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DIRECT AND INVERSE STRONG-TYPE INEQUALITIES FOR
JACKSON-MATSUOKA POLYNOMIALS ON THE SPHERE

GUO FENG AND YUAN FENG

(Communicated by V. D. Stepanov)

Abstract. The direct and inverse strong-type inequalities are established for the best approxima-
tion by Jackson-Matsuoka polynomials in the L, space on the unit sphere of R? which with the
help of the relation between K-functionals and modulus of smoothness of sphere.

1. Introduction and Notations

Let S:=S%"! = {x:||x|| = 1} denote the unit sphere in R? (d >3), d € N, where
||x|| denotes the usual Euclidean norm, Z the set of non-negative integers, and N the
set of positive integers. We denote by L, := Lp(S), 1 < p < oo, the space of functions
defined on S with the finite norm

Ifli= ( [r@pas)’, 1<p<e

and for p = e we assume that L., is replaced by C(S) the space of continuous functions
on S with the usual uniform norm || f||., where @ € S, and d@ is the measure element
d
on S, and [S¥!| = [do = % is the surface area of S.
2
Denote by %’jcd the space of spherical harmonics of degree k. The Laplace-
Beltrami operator on the sphere denotes by

Df(@) = Af (%) loes: (L.1)

which has eigenvalues A; := —k(k-+d —2) corresponding to the eigenspaces .7 ¢ with
k€ Z., thatis, ¢ ={¥ € C(S): D¥ = —k(k+d —2)¥} . For the properties of the
space of spherical harmonics and the Laplace-Beltrami operators reference see [0, 7, 9].
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The standard Hilbert space theory shows that L»(S) = Y D 4". Thatis, with each
f € Ly(S), we can associate its harmonics expansion

=Y Y(f. @), @ES,
k=0
in L,(S) norm. The orthogonal projection ¥; : L»(S) +— # ¢ take the form

)k+ 1)
Y(f; @) = 2 fA)k+4) /Pk (@,0)£(9)d0, (12)
where 24 =d -2, P denotes hyperspherical polynomials of degree k which satisfies
(1—2rcos@+7r?)" =35 *P(cos8), 0 < 0 < m. The properties of hyperspherical

polynomials see in [12] for more details.
The spherical means denotes by

1
To():=To(1:0) = gy /(Mzwsefwm

where [S?~2| is the surface area of S?~2, (x,y) denote the usual Euclidean inner prod-
uct. The properties of the spherical means are well known (see [1, 10]). In particular,
the function Ty (f; @) has the expansion

oo A oo
To(f;0) ~ Y, MYM; @) := Y Of (cos 0)Y(f; ®). (1.3)
k=0 Pk (1) k=0

Simultaneously, they lead to the following definition of an analog of the modulus of
smoothness:

DEFINITION 1.1. [4,7] For f€L,, 1 <p<eo,or feC(S), the modulus of
smoothness on the sphere is given by

o(f;t)p ::Oilélit”f_TG(f)Hp- (1.4

The K-functional on the sphere is given by

K(fst)p = inf {17 = gllp+171Dsll,} (15)
pP

where W,(S) := {f:fe€L,Df €Ly}, 0 <t <ty, fy is a positive constants, D f
denote the Laplace-Beltrami operator on the sphere.

In [4, 11], Z. Ditzian, and S. Riemenschneider, K. Y. Wang proved the weak equiv-
alence relation

C'K(f:1%), < w(f3t), < CK(f3t%),. (1.6)

Throughout this paper, C denotes a positive constant independent on n and f and C(a)
denotes a positive constant dependent on a, which may be different in different places.
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Based on the classical Jackson-Matsuoka kernel (see in [8]) we define a new kernel

.95 2s

1 sin® n6 /2

Iwn"iv6 = - 5 :1,2,...,9 R,
i (0) Qu.jis ( sin? 9 /2 ) " <

where j,i,s € N, Q,.;; is chosen such that [;' My (6) sin®* 046 = 1. It is known
that M,.;;s(0) is an even nonnegative operator. In particular, it is an even and non-
negative trigonometric polynomial of degree at most 2s(nj+2j — 2i) for j > i and the
Jackson polynomials for j =i. Using My (0) we consider spherical convolution:

Tnis (2B = (f % Mysji) (@) i= /0 " Lo (f;0)Mys(0)(8)sin* 646.  (1.7)

It is called the Jackson-Matsuoka polynomials on the sphere based on the Jackson-
Matsuoka kernel. In particular, (fo * Myjis)(®@) =1 for fo(@) = 1. The classical
Jackson-Matsuoka polynomials in classical L, space that has been studied by many
authors see in [3, 8].

