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MIXED SYMMETRIC MEANS RELATED TO
THE CLASSICAL JENSEN’S INEQUALITY

KHURAM ALI KHAN AND JOSIP PECARIC

(Communicated by A. Vukelic)

Abstract. In this paper, we define some new mixed symmetric means corresponding to various
refinements of classical Jensen’s inequality. A new refinement of classical Jensen’s inequality
is given. We also prove the n-exponential convexity for the functionals constructed from the
refinement results. In the end some applications are discussed.

1. Introduction and preliminary results

Letne N={1,2,...}, t=(1,...,t,_1) where t; € [0,1] and p = (py,...,pn) be a
positive n-tuple, such that 37 | p; = 1 (throughoutin this paper). For x := (x1,...,x,) €
I" (n>2), we consider

(Hy) I C R be aninterval and g : I — R be a convex function.

Then the classical discrete Jensen’s inequality states [9]:

n n
a| Y pxi | <X pig(x). (1)
i=1 i=1
The following interpolation of (1) is given in [10]:

THEOREM 1.1. Assume (H ) and define

nik = Gni(X,P,t,q)
n n

k—1
=y .Y Diy---Diq xil(l—l‘l)-l— zlxij(l_tj-&-l)tl-"tj"'ftlﬂjk )
J=

=1 Q=1
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n
fork=1,....n—1, where x = Y, pixi. Then
i—1

i=
n
q <2 Pixi> < qdn.1 < qn2 <...< 4nn—1

n—2
< 2 2 Di, ---Pinq (x,-l(l _tl)+ lei_,-(l _tj+1)t1~~~tj+xint1~~~tn1)
Jj=

Let the index set T be either {1,....,n} with n € N or N. We need some facts
from measure and integration theory are as follows ([5],see also[4]):
Let (Y;,%i,vi), i € T be probability spaces, where either T := {1,...,n} with n €

N, or T := N. The product of these spaces is denoted by (Y7, 27 vT),ie YT := x V;
ieT
and A7 is the smallest 6—algebrain ¥ such that each pr{Ti} is B" — %; measureable

(i€T). I T={1,..,n},then v is the only measure on %’ which satisfies
vI(B) X ... x By) = v{(By)..v,(By)

forevery B; € %;. If T =N, then v' is the unique measure on %’ such that the image
measure of v/ under the projection mapping pr{  is the product of the measures
Viyeos Vi (k S N).

We observe that (Y7, 2" vT) is also a probability space.

The n-fold (n > 1 orn= o) product of the probability spaces (X,.<7, it ) is denoted
by (X",o/" u"). We suppose that the pu — integrability of a function g : X — R over
X implies the measurability of g.

(H,) Let (Y;,B;,v;) be probability spaces and f; : ¥; — I be a v;-integrable func-
tion over Y;i(i = 1,...,n).

THEOREM 1.2. ([5]) Assume (H)and (H, ) andlet qo f; be v;i —integrable over
Yi(i=1,...,n). Then

q Zpi/fidw </q Zpi/fi(yi) dvT(yl,m,yn)<2pi/q0fidw, 2)
-1 v i=1 ¥ i=1 Y,

YT
where T ={1,...,n}.

The next theorem corresponds the asymptotic behavior of the core term in (2).

THEOREM 1.3. ([5]) Let I C R be an interval, and let q: I — R be a convex and
bounded function on 1. Let (Y;,Bj,v;), i € N be probability spaces and f; :Y; — I be a
square vi-integrable function over Y;(i € N) such that

/ fidvi = / fidvi, i €N, 3)
Y; )
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and
= ,
Ei—z/fidv,-<oo. “)
i=1 ¥
Then

}7121;10 ( Zfz yz )d"{h i (yl» 7yn = /fldvl

Consider the following hypothesis:
(H3) (X,A, ) be probability space and f : X — I be a u -integrable function over

The next theorem is also followed by [5].

