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STABILIZABILITY FOR NONLINEAR DIFFERENCE
CONTROLS SYSTEMS WITH MULTIPLE DELAYS

KANIT MUKDASAT AND PIYAPONG NIAMSUP

(Communicated by J. Pecaric)

Abstract. In this paper, we investigate the problem of stabilizability for nonlinear difference
controls systems with multiple delays. We present a generalized discrete Gronwall’s inequality
for stabilizability analysis of this systems. Based on a new Gronwall’s inequality, sufficient
conditions for stabilizability of this systems are obtained. Numerical examples illustrate the
results are given.

1. Introduction and preliminaries

Difference equations are often used to model an approximation of differential
equations, an approach which underlies the development of many numerical methods.
However, there are many situation, for example, recurrence relations and the modelling
of discrete process such as traffic flow with finite number of entrances and etc. [1]-
[7]. In recent years, the various condition for stability and stabilizability of nonlinear
control difference equations systems with multiple delays has been extensively studied
in many methods. Some criteria on stability are presented by employing a Lyapunov
function [5], [7]. The Gronwall’s inequality is an important tool in the study of stability
and stabilizability of this system. In 2000, P. Niamsup and V. N. Phat [2] studied the
asymptotic stabilizability of nonlinear control system described by difference equation
with multiple delays of the form

x(k+1) =Ly g (xi,ue) + fp.q(koxi ), ke Z®, (1)

where

Mw

qu Xy U

q
x(k—pj)+ X Bi(k)u(k - gi),
j:l i=1
fp7q(k7xk7uk) = f(kvx(k_ p1)7 o 7x(k_ pp)7u(k_ 611)7 o ,I/L(k_ ‘lq))»
where x(k) € R"; u(k) e R™, n>m; A;(k) and B;(k) are n x m matrices with k € Z*,
Ji=12,..,p,i=12,..,q f(k,.): Z" xRP"x R"" — R" with p,g > 1, g, < pp.
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O=p1<pr<---<pp,0=q1 <q2<---<qy. They consider system (1) with the
initial delay condition

x(k) =x0, k=—pp,...,0. 2)

Unlike differential equation, discrete controls system (1) with initial condition (2)
always has solution for every control sequence u(k), k = —qg,...,0,1,.... They as-
sume that f(k,0,...,0) =0, k € Z*. They also consider the delay system without
controls of the form

x(k+1) = EA x(k—pj) +gkx(k—pi)x(k=p2),....x(k=pp)) ()

where Aj(k) is an n xm matrix, k € Z", j=1,2,...,p; p=21,0=p; <py <--- <
pp; f(k,.) : ZT x R — R" is a given vector function satisfying g(k,0,...,0) =0,
ke Z", Vxg €R", ko € Z*. The solution of (3) with initial condition x(k) = xo,
k=ko—qyq,-..,ko is given by

k—1
x(k) = kao + Z Gf+lg(s7x(s_ pl)vx(s_ p2)7 cee ,X(S— pp)) (4)

s=kg

where the transition matrix G~ w12 S > ko satisfy

)4
G =N Ai(k)GEP GE=1, GE=0, k<s,

and

p pi—1

=Go+ Y, 2 Gi A )

=2 s=

We introduce some notations and definitions that will be used throughout the paper.
R"— the n dimensional Euclidean vector space,
RT— the set of all non-negative real number,
7+ — the set of all non-negative integers,
||lx||— the Euclidean norm vector x € R",
|All— the norm of matrix A, [|A[| =X} ¥} @i

DEFINITION 1. The zero solution of system (3) is stable if for every € > 0 and for
every ko € Z™ there is § > 0 (depending on € and ko) such that ||x(k)|| < &, k > ko,
whenever ||xp|| < 8. The zero solution is asymptotically stable if it is stable and there
is 0 > 0 such that limy_... [|x¢|| = 0, whenever ||xo|| < J.

DEFINITION 2. The zero solution of system (3) is weakly asymptotically stable if
there is a number 6 > 0 such that every solution of the system satisfies limy_.. ||x¢|| =
0, whenever ||xg|| < 6.
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DEFINITION 3. The control system (1) is stabilizable if there are matrices D(k),
k > —qq, such that the system (1) with u(k) = D(k)x(k) is asymptotically stable. The
control u(k) = D(k)x(k) is feedback control of the system.

DEFINITION 4. The control system (1) is weakly stabilizable if there exist control
u(k), k> —q,, and number 6 > 0 such that the solution x(k) according to these control
of system (1) satisfies limy_.. ||x¢]| = 0, whenever ||x|| < 0.

LEMMA 1. [2] Assume that there exist numbers K >0, w € (0,1) such that
|G| < Kwh™S, Vk>s>0. (6)
Then there is a number Ky > 0 such that ||P;|| < Kyw*, k € Z* where

MK(p—1) .
Kl :K+m, Mzmax{HA,(k)H, kZO,,p,—l, ]:2,,[)}

2. Generalized discrete Gronwall’s inequality

In this section, we present some discrete versions of the Gronwall-type inequal-
ity that will be used in studying the stabilizability properties of nonlinear difference
controls systems with multiple delays.