In this paper, we consider the approximation of the Jackson-Matsuoka polynomi-
als on the sphere. With the help of the relation between K-functionals and modulus of
smoothness on the sphere and the properties of the spherical means, we obtain the di-
rect and inverse estimate for the best approximation by Jackson-Matsuoka polynomials
in the L, space on the unit sphere of RY.

2. Auxiliary Lemmas
We need the following Lemmas.

. 2s

sin2/ 20 .4 .

““—5) sinf=20d0. Then, the weak equiva-
z

sin?!

LEMMA 2.1. Let Q. jis= [o <
lence .
Qpjis =< ™ @2.1)

holds true for 4si >d —1, j>1i, 2A =d—2, d > 3, where the weak equivalence
relation A(n) =< B(n) means that A(n) < B(n) and B(n) < A(n), and relation A, < B,
means that there is a positive constant C independent on n such that A(n) < CB(n).

: 2s

g nm/2 sinzft

~ n4u7d+1/ td2< - ) d
0
: 2s : 2s

- /2 sin%/¢ oo sin¥/ ¢

o~ plis—d+l1 / -2 - dt+/ (-2 ) @
0 t /2 1

— n4ts—d+l

(2.2)

)



36 G. FENG AND Y. FENG
since 4si > d — 1. The Lemma 2.1 has been proved. [J

LEMMA 2.2. For 4is >r+d—1, j>i, r € R, there is a constant C(d, j,i,s)
such that

T
/ 0 Myji5(6)sin 046 < C(d, j.i,s)n~". 2.3)
0

Proof. Since % < sin% < g and sin® < 6 for 0 < 6 <7, by Q. < plis—d+1
we have

(9
/ 6/ Myji5(6)sin* 046
0

. 2s
- 2] nb
. T sSin J ng
< it | 9’( 2 ) sin 06
2

sin

i 2s
. o nr/2 sin?/ ¢
< C(d,], l-,s)nf4u>+df1n41.sfr7d+1‘/0 tr+d72 (tT) dr

%/2 sin2/ 1\ ” o sin2/ 1\ ”
< C(d,], i,s)nir / tH»diz T) dt +/ tH»diz T) dt
0 t w/2 t

< Cd, j,i,s)Cn* <C(d,j,i,s)n™",

72 - 2 2s . - 2 2s
- rd—2 s/ r rd—2 s/t
G = / t —— | di+ t —— | dt,
0 t /2 1t

since 4is >r+d—1, j>1i, r € R. The Lemma 2.2 has been proved. [J

where

LEMMA 2.3. Fort >0, there is a constant C such that
o(f;t8), < Cmax{1,*}(f;8),. (2.4)

Proof. By the equivalence relation between the modulus of smoothness and K -
functional, and the definition of K(f ;t2) p»» we have

CK(f3(t8)*), < C(If —gllp+176%|Dgll,)
Cmax{1,2}(|f gl + 6% 1Dgll)
Cmax{1,r*}K(f;8%), < Cmax{1,:*}0(f;8),

(D(f;t5)p <
<
<

The Lemma 2.3 has been proved. [

LEMMA 2.4. [5] Suppose g € C*(S). Then, for @ € (S) and 0 <t < %, we have

1 t ¢}
Bi(g,®) —g(@) = — / sin?"2 046
0

@(1) ®(u)B,(Dg,®)du.  (2.5)

0 sin? 2y
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n(sm) -g@) =2 [ 20 g g ma, 26
2 2 JO s 1
where
1
B(f.® :—/ D)9, 1>0,@,9 €S,
t(f ) (I)(t) cost<(@,9) f( )
(1) = ??T o sin% udu,

LEMMA 2.5. Let g, Dg, D*g € L,(S), 1 <p<eo, Jujis(f; @) be the Jackson-
Matsuoka polynomials on the sphere based on the Jackson-Matsuoka kernel, 4is >
d+3. Then, there is a constant C(d, j,i,s) such that

.58 — 8 — a(n)Dgll, < C(d, j i, s)n*||D%g|l , 2.7)

where a/(n) < n=2.

