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Abstract. Let λ > 0 , Zp,q denote R2 endowed with the norm

|x|p,q = (‖x‖2
p +λ‖x‖2

q)
1
2 .

Recently, James constant J(Zp,q) and von Neumann-Jordan constant CNJ(Zp,q) have been in-
vestigated under the two cases of a space 2 � p � q � ∞ and 1 � p � q � 2 . In this note,
we show an inequality on these two constants under the case of 1 � p � 2 � q � ∞ . As an
application, we give a sufficient condition for the space Zp,q with uniform normal structure.

2. Introduction and preliminaries

Let X be a non-trivial Banach space, and BX and SX denote the unit ball and
unit sphere of X , respectively. Many recent studies have focused on the von Neumann-
Jordan (NJ) constant and James constant (cf. [1–18]). The constant

J(X) = sup{min(‖x+ y‖,‖x− y‖) : x,y ∈ SX}
is called the non-square or James constant of X . It is well known that([5-6])

(i)
√

2 � J(X) � 2.
(ii) J(X) = sup{min(‖x+ y‖,‖x− y‖) : x,y ∈ BX} .
(iii) If 1 � p � ∞ and dimLp(μ) � 2, then J(Lp(μ)) = max{21/p,21−1/p} .
The von Neumann-Jordan constant of a Banach space X was introduced by Clark-

son [3] as the smallest constant C for which

1
C

� ‖x+ y‖2 +‖x− y‖2

2(‖x‖2 +‖y‖2)
� C

holds for all x,y ∈ X with (x,y) �= (0,0). An equivalent definition of the NJ constant is
found in [8] as the following form:

CNJ(X) = sup

{‖x+ y‖2 +‖x− y‖2

2(‖x‖2 +‖y‖2)
: x ∈ SX ,y ∈ BX

}
.

Mathematics subject classification (2010): 46B20.
Keywords and phrases: Jordan-von Neumann constant, James constant, uniform normal structure.
This work is supported by the National Natural Science Foundation of P. R. China (11271112; 11201127), Innova-

tion Scientists and Technicians Troop Construction Projects of Henan Province (114200510011), Technology and Pioneer-
ing project in Henan province (122300410110, 112300410323, 122300410375), the Natural Science Foundation of Henan
(No. 2010A110009) and the Young Core Teachers Program of Henan Province (No. 2011GGJS-062).

c© � � , Zagreb
Paper JMI-07-09

97

http://dx.doi.org/10.7153/jmi-07-09


98 C. YANG AND H. LI

Now let us collect some properties of these constants in [1, 3, 8, 9, 16]:
(1) CNJ(X) = CNJ(X∗) .
(2) 1 � CNJ(X) � 2; X is a Hilbert space if and only if CNJ(X) = 1.

(3) X is uniformly non-square if and only if CNJ(X) < 2.

(4) For any non-trivial Banach space X ,

J(X)2

2
� CNJ(X) � J(X). (1.1)

(5) If 1 � p � ∞ and dimLp(μ) � 2, then

CNJ(Lp(μ)) = max{2 2
p−1,21− 2

p }.

(6) X has uniform normal structure if CNJ(X) < (3+
√

5)/4.

It can be recalled that a norm ‖ · ‖ on R2 is said to be absolute if ‖(x,y)‖ =
‖(|x|, |y|)‖ for arbitrary (x,y) ∈ R2 , and to be normalized if ‖(1,0)‖ = ‖(0,1)‖ = 1.

Let λ > 0, and Zp,q denote R2 endowed with the norm

|x|p,q = (‖x‖2
p + λ‖x‖2

q)
1
2 ,

then by the definition, it is clear that | · |p,q is absolute and ‖·‖p,q =: |·|p,q√
1+λ

is an absolute
normalized norm.

Recently, we gave the exact values of James constant J(Zp,q) and von Neumann-
Jordan constant CNJ(Zp,q) under the cases of 2 � p � q � ∞ and 1 � p � q � 2 as
follows.

