ )(Tθ (g;ϖ)−g(ϖ))sind−2 θdθ

=
∫ π

0
Mn; j,i,s(θ )sind−2 θdθ

Γ( d−1
2 )

2π
d−1

2

∫ θ

0

Φ(t)
sind−2 t

Bt(Dg,ϖ)dt

= Dg(ϖ)
∫ π

0
Mn; j,i,s(θ )sind−2 θdθ

Γ( d−1
2 )

2π d−1
2

∫ θ

0

Φ(t)
sind−2 t

dt

+
∫ π

0
Mn; j,i,s(θ )sind−2 θdθ

Γ( d−1
2 )

2π
d−1

2

∫ θ

0

Φ(t)
sind−2 t

(Bt(Dg,ϖ)−Dg(ϖ))dt

×
∫ t

0
sind−2 u(Bt(Dg,ϖ)−Dg(ϖ))du

= Dg(ϖ)
∫ π

0
Mn; j,i,s(θ )sind−2 θdθ

∫ θ

0

dt

sind−2 t

∫ t

0
sind−2 udu

+
∫ π

0
Mn; j,i,s(θ )sind−2 θdθ

∫ θ

0

dt

sind−2 t

∫ t

0
sind−2 u(Bt(Dg,ϖ)−Dg(ϖ))du

:= α(n)Dg(ϖ)+
∫ π

0
Mn; j,i,s(θ )sind−2 θΨθ (g,ϖ)dθ , (2.9)

where

α(n) :=
∫ π

0
Mn; j,i,s(θ )sind−2 θdθ

∫ θ

0

dt

sind−2 t

∫ t

0
sind−2 udu,

and

Ψθ (g,ϖ) :=
∫ θ

0

dt

sind−2 t

∫ t

0
sind−2 u(Bt(Dg,ϖ)−Dg(ϖ))du.
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α(n) =
∫ π

0
Mn; j,i,s(θ )sind−2 θdθ

∫ θ

0

dt

sind−2 t

∫ t

0
sind−2 udu



∫ π

0
Mn; j,i,s(θ )sind−2 θdθ

∫ θ

0

t sind−2 ξ
sind−2 t

dt



∫ π

0
θ 2Mn; j,i,s(θ )sind−2 θdθ 
 n−2, (0 < ξ < t). (2.10)

We now estimate, using Lemma 2.4, the expression Bt(Dg,ϖ)−Dg , and obtain

‖Ψθ (g)‖p � C(d, j, i,s)θ 4‖D2g‖p.

By Lemma2.2, and Hölder-Minkowski inequality shows that

‖
∫ π

0
Mn; j,i,s(θ )sind−2 θΨθ (g,ϖ)dθ‖p

� C(d, j, i,s)‖D2g‖p

∫ π

0
θ 4Mn; j,i,s(θ )sind−2 θdθ

� C(d, j, i,s)n−4‖D2g‖p. (2.11)

Consequently, by (2.8), (2.10) and (2.11) completes the proof of this Lemma. �

3. Main Results

THEOREM 3.1. Suppose that f ∈ Lp(S) , 1 � p � ∞ , Jn; j,i,s( f ;ϖ) be the Jackson-
Matsuoka polynomials on the sphere based on the Jackson-Matsuoka kernel, 4is >
d +3 , 2λ = d−2 , j � i. Then

‖Jn; j,i,s( f )− f‖p � C(d, j, i,s)ω( f ;n−1)p. (3.1)

Proof. Since ( f0 ∗Mn; j,i,s)(ϖ) = 1 for f0(ϖ) = 1, Therefore, we have that

‖Jn; j,i,s( f )− f‖p = ‖
∫ π

0
Mn; j,i,s(θ )( f (ϖ)−Tθ ( f ;ϖ)sin2λ θdθ‖p

�
∫ π

0
‖ f −Tθ ( f )‖pMn; j,i,s(θ )sin2λ θdθ .

Splitting the integral over [0,π ] into two integrals over [0,1/n] and [1/n,π ] , respec-
tively, and using the definition of ω( f ;t)p , we conclude that

‖ f −Tθ ( f )‖p � ω( f ;n−1)p +
∫ π

1/n
ω( f ;θ )pMn; j,i,s(θ )sin2λ θdθ .

From the Lemma 2.3 it follows that, for θ � n−1 ,

ω( f ;θ )p = ω( f ;nθ/n)p � Cmax{1.n2θ 2}ω( f ;θ )p � Cn2θ 2ω( f ;θ )p.
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Therefore, it follows that

‖Jn; j,i,s( f )− f‖p � ω( f ;θ )p(1+Cn2
∫ π

1/n
θ 2Mn; j,i,s(θ )sin2λ θdθ ).

By the Lemma 2.2, we get ‖Jn; j,i,s( f )− f‖p � C(d, j, i,s)ω( f ;n−1)p . �

THEOREM 3.2. Suppose that f ∈Lp(h2
κ) , 1 � p � ∞ , Jn; j,i,s( f ;x) be the Jackson-

Matsuoka polynomials on the sphere based on the Jackson-Matsuoka kernel, 4is >
d +3 , 2λ = d−2 , j � i , 0 < α < 1. Then the following statements are equivalent:

(1) ‖Jn; j,i,s( f )− f‖p = O(n−α), n � 2; (3.2)

(2) ω( f ;n−1)p = O(tα), 0 < t < 1. (3.3)

Proof. By Theorem 3.1, we have (2) ⇒ (1) . Now, we will prove (1) ⇒ (2) . Let
m be a fixed positive integer, Denote by

Jm
n; j,i,s( f ;ϖ) :=

m

∑
k=0

(∫ π

0
Mn; j,i,s(θ )Qλ

k (cosθ )sin2λ θdθ
)m

Yk( f ;ϖ).