Proof. By (2.6), we have

n:j.is (83 0) — (@) (2.8)

J,
T
_ / Myj.5(0)(To(g:@) — g(@)) sin? 2040
r(d=t
2
d—1
2m 2

g(@
I'(

()
—/ M,”“(O)smd 20d6 )/ d(t)2 B, (Dg,®)dt
0 sin? “t

. T [0 @
— Dg(m) /O Myj4(8)sind 2 0d0— 2 /0 d7)2 dt

n r
+ / M,:ji5(8)sin? 2040
0

x /tsm u(B,(Dg,®) — @g(m))du
0

dt 4
= Dg(@ / Mn,,s(e)smd 2046 — /Sind*udu
tJo

0 sin
dt
+/ Myji5(6)sin®2 046 T/ sin? =2 u(B,(Dg, @) — Dg(@))du
0 Sin tJo
— a(n)De(@)+ / Myiji5(6) sin® =2 0¥ (g, @)d6, 2.9)
0
where
/M (6)sin’ 2040 L/tsindfzudu
TS o sin‘ 2t Jo ’
and

dt

[°] t
Wo(e, @) = /0 — /0 sin? "2 u(B,(Dg, @) — Dg())du.
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dt i
My;i.(0)sin® 2040 [ —2_ / sin? 2 udu
/ nijis(6) 0 smd 2t Jo
0 ¢gind—2
v/ Myj5(8)sind~ 20d6/ sin 5
= / 02M,;.1,(6)sin" 2 646 xn_27 (0 <E&<). (2.10)
0
We now estimate, using Lemma 2.4, the expression B;(Dg,®) — Dg, and obtain
H\P9(8)HP <C(d7j7ivs)64”®2g||l7'
By Lemma?2.2, and Holder-Minkowski inequality shows that
V1
I [ Mujis)sin' > 6% (g, @)a6)
0
T
C(d, j,i,s)|D%¢ll, /0 0*M,.; . +(0)sin?">6d0
< C(d, j,i,5)n D%l p- (2.11)

Consequently, by (2.8), (2.10) and (2.11) completes the proof of this Lemma. [

3. Main Results

THEOREM 3.1. Supposethat f € L,(S), 1 < p<oo, Jy.jis(f; @) be the Jackson-
Matsuoka polynomials on the sphere based on the Jackson-Matsuoka kernel, 4is >
d+3,2A=d—2, j>i. Then

H‘]n;,ﬂiﬁ(f) _pr g C(d7Ja l.,S)(D(f;l’lil)p. (31)
Proof. Since (fo*M,.jis)(@) =1 for fo(@) =1, Therefore, we have that
o) = Sl = | [ M)/ (@) ~ To(:@)sin* e,
< [ 15 =Tl M (0)sin* 046,

Splitting the integral over [0, 7] into two integrals over [0,1/n] and [1/n, ], respec-
tively, and using the definition of @(f;#),, we conclude that

1f = To(f)]lp < @ / Miji5(8)sin™ 0.