THEOREM 1.4. Assume (H| ) and (H3 ) such that go f is 4 —integrable over X .
Then

(a)
/fdu </q<2pif(xi)>du Xpy oo X /qudv
X xn Nl
(b)
1 n+1
/ q(l’l"‘l 2f(xi)>du'n+l(xl7“‘vxn+l)
xn+l i=1
/ ( fol )d” xl? / (Z,sz xl )d” xl» )
Xxn Xn

(¢) If q is bounded, then

lim ( fol>du styen) =g | [ fdu
X

REMARK 1.5. From Theorem 1.1, we write

LPI(‘I) (x,p,t,9) 2171 X;)

n—2
— 2 2 Piy---Pi 4 (x,-l(l—tl)-i- inj(l—th)tl...tj—i—x,-ntl...t,,1) >0,

ii=1 i,=1 j=1

\P ( ) \Pz Xp» 7q EPLC] xl Cln,k>0§ k:l7~”7n_l7
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¥ (g) =¥ (x,p,t,q)

n n n—2
= 2 2 Piy---Pinq xil(l—l‘l)-l- Zx,'j(l—tj+1)t1...l‘j-l-x,'nll...tn_l —qnk >0,

1 i=1
\P4(CI) \P4(X P, aCI) —CImk_CIn.,mZO; I<m<k<n—1,
n

\Ps(q) = \PS(X»P»t»C]) = qu —-q (ZPN@') 2 0, k = 17...,71— 17

i=1
¥0(q) :=¥°(x,p,t,q)

= Z 2 --Pi,q (le + le ZJ+1 ..tj+xint1...tn1>
=1 =1
n
—q (me) >0,
=1
lIﬂ(‘I) X P, q 21’1 xl (2191)61) >

From Theorem 1.2, we write

"P "ng ,q i ozdl S i i\Ji dT 5oy ¥n 207
(q) :="¥°(f,p,q Zp/qfv /q ;p!f(y) VI (91, Vn)

YT

¥ (q) =¥ (£,p,q) -—/ sz/ﬁyz dv' (y1, ..., n) sz/fzdw >0,

yT

YlO(g) = PlO(f p.g) : sz/quidw—q Epi/ﬁdvi >0,
i=1 Y,

where f:= (fi,..., ).
From Theorem 1.4 (a), we write

Yllg) =¥"(p.f,q): / (Z,pfxl )du X155 Xn) /fd/,t >0,
X’l
\Plz( ) \Plz p7f7 /qudV—/ <Zplf xl )d” x17 7xn) 207

¥ (q) =¥ (f,9) :=/qudV—q /fdu >0,

X X
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and from Theorem 1.4 (b)

\PM( ) \Pl4(p7f7 . / (2[71 -xl ) xl» 7xn)
X}’l
- /61 (% if(m)) du"(xy,.,xn) =0,
Xll

\PIS( ) \PlS(p’f’ . / <2pf X; ) Xl, ,xn)
Xn

1 n+1 ”
_ . n X > 0.
/ q(l’l-'—llzlf(XL))d” (x17 X Jrl) 0

xn+l

REMARK 1.6. The first inequality in Theorem 1.4 (b) provides the generalization
of result given in [3] and [13] (see also Theorem 3.36 in [12] page 97). That result is
utilized in [2] to give the log-convexity for a class of convex functions and is also used
in [8] to give the exponential convexity for the same class.

In this paper we refine the first inequality in Theorem 1.4 (b). Mixed symmetric
means are defined and their monotonicity is presented. The notion of n-exponential
convexity is introduced in [11]. The class of n-exponential convex functions is more
general than the class of log-convex functions. We follow the method illustrated in
[11] to give the n-exponential convexity and exponential convexity for the family of
functionals ¥i(q) (i = 1,...,21). Therefore our results related to Theorem 2.1 are
more general than the corresponding results in [2] and in [8].