(i) If 2 � p � q � ∞, then

J(Zp,q) = 2

√
λ +1

2
2
p + λ2

2
q

, CNJ(Zp,q) =
2(λ +1)

2
2
p + λ2

2
q

.

(ii) If 1 � p � q � 2, then

J(Zp,q) =

√
2

2
p + λ2

2
q

λ +1
, CNJ(Zp,q) =

2
2
p + λ2

2
q

2(λ +1)
.

For 2 � p � q � ∞ and 1 � p � q � 2, James constant J(Zp,q) and von Neumann-
Jordan constant CNJ(Zp,q) have been investigated. It is natural to ask whether the re-
lated question holds under the case of 1 � p � 2 � q � ∞ . In this note, we consider
these two constants under the case of 1 � p � 2 � q � ∞ and give an inequality, along
with a consequence.
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3. Main results and proofs

Now, we prove the following inequalities on J(Zp,q) and CNJ(Zp,q) .

THEOREM 2.1. Let λ > 0,Zp,q = R2 endowed with the norm

|x|p,q = (‖x‖2
p + λ‖x‖2

q)
1
2 .

If 1 � p � 2 � q � ∞, then

max

{
2(λ +1)

2
2
p + λ2

2
q

,
2

2
p + λ2

2
q

2(λ +1)

}
� CNJ(Zp,q) � 2

2
p +2λ

2
2
q λ +2

. (2.1)

max

⎧⎨
⎩2

√
λ +1

2
2
p + λ2

2
q

,

√
2

2
p + λ2

2
q

λ +1

⎫⎬
⎭ � J(Zp,q) �

√√√√2(2
2
p +2λ )

2
2
q λ +2

. (2.2)

Proof. (i) First, we show that (2.1) is valid.
Let x,y ∈ Zp,q , by the value of CNJ(Zp,2) and CNJ(Z2,q) as above, we have

|x+ y|2p,q + |x− y|2p,q

= ‖x+ y‖2
p + λ‖x+ y‖2

q +‖x− y‖2
p+ λ‖x− y‖2

q

= |x+ y|2p,2 + |x− y|2p,2 + |x+ y|22,q + |x− y|22,q− (1+ λ )(‖x+ y‖2
2+‖x− y‖2

2)

� 2
2
p +2λ

2(λ +1)
2(|x|2p,2 + |y|2p,2)+

2(1+ λ )

2+ λ2
2
q

2(|x|22,q + |y|22,q)−2(1+ λ )(‖x‖2
2+‖y‖2

2)

=
2

2
p +2λ
λ +1

(‖x‖2
p +‖y‖2

p)+
4(1+ λ )

2+ λ2
2
q

λ (‖x‖2
q +‖y‖2

q)

+

[
λ (2λ +2

2
p )

1+ λ
+

4(1+ λ )

2+ λ2
2
q

−2(1+ λ )

]
(‖x‖2

2 +‖y‖2
2).

Let

α =
2(2

2
p +2λ )

2+ λ2
2
q

− 2λ +2
2
p

1+ λ
, β =

2
2
q (2

2
p −2)λ

2
2
q λ +2

,

we have

α + β =
2(2

2
p +2λ )

2+ λ2
2
q

− 2λ +2
2
p

1+ λ
+

2
2
q (2

2
p −2)λ

2
2
q λ +2

= 2
2
p +

4λ −21+ 2
q λ

2+ λ2
2
q

− 2λ +2
2
p

1+ λ

=
λ (2λ +2

2
p )

1+ λ
+

4(1+ λ )

2+ λ2
2
q

−2(1+ λ ).
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Applying

‖x‖2 � ‖x‖p, ‖y‖2 � ‖y‖p and ‖x‖2 � 2
1
2− 1

q ‖x‖q, ‖y‖2 � 2
1
2− 1

q |y‖q,

we can obtain

|x+ y|2p,q + |x− y|2p,q

�
[

2
2
p +2λ
λ +1

+ α

]
(‖x‖2

p +‖y‖2
p)+

[
4(1+ λ )λ

2+ λ2
2
q

+ β21− 2
q

]
(‖x‖2

q +‖y‖2
q)

� 2
2

2
p +2λ

2
2
q λ +2

(|x|2p,q + |y|2p,q).