From the Lemma 2.3 it follows that, for 8 >n~1,

o(f;0), = o(f;n8/n), < Cmax{1.n*0*}w(f;0), < Cn*8%w(f;0),.
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Therefore, it follows that
V1
Whiis(F) — fllp < 0(£:0),(1 +Cn2/1/ 6°M,;1,(0)sin>* 646).
n
By the Lemma 2.2, we get ||Jy..is(f) — fll, < C(d, j,i,s)o(fin~1),. O

THEOREM 3.2. Suppose that f € Lp(th), 1 < p<eo, Jujis(fix) be the Jackson-
Matsuoka polynomials on the sphere based on the Jackson-Matsuoka kernel, 4is >
d+3,20=d—-2, j>i, 0< o< 1. Then the following statements are equivalent:

(1) [jis(f) = fllp=00n"%), n>2; (3.2)
2) o(f;nhH,=01%),0<t<1. (3.3)

Proof. By Theorem 3.1, we have (2) = (1). Now, we will prove (1) = (2). Let
m be a fixed positive integer, Denote by

m T m
e =3 ( || Muas(0)0% (c0s 0) sin®* ede) Y(f:).
k=0
By orthogonality of the orthogonal projector Y}, we have that

JH(f) = i ( /O ﬂMn;,-,i,S(e)Q,% (cos 0)sin** 6d0>m
k=0

m T l
XYy (Z ( / My.j.i5(0)Q} (cos 6) sin** 6d9> Yv(f)>
v=0 0
- Jrrlnjts(‘];ijzs(f))'

Let g=J".. (f), we get

n;j,i,s

m
k
Hf g”P - Hf n /,l,s HF 2 JnJII\ n /,l,s( )HF < me_Jn;LﬁS(f)”Pa

(3.4)
where J°... (f)=f.

n;j,i,s

On the other hand,

925,y < 13k =2) ([ M (0)10% cosO)sn* 60 ) (1)
Note that [2]

P’1 (cosB)

|0} (cos 0)| = ‘ ) < Cmin{(k6)~1,1}.
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For k6 > 1, from the (2.3) it follows that
1D5:.0.5(F)lp

m -~ T m
< €l 3 Ko d =2k ([ ia(0)0 Hsin* 040 ) 1),
k=0 0
" ) o ;2_md=2 C .\ md=2
< C(d,],l,S)l’l 2 Hf”P 2k2 2 g C(d7Jal7s)n 2 ||fHI7 (35)
k=0

holds for m > d%. For k6 < 1, by Lemma 2.2, we get
D505 ()l p

mn T 2 1 . "
<Y ( /0 Muji5(6)07 7 (6%k(k+ d — 2)) | Of (cos 0) | sin™ ede> AGIE
k=0
mn T 2 2 . "
< @i 3 ([ Midor0F (@03 s 0a0) il
k=0
m Vs m
< C(d7],l7s)|| Z (/ Mn;j’i’s(e)e_% Sinzﬁ, Ode) Yk(f)”p
k=0 \’0

< C(d, ji,s)n? || ¥ Ye()llp <C(d, j,iys)n® | £l (3.6)
k=0

Consequently, the inequality
1D (Dlp < Cd, jiiss)n? [ 1l 3.7

holds uniformly for m > % .

Without loss of generality, we may assume m; > 7%, m > my + ;%5. Using
Lemma 2.5, we have

a(n)HQJZ‘,lj,i,s(f)HP
o) ()llp < s (F) = Fllp+C(dsodss)n™ D25 ()]
mlujis(F) = fllp+Cld, o) D2 ()]
iU~ Flo (. 5) (w20 () W O~ )
o (1)~ Pl (e i) (021D )+ 12,9~ £1)
C(d, j,i,s) (IMnjis(f) _fHP+n72||®'];r;lj,i,s(f)HP)
C(d, j,i,8) (s (F) = fllp + 1A ) (3.8)
Consequently, n‘2||©Jij’i’s(f)||p < C(d, j,i,5)||f —JIn:jis(f)lp, by the definition of
K(f;t%), and (1.6) shows that

o(fin™"), <C(d.j.i.)K(fin?),
C(d,j,i,s)|f - ij,i,s(f)Hp‘f'n_2||® s (D)l p
Cd, j,i;)Ilf = Inijis(Hllp- (3.9)

NN N

NN

<
<
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In view of (1), we get
o(fin~"), <C(d, j,i,s)n"*. (3.10)

Letting (n+1)"! <z <n~!, we have

—o
o(f:t)y < o(fin), <Cd.jiis) (7))
<C(d,j,i,s)(n+1)"%<C(d,j,i,s)t”. (3.11)
The proof is completed. [J
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