2. New refinement of Jensen’s inequality

THEOREM 2.1. Consider the assumptions of Theorem 1.4. We define

k—1
ka = /q ((1 —tl)f(xl) + 2 (1 _thrl)tl...tjf(xj) +l1...lkf> d[,Lk(xh...xk),

Xk =1

where f = [ f(x)du(x) and t; € [0,1] i=1,..n— 1. Then
X
[Fau) <u< i< < Qui
X

n—2
< /q ((1 —1)f(x1)+ 2 (1 —tj+1)tl...tjf(xi,') +11-.-tn_1f(xn)> du”(xy,...xn)

X" J=1

</610fdu~
X
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Proof. By use of Jensen’s inequality and integration with respect to (, we have
the following:

/qudu
X

n—2
Z/((1—11)f10f(x1)+2(1—fj+1)11-~-qu0f(xj)+tl-~-tn—1q0f(xn)>dﬂ"(xl,-~-xn)
Xn

J=1

n—2
> /q ((1 —n)f(x)+ Y, (1 —fj+1)f1-~-tjf(xj)+l1~-~tn—1f(xn)>dH"(X1,~-~xn)
X)'l

J=1

n—2
> / q ((1 —tl)f(xl) + 2 (1 _thrl)tl...tjf(xj) +l‘1...l‘n1f> d[.t"_l(xh...xn,l)

xn—1 j=1

>/q((1—t1)f(x1)+t1f dp(xy) (/fdu) O

X

REMARK 2.2. From previous theorem we write

P'0(q) == Pt, £.,q) :=/q0fdu

X

n—2
—/q ((l—tl)f(xl)—f— 2 (1—lj+1)ll...ljf(Xj)+l1...ln1f(xn)> d[.t"(xl,...x,,)
X)'l

=1
> 0,
¥ (q) =¥t f,q)
n—2
= / ( l—ll )+Z(1—th)tl...tjf(xj)+t1...tn1f(x,,)>du”(x17...xn)

j=1
—an k=1,..,n—1,

w1 (g) = v, /qudu Qui>0: k=1,.n—1,

\.1119(q) = lPlg( t.f.q) =0k —0Onm=0; 1<m<k<n—1,

¥2(q) ==Y (t,£,q) == Qui— (/fdu> k=1,..n—1,
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21 w2l
Y (g) ==Y (t.f,q)
n—2

= /q ((l —tl)f(xl) + 2 (1 —lj+1)ll...ljf(Xj) +t1...tn1f(x,,)>du”(x17...xn)
X)'l

=1
~q| [rau | =o0.
X

Hence for any convex function ¢, we have
Yig) =0, i=1,.,21 (5)

REMARK 2.3. In this way the results for ¥/(q), i = 18,...,20 are more general
than the results given for Theorem 1.14 in [8].

Now we formulate the mean value theorems for ¥i(q), i =1,...,21.

THEOREM 2.4. Consider the functionals as defined in (5) and let g € C*[a,b).
Then there exists &; € [a,b] such that

¥ (g) = %g”(é)‘}"’ (%), i=1,...21

Proof. Since g € C*[a,b] therefore there exist real numbers m = nEir}]] g"(x) and
X€|a,

M= m[ax] g"(x). It is easy to show that the functions ¢;(x), ¢»(x) defined as
x€la,b

and
m

620 =g (1) - 2,

are convex. Fix 1 <7< 21 and put ¢ = ¢; in (5) to get

(M
v <7x2_g<x>> >0,

jvmm<%va (6)

Similarly, put g = ¢, in (5) to get

= 29 (2) < W (g(v)- (7



50 K. A. KHAN AND J. PECARIC

From (6) and (7), we get

2¥ (g (x))

Wi (x2)

m<

Consequently
i 1 i
¥i(g) = 58" (&)W (). O

THEOREM 2.5. Consider the functionals as defined in (5) and let g,h € C*[a,b].
Then there exists &; € [a,b] such that

Wie) _g"(6) . _
Yi(h)  n"(&)

provided that the denominators are non zero.

21

Proof. Fix 1 <i< 21 and define L € C? [a,b] in the way that

L= 18 — C2h7

where ¢y and ¢, are as follow; ‘
c1 =Y (h)

and _

c="1(g).