By orthogonality of the orthogonal projector Yk , we have that

Jm+l( f ) =
m

∑
k=0

(∫ π

0
Mn; j,i,s(θ )Qλ

k (cosθ )sin2λ θdθ
)m

×Yk

(
m

∑
v=0

(∫ π

0
Mn; j,i,s(θ )Qλ

v (cosθ )sin2λ θdθ
)l

Yv( f )

)

= Jm
n; j,i,s(J

l
n; j,i,s( f )).

Let g = Jm
n; j,i,s( f ) , we get

‖ f −g‖p = ‖ f − Jm
n; j,i,s( f )‖p �

m

∑
k=1

‖Jk−1
n; j,i,s( f )− Jk

n; j,i,s( f )‖p � m‖ f − Jn; j,i,s( f )‖p,

(3.4)
where J0

n; j,i,s( f ) = f .
On the other hand,

‖DJm
n; j,i,s( f )‖p � ‖

m

∑
k=0

k(k+d−2)
(∫ π

0
Mn; j,i,s(θ )|Qλ

k (cosθ )|sin2λ θdθ
)m

Yk( f )‖p.

Note that [2]

|Qλ
k (cosθ )| ≡

∣∣∣Pλ
k (cosθ )
Pλ

k (1)

∣∣∣� Cmin{(kθ )−1,1}.
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For kθ � 1, from the (2.3) it follows that

‖DJm
n; j,i,s( f )‖p

� C(d, j, i,s)‖
m

∑
k=0

k(k+d−2)k−m d−2
2

(∫ π

0
Mn; j,i,s(θ )θ−λ sin2λ θdθ

)m

Yk( f )‖p

� C(d, j, i,s)nm d−2
2 ‖ f‖p

∞

∑
k=0

k2−m d−2
2 � C(d, j, i,s)nm d−2

2 ‖ f‖p (3.5)

holds for m > 6
d−2 . For kθ < 1, by Lemma 2.2, we get

‖DJm
n; j,i,s( f )‖p

� ‖
m

∑
k=0

(∫ π

0
Mn; j,i,s(θ )θ− 2

m (θ 2k(k+d−2))
1
m |Qλ

k (cosθ )|sin2λ θdθ
)m

Yk( f )‖p

� C(d, j, i,s)‖
m

∑
k=0

(∫ π

0
Mn; j,i,s(θ )θ− 2

m ((kθ )2)
2
m sin2λ θdθ

)m

Yk( f )‖p

� C(d, j, i,s)‖
m

∑
k=0

(∫ π

0
Mn; j,i,s(θ )θ− 2

m sin2λ θdθ
)m

Yk( f )‖p

� C(d, j, i,s)n2‖
∞

∑
k=0

Yk( f )‖p � C(d, j, i,s)n2‖ f‖p. (3.6)

Consequently, the inequality

‖DJm
n; j,i,s( f )‖p � C(d, j, i,s)n2‖ f‖p (3.7)

holds uniformly for m > 6
d−2 .

Without loss of generality, we may assume m1 > 6
d−2 , m > m1 + 6

d−2 . Using
Lemma 2.5, we have

α(n)‖DJm
n; j,i,s( f )‖p

= ‖α(n)DJm
n; j,i,s( f )‖p � ‖Jm

n; j,i,s( f )− f‖p +C(d, j, i,s)n−4‖D2Jm
n; j,i,s( f )‖p

� m‖Jn; j,i,s( f )− f‖p +C(d, j, i,s)n−2‖D2Jm−m1
n; j,i,s ( f )‖p

� m‖Jn; j,i,s( f )− f‖p+C(d, j, i,s)
(
n−2‖DJm

n; j,i,s( f )‖p+n−2‖Jm
n; j,i,s( f )−Jm−m1

n; j,i,s ( f )‖p

)
� m‖Jn; j,i,s( f )− f‖p+C(d, j, i,s)

(
n−2‖DJm

n; j,i,s( f )‖p +‖Jm1
n; j,i,s( f )− f‖p

)
� C(d, j, i,s)

(‖Jn; j,i,s( f )− f‖p +n−2‖DJm
n; j,i,s( f )‖p

)
� C(d, j, i,s)(‖Jn; j,i,s( f )− f‖p +‖( f )‖p) (3.8)

Consequently, n−2‖DJm
n; j,i,s( f )‖p � C(d, j, i,s)‖ f − Jn; j,i,s( f )‖p , by the definition of

K( f ;t2)p and (1.6) shows that

ω( f ;n−1)p � C(d, j, i,s)K( f ;n−2)p

� C(d, j, i,s)‖ f − Jm
n; j,i,s( f )‖p +n−2‖DJm

n; j,i,s( f )‖p

� C(d, j, i,s)‖ f − Jn; j,i,s( f )‖p. (3.9)
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In view of (1) , we get

ω( f ;n−1)p � C(d, j, i,s)n−α . (3.10)

Letting (n+1)−1 < t � n−1 , we have

ω( f ; t)p � ω( f ;n−1)p � C(d, j, i,s)
( n

n+1

)−α
(n+1)−α

� C(d, j, i,s)(n+1)−α � C(d, j, i,s)tα . (3.11)

The proof is completed. �
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