So

CNJ(Zp,q) � 2
2
p +2λ

2
2
q λ +2

,

and by (1.1), we also have

J(Zp,q) �
√

2CNJ(Zp,q) �

√√√√2(2
2
p +2λ )

2
2
q λ +2

.

Now let x0 = (a,a), and y0 = (a,−a), where a = 1√
2

2
p +λ2

2
q

. Then ‖x0‖λ = ‖y0‖λ =

1,x0 + y0 = (2a,0), and x0− y0 = (0,2a). Hence,

CNJ(Zp,q) � 2(λ +1)

2
2
p + λ2

2
q

.

and

J(Zp,q) � 2

√
λ +1

2
2
p + λ2

2
q

.

If let x1 = (b,0), and y1 = (0,−b), where b = 1√
λ+1

.

Then ‖x1‖λ = ‖y1‖λ = 1,x1 + y1 = (b,−b), and x1− y1 = (b,b).
We also have

CNJ(Zp,q) � 2
2
p + λ2

2
q

2(λ +1)
,

and

J(Zp,q) �

√
2

2
p + λ2

2
q

λ +1

This completes the proof of Theorem 2.1. �



AN INEQUALITY ON JORDAN-VON NEUMANN CONSTANT AND JAMES CONSTANT 101

REMARK. We remark that the left inequality in (2.2) can also be obtained by the
following equality: (see [17])

J(Zp,q) = max
0�t� 1

2

2−2t
ψp,q(t)

ψp,q

( 1
2−2t

)
,

where ψp,q(t) = ‖(1− t,t)‖p,q for all t ∈ [0,1] . And the left inequality in (2.1) can also
be proved by the results as follows: (see [18])

max{M2
1 ,M2

2} � CNJ(Zp,q) � M2
1M2

2 ,

where M1 = max
0�t�1

ψp,q(t)
ψ2(t) ,M2 = max

0�t�1

ψ2(t)
ψp,q(t)

and ψ2(t) = ‖(1− t,t)‖2 for all t ∈ [0,1] .

As an application of Theorem 2.1, we give a sufficient condition for the space Zp,q with
uniform normal structure. We have the following results.

THEOREM 2.2.

(1) If ln2
ln2−ln(

√
5−1)

< p � 2 < ln2
ln(

√
5−1)

< q, and 0 < λ < 2−(3−√
5)2

2
p

6−2
√

5−2
2
q

, then Zp,q

has uniform normal structure.

(2) If 1 � p < ln2
ln2−ln(

√
5−1)

< 2 � q < ln2
ln(

√
5−1)

, and λ > 2−(3−√
5)2

2
p

6−2
√

5−2
2
q

, then Zp,q

has uniform normal structure.

Proof. (1) By use of ln2
ln2−ln(

√
5−1)

< p , we have 2
1
p < 2√

5−1
, and (3−√

5)2
2
p < 2.

On the other hand, applying ln2
ln(

√
5−1)

< q , we also have 6− 2
√

5 > 2
2
q . Hence, by

6+2
√

5−4·2
2
p

8−(3+
√

5)2
2
q

= 2−(3−√
5)2

2
p

6−2
√

5−2
2
q

, we have 0 < λ < 2−(3−√
5)2

2
p

6−2
√

5−2
2
q

is equivalent to

2
2
p +2λ

2
2
q λ +2

<
3+

√
5

4
.

By Theorem 2.1, we obtain that CNJ(Zp,q) < 3+
√

5
4 . Therefore, Zp,q has uniform nor-

mal structure.
(2) The proof of this part is similar to (1), so we omit it here. �
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