Now using Theorem 2.4 for the function L, we have
i : h// : .
(Clg é&) —¢ é&))\};l (x2) =0. (8)

Since W' (x?) # 0, therefore (8) gives

3. Mixed symmetric means

Let us consider a convex set Y together with a probability measure v and f be a
positive continuous function. Then the integral power means of order s € R are defined
as follows [1]:

. (Yf(f(y))st(y)y; S £0,
'X exp (glog (v <y>>dv<y>) L s=0.
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Assume (H, ). We define the weighted power means and mixed symmetric means
as follows:

(lilpi(fi (yz‘))s> ;s #£0,

Ms(fl7~~7fn;p) = n
MU s=0

£ ity () s r 20

1 MY (fi); r=0.

i=1

RS

MI’,S (f17"‘7fn;p) =

1
-

My (fi,ooos fuip) = [ M (fr,.o., fusp) dv" (yl,...,y,,)> . r#0,

< N

We can establish the relations among these means as an application of Theorem 1.2.
COROLLARY 3.1. Let r,s € R such that s < r and assume (H» ), then we have
My (f) < My (f:p) ©)

M., (f) > M, (f;p) (10)

N
X
o)

WV
N
>

Proof. Let r,s € R such that s < r, if r,s # 0, then we set g(x) —x5, fi=fin

(2) and raising the power 1. we get (9). Similarly we set g(x) = xr, fi=fi" in(2)and

raising the power X < » we get (10).
When s =0 or r =0, we get the required results by taking limit. [

We also need the following hypothesis:
(Hy) h,g:1— R be continuous and strictly monotone functions.
Assume (H;) and (Hy ), then quasi-arithmetic are defined as follows:

th(flv 7fnsp h_ /h fl7 »fn§P))dVT(ylw~yn) )

where T = {1,...,n},

Mg (f17 7f71’p <2pl gofl yl))> 9

i=1

and
]\Zg(fl, i) = <2p,/gof, Vi dv,).

We describe the monotonicity of these means as follows:
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COROLLARY 3.2. Assume (Hs) and (Hy). If hog™' is convex and h is increas-
ing, or ho g~ is concave and h is decreasing. Then

Mg (Fiseoes f13P) < Mig (fiyeoes f13P) < My (f1y e fi3P) s (11)

and if goh™' is convex and g is decreasing, or goh™" is concave and g is increas-
ing.Then

My, (f1yeees 23P) = Mgy (fiooos [iP) = My (f1, ey fi3P) - (12)

Proof. We set g =hog™', fi=go f; in (2) and applying h~', we obtain (11).
We also set g = goh™!, f; = ho f; again in (2) and applying g~ ', we get (12). O

COROLLARY 3.3. Let r,s € R such that s < r, (Y;,B;,vi), i € N be probability

spaces, f;:Y; — I be a square v;-integrable function over Y;(i € N) such that (3) and
(4) are valid. Then

r}i_IEoMr,s (f17"‘7f71) :MS (f1)7

and . -
nlglc}oMS,r (flv"'vfn) :Mr (fl) :

Proof. Apply Theorem 1.3 and follow the proof of Corollary 3.1. [J
COROLLARY 3.4. Suppose (Ha) and let (Y;,B;,v;), i € N be probability spaces,
fi 1 Yi — I be a square v;-integrable function over Y;(i € N) such that (3) and (4) are

valid. Now, if hog™' is bounded convex and h is increasing, or hog~' is bounded
concave and h is decreasing. Then

Y}EI(}OMh.’g (f17...,fn) :Mg (fl)a

and if goh™' is bounded convex and g is decreasing, or goh™' is bounded concave
and g is increasing.Then

rzlEIgQMg,h (flw”vfﬂ) :Mh (fl) .

Proof. Apply Theorem 1.3 and follow the proof of Corollary 3.2. O

COROLLARY 3.5. Let r,s € R such that s < r and assume ( Hz ), then we have

MS(f)gﬂr,S(fQP)gﬂr(f)»

and

Proof. Apply Theorem 1.4 (a) and follow the proof of Corollary 3.1. [
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COROLLARY 3.6. Let r,s € R such that s < r and assume ( H3 ), then we have
Mr.,s (fin+1) < Mr.,s (fin) < Mr,s (fsp),
M (fin+1) > My (fin) > My, (f3P)-

Proof. Apply Theorem 1.4 (b) and follow the proof of Corollary 3.1. [

COROLLARY 3.7. Let r,s € R such that s < r and assume ( H3 ), then we have

lim M, (f;n) = M (f),

n—00

lim My, (fin) =M, (f).

n—oo

Proof. Apply Theorem 1.4 (c) and follow the proof of Corollary 3.1. [

COROLLARY 3.8. Assume (H3) and (Hy). Now, if hog*l is convex and h is
increasing, or ho g~ is concave and h is decreasing. Then
Mg (f) < Mpg (f3p) < My (f),
and if goh™" is convex and g is decreasing, or goh™" is concave and g is increas-
ing.Then

My (f) > My (f:p) > Mg (f).
Proof. Apply Theorem 1.4 (a) and follow the proof of Corollary 3.2. [J

COROLLARY 3.9. Assume (H3) and (Hy). Now, if hog™! is convex and h is
increasing, or ho g~ is concave and h is decreasing. Then

Mh,g (f;n+ 1) < Mh,g (fvn) < Mh,g (f;p)a

and if goh™! is convex and g is decreasing, or goh™" is concave and g is increas-
ing.Then _ _ _
Mg (fin+1) = Mgy (fin) = Mg (f3p).

Proof. Apply Theorem 1.4 (b) and follow the proof of Corollary 3.2. [

COROLLARY 3.10. Assume (Hsz) and (Hy). Now, if hog’1 is convex and h is
increasing, or ho g~ is concave and h is decreasing. Then
lim . (/:n) = g ().
and if goh™" is convex and g is decreasing, or goh™! is concave and g is increas-

ing.Then - ~
lim My (fin) = My (f).

n—oo
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Proof. Apply Theorem 1.4 (c) and follow the proof of Corollary 3.2. [J

Assume (H3 ). Then associated to the core term of Theorem 5, we define the mixed
means as follows:

(f Mf(fﬂs;t;k)du"(xh...,xk)> ; r#0,
Mr7S(”7k7f§t) = Xt

exp (f logMS(fJVls;t;k)duk(xh...,xk)> ;r=0,
Xk
where

M,(f,M; t;k) :=

1

((l —tl)fs(xl) +kii(1 —lj+1)ll...ljfs(Xj) +l‘1...lkMSS(f)> | T 75 07
j=

1

s

1 ~
(1 —tj+1)tl~-~tj10gf(xj) +t1...tk10gM0(f)> s r=0.

exp ((1 —)log f(x)+ 3.

1

COROLLARY 3.11. Let r,s € R such that s < r and assume (H3 ), then
M(f) < Mis(n, 1 £3) < oo S Myg(n,n = 1 f38) < Mo (f58) <M (f),

Mr(f) gﬂv,r(na 17f’t) < < M\',r(nyn_ 17f’t) < M\',r(f;t) gﬂs(f)

Proof. Apply Theorem 2.1 and follow the proof of Corollary 3.1. [J

Assume (H3) and (Hy). Then using (5) we define the generalized means as fol-
lows:

Mgk f:0) =0 | [ 1 (Mo M58 ) dp o) |

k

where

k=1

My (f My;t:k) := g~ ((1—fl)gof(x1)+ il (1—fj+1)11~-~fjgOf(x,f)+fl~-~fkg(]‘71g(f))> :
=

COROLLARY 3.12. Assume (Hsz) and (Hy). Now, if hog_l is convex and h is
increasing, or ho g~ is concave and h is decreasing. Then

Mg(f) < Myg(n, 15 f3t) < oo < My g(n,n— 15 f38) < My g (f3t) < My (f),

and if goh™' is convex and g is decreasing, or goh™ is concave and g is increas-
ing.Then

My(f) < Myp(n, 15 £18) < ... < Mgj(n,n— 1; ft) < My (f:t) < My (f).
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Proof. Apply Theorem 2.1 and follow the proof of Corollary 3.2. O

REMARK 3.13. Similar to Corollary 3.11 and Corollary 3.12, we can give the re-
sults for Theorem 1.1 and those will be the special cases of Corollary 3.11 and Corollary
3.12 with discrete measure.

4. Exponential convexity

DEFINITION 1. [11] A function ¢ : I — R is n-exponentially convex in the Jensen

sense on | if
+
3 oqou0 (xk xl) >0
ki=1

holdsfor oy € R and x, €1, k=1,2,....n
A function ¢ : I — R is n-exponentially convex if it is n-exponentially convex in
the Jensen sense and continuous on 1.

REMARK 4.1. From the definition it is clear that 1-exponentially convex func-
tions in the Jensen sense are in fact nonnegative functions. Also, n-exponentially con-
vex functions in the Jensen sense are m-exponentially convex in the Jensen sense for
every m € Nym < n.

PROPOSITION 4.2. If ¢ : I — R is an n-exponentially convex function, then the

m
matrix [(Z) (kaer,) ] o is a positive semi-definite matrix for all m € N;m < n. Partic-
=1

(<52
k=1

foralmeN, m=1,2,....n

ularly,

DEFINITION 2. A function ¢ : I — R is exponentially convex in the Jensen sense
on [ if it is n-exponentially convex in the Jensen sense for all n € N.

A function ¢ : I — R is exponentially convex if it is exponentially convex in the
Jensen sense and continuous.

REMARK 4.3. Itis easy to show that ¢ :1— R is log-convex in the Jensen sense
if and only if

o29(x )+2aﬁ¢< 2) +800) >

holds forevery o, B € R and x,y € I. It follows that any positive function is log-convex
in the Jensen-sense if and only if it is 2-exponentially convex in the Jensen sense.

Also, using basic convexity theory it follows that a function is log-convex if and
only if it is 2-exponentially convex.
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When dealing with functions with different degree of smoothness divided differ-
ences are found to be very useful.

DEFINITION 3. The second order divided difference of a function ¢ :I1— R at
mutually different points yg,y1,y2 € I is defined recursively by

[ylvqb}:(b(yl)’ 120,1,2
O(it1) — o)

TRTRTY ) A AR VAN ACLL A |
[yz Yi+1 ¢] Virl —vi
y Y25 — Y0, )15
oryi, 230 = 212 fj_z il (13)

REMARK 4.4. The value [yo,y1,y2;¢] is independent of the order of the points
y0,¥1, and y,. By taking limits this definition may be extended to include the cases in
which any two or all three points coincide as follows: Vyq, yi, y2 € 1

9 (v2) — d(y0) — 8 (o) (2 — y0)
(y2—y0)?

y}gn;obo,yl,yz;¢] = [y0,50,y2: 9] = Y2 # Yo

provided that ¢’ exists, and furthermore, taking the limits y; — yg,i = 1,2 in (13), we
get

9" (o)

Vo, y0,y0: 9] = o, y1.y2: 0] = — fori=1,2

lim
YimYo
provided that (Z)” existon /.

THEOREM 4.5. Let A ={¢; :t € J}, where J an interval in R, be a family of
functions defined on an interval [a,b], such that the function t — [yo,y1,y2;¢] is n-
exponentially convex in the Jensen sense on J for every three mutually different points
Y0,Y1,Y2 € [a,b]. Let W' (i =1,..,21) be be linear functionals defined as in (5). Then
t — Wi(¢y) is an n-exponentially convex function in the Jensen sense on J. If the
function t — Wi(¢,) is continuous on J, then it is n-exponentially convex on J.

Proof. Consider any i such that 1 < i< 21.
Let us define the function

o(y) = i brbi @y, (y),

k=1
_ It _
where t;; = 5 Ik eJbreR, k=1,2,...,n.
Since the function 7 — [yo,y1,y2; ¢] is n-exponentially convex in the Jensen sense,
we have

n
yosyi.y2s @] = Y bibi[yo,y1,y2:91,] =0,
Ki=1
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which implies that @ is convex function on [a,b] and therefore we have ¥ (@) > 0,
i=1,...,21. Hence

Z bb'¥ ¢lk1

k=1

We conclude that the function ¢ — W¥(¢y) is an n-exponentially convex function in the
Jensen sense on J.

If the function # — Wi(¢) is continuous on J, then it is n-exponentially convex
on J by definition. [

As a consequence of the above theorem we can give the following corollary.

COROLLARY 4.6. Let A= {¢ :t € J}, where J an interval in R, be a family
of functions defined on an interval |a,b], such that the function t — [yo,y1,y2; 0] is
exponentially convex in the Jensen sense on J for every three mutually different points
Y0,Y1,Y2 € [a,b]. Let W' (i =1,..,21) be be linear functionals defined as in (5). Then
t — Wi(¢,) is an exponentially convex function in the Jensen sense on J. If the function
t — Wi(¢y) is continuous on J, then it is exponentially convex on J.

COROLLARY 4.7. Let A={¢, :t € J}, where J an interval in R, be a family of
functions defined on an interval [a,b], such that the function t — [yo,y1,y2;¢] is 2-
exponentially convex in the Jensen sense on J for every three mutually different points
Y0,Y1,Y2 € |a,b]. Let W' (i=1,..,21) be be linear functionals defined in (5). Then the
following statements hold:

(i) If the function t — Wi (@) is positive and continuous on J, then it is 2-exponen-
tially convex on J, and thus log convex.

(ii) If the function t — Wi(¢y) is positive then for every s,t,u,v € J, such that s < u
and t < v, we have

u\,(‘{’ A) < u,”(‘{” A) (14)
where
. 1
Wigs) \ 5T
. (\yi(@)) 7S7ét,
ug (P, A) = (15)

d \pi
on(5)

for ¢s,¢ € A and for the case t = s we consider that the function t — W (¢)
(i=1,...,21) is differentiable.

Proof. Consider i such that 1 <i<21.

(i) See Remark 4.3 and Theorem 4.5.
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(i) From the definition of convex function ¢, we have the following inequality [12,

page 2]
0(s) — () _ ¢(w) —90(v)
s—t  u—v
Vs,t,u,v €J suchthat s <u,t <v,s#t,u#v.
Since by (i), ¥ (¢s) is log-convex, so set ¢(x) = log¥!(¢s) in (16) we have

log'¥'(¢;) —log¥'(9r) _ log'¥'(9,) — log'¥'(4,)
s—1 = u—vy

; (16)

a7)

for s <u,t <v,s#t,u+# v, which equivalent to (14). For s =7, u = v follows
from (17) by taking limit. [J

EXAMPLE 1. We consider the class
A ={¢:: R —[0,00);r € R}

where
o (x) =

Then ¢ (r €R) is a convex function on R and 7 — ¢’ (x) is exponentially convex [7].
By similar reasoning as given in the proof of Theorem 4.5, we get the exponential con-
vexity of ¢ — [yo,y1,¥2;¢] (and hence the exponential convexity in Jensen sense). By
using the Corollary 4.6, we get the exponential convexity of ¢ — Wi(¢y), (i=1,...,21)
in Jensen sense. Also these mappings are continuous, therefore exponentially convex.
Then from (15) we have

where i = 1,...,21.
Also from (14) we have the monotonicity of functions u, (W', A1) in both param-
eters for i =1,...,21.
For positive W (¢,), (i=1,...,21) Theorem 2.5 insures the existence of m,M € R
such that
m< M, (P, A<M, i=1,..,21,

where

My, (P A)) = logu, (P, Ay), i=1,..,21.

i.e M, (P,Ay) for i =1,...,21 are means and the monotonicity of these means is
evident from (14).
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EXAMPLE 2. We consider the class
Ay ={y;: (0,0) = R;t € R}
where P
m; t 75 0,1,
Y (x) ;=< —logx; t =0,
xlogx;t = 1.

Then y; (¢ € R) is a convex function for x € (0,%) and ¢ — /' (x) is exponentially
convex. By similar arguments as given in Example 1 we get the exponential convexity
of t — W' (y;), (i=1,...,21). Therefore from (15) we have

us,t('7'7‘7\Pi7A2) =

where i=1,...,21. B
We consider W'(y;) >0, (i=1,...,21), then from Theorem 2.5, there exist m, M €
R such that

1

— \Pi(%)) D .

m < . <M; (s#t), i=1,...,21. (18)
(T’(Vft)

The means u,, (W, A,) are continuous, symmetric and monotone in both parameters

(by use of (14)) for i =1,...,21. Let 5,¢,r € R then by substitutions s — 7, t — % (r#

0,s#t), x; —xjfori=1,...7, fj— f; fori=8,9,10 and f — f" fori=11,...,21

in (18) we get

L

) <M;i=1,..,6,

L

\Pl( 7p7t Ys/r
Z(X 7p7t Wt/r

§\
—~
=
D:\
X
S S
=

)
v )
‘P ( Py Ysyr )
w7 ( aplel/r

G
"< (Wi
(‘P’ "D Yir
"< (¥
"< (i

<M; = (f],....f}), i=8,9,10,

<M; i=11,...,15, i # 13,

Wit plel/r )

\_1113 f Ws/r )Y < v
WB(fr vy h
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. 1
L r s—t
m < (M) <M, i=16,..,21.
\Pl (tafr7 ll/t/r)

We define means in three parameters as follows:

(uS/r7t/i’(Xr7p7ta\Pi7A2)) s T 7é O,

=

us,t,r(xryp7t7qli7A2) = .
u-\'7l(10gx’patalpl7Al); VZO,
where logx = (logxy,...,logx,) andi=1,.
1
We/r t/r 5 7"11 A r 0,
Uz, r( aP’lP A2 / I/ p 2)) r#
uy, (logx, p, ¥, A1); r=0.
The means u, (x ,p,‘{’ ,Ay) are also given in [8] and [6].
1
Uy, (f pqﬂ us/rt/r 7p7\P A2))r r#oa
Uy, (logf, p, W A)): r=0,
where logf = (log fi,...,log f,,) and i = 8,9,10.
1
g (P, f LA (grar(p, 7 W, A2)) 75 1 #0,
u\l p710gf7ql Al) r:O7

where i = 11,...,15 and i # 13.
1
(us/nt/r(f v 13 AZ))“ }”750,

us,t,r(frv\PlgaAZ) =
ug,(log f, P13 Ay); r=0.

. 1
; ; t, ", W A)) " 0, )
s (t f W Ag) = (sranr(t.f _ )% r# i=16,...,21
ug (t,log f, ', Ay); r=0,
The monotonicity of three parameter means is followed by the monotonicity and
continuity of two parameter means.
EXAMPLE 3. We consider a class of convex functions

Az ={n 2 (0,00) = (0,%0);7 € (0,0)}

Sl

where
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t— y(x) is exponentially convex, being the Laplace transform of a non-negative
function (see [7], [14]). For the class Az, (15) gives

1

(3) o

s (W, A3) = exp <_t1§gt t‘l(‘it(lnnt ) s=t#1,
Yiid-
eXp <_ 3\1(13(1111))) ss=t=1,

where i = 1,...,21 and monotonicity of u,,(\V, A3) is followed by (14).
We consider Wi(n,) >0, (i=1,...,21), then for m,M € R, Theorem 2.5 gives
the means
M, (W, A3) := —L(s,1)logus, (W, A3), i=1,..,21,

such that

m < M, (P, A3) < i=1,..21,
where L(s,7) are logarithmic means

Togs—Togi> S 7 1
L(S,t) ::{ ogs—logt

t; s=1.

EXAMPLE 4. We consider a class of convex functions

Ay = {Yt : (0,°°) - (O,OO);I € (0’°°>}

defined as
e Vi

t

%(x) =
t—y(x) = eV s exponentially convex, being the Laplace transform of a
non-negative function (see [7], [14]). For the class A4, (15) becomes
\Pi %
()" st

1 Wdy) . . _
eXP(‘?‘zW(b) S=1

u.\',t (lPia A4) =

where i = 1,...,21 and monotonicity of u,,(¥’,A4) is followed by (14).
We consider W(;) >0, (i=1,...,21), then for /,M € R Theorem 2.5 gives the
means

Mo (W, Ag) := —(Vs+ VD) logug, (W', Ag), i=1,..,21,

such that
m < M (‘P’ A4)<M i=1,..21.
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