THEOREM 1. Let z(k) : Z™ — R*. Assume that

k—1 p
(k) SCe+ Y, ¥ aj(s)zls — ’”1+22b 2(s —ai)"™, (7)
5s=0 j=1 s=0i=
where my,my > 0; pp > qq; aj(k),bi(k) : Z" — R", j=12,..,p, i=12,..,q;
2k) <Cr<lLk=—pp,....0and 0=p; < pr<---<pp; 0=q1 < g2 <--- < qq.
Let m:min{ml,mg}, rr_z:max{ml,mg}, d(s) :Zleaj(s)—FZ?:lbi(s) and {Cy }i>1
be a sequence of nonnegative real numbers such that Cyy < Gy, Cr € (0,1), k€ Z+.
(a) If my,my < 1, then

k—1

2(k) < [T +d(s), (®)
s=0
or
L k=l
2(k) < 1+ [T +d(s)], ©)
s=0
where C,’{"k is increasing, k > —p,.
(b) If m; < 1 <my, then
nk s—
(0 < T art (10)

s=0
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(c) If my,my > 1, then
k—1 o

k) < [l +d(s)™ . (11

s=0

Proof. Case (a) my,my < 1: We can prove this theorem by induction on k € Z™.
Letting k = 1, the inequality (7) gives

(l) C1+Zaj —Dj ml"‘zb CIt)mz
j=1 i=1

<C + i a;j(0)CY" + ibi(o)cl
j=1 i=1
< (C1)(1+4d(0)).

We assume that (8) holds for k =1,2,3,...,k— 1. Using (7) for the step k, we have

k—1 p k=1 q
k) < Cet Y, Y aj(s)z(s—py)™ + 3 Y bi(s)z(s

\'*Oj* s=0i=1
14 k=2 q
CH—ZZaJ m'—i—ZZb 2(s—qi)"
s=0 j= s=0i=
+2a,-(k—1)z(k—1— ml+2b k—1—q)™.

By induction assumption, we obtain

o k=2 1y, 2P
2(k) < CF' H)l+d za, (k—1{cr " ]}) [1+d(s)]}™
q | Hf_k—Z—q, |
+ Y btk T 1 +d(s)])

i=1 s=0

k—1-p; —p; &
For m < {m,my} < 1, Ck 1, ke Z*, we see that C{""™" ! <o <ar,

et ot <ot i1 pli=1,...q,
k—=2—p; k=2
IT D+d))m <[[lt+ds)], j=1....p,
s=0 s=0
k—2—g; k-2

H [14+d(s)]™ <[] +d(s)], i=1,....q.

ﬂ
(=}
©

(=}
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Thus,
1 k—2 V4 k—2
2(k) < (CT" )H)H—d +21a, )H)[1+d(s)}}

5= J 5=

q k k—2

+ Y bi(k—1){(C}" )11)[1+d(~v)}}
i=1 s
B k—1
< (' )H}[Hd(S)L

which implies that (8) holds for the step k.

Another of case (a): It is easy to verify (9) for k = 1. We assume that (9) holds
for steps k =1,2,3,...,k— 1. Using (7) for the step k, we have

Ck‘*‘ZZ% m1+22b mz

s= Oj s=0i=
-2 p k=2 q
<Ck_1+22aj(s>z +22b 2(s—qi)"
5s=0 j=1 s=0i=

+iaj(k—l)z(k—l—pj)’”l+ib,-(k— Dz(k—1—g)™.
i=1 i=1

By induction assumption, we obtain

k=2

z(k) < (1 “‘C/TfIl)H)[l—i—d(s)]
p : iy K
+ X a(k=D{1+CL,, 1‘[ 1 +d(s)™
- k—1— k- 2_‘11
SR bl D+ G TT 1™

For m < {my,my} <1, Cy <1, k€ ZT, itis easy to see that (1+C,’{"77 M (14
k—

c;f]’p’) <@+t G+t < +aity <+,
]_l 7p9i:17"'7q7

k=2—p; k—2—p

IT H+d@s))™ < [ +d(s)], j=1,...,p,
s=0 s=0

k—2—gq; k—2

IT 0 [14d(s i=1,....q.
s=0 \:O
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Therefore, we obtain

1 k22 1 K22
z(k) < (1+GZy )l_!)[ler(S)] il aj(k—=D{(1+GZ, )Ho[l+d(8)]}
§= Jj= 5=
q k=2

+Y bilk—D{(1+¢" ) H

k=1
<1+ O T +d(s)]
s=0
L k=l
<+ [T +ds)],
s=0
which implies that (9) holds for the step .
Case (b) m; <1 <mj: Itis easy to verify (10) for k = 1. Assume that (10) holds
for steps k =1,2.3,...,k— 1. Using (7) for the step k£ and by induction assumption,

we have

k-1 k=2 s
2(k) < ¢ H}[1+d( s)|™

klpjk217] kaZp]

T PR SR (eI § (TR0 R

j=1 5s=0

L mk—1=4i = mkiﬁz*qi m;
+ Y bi(k—1){C] [T [1+d(s)™ ym2
i=1 s=0
. k=1-p; k=pj ok i k—q;
Similar to Case (a), we see that C, - < C ! C]1 t sz ! < C]f'l <

k
qn19j:17"'7p’ iZlv“?Q?

—2- k32pj k=2 1

H [14-d(s)]mm H[1+d()} L j=1,...,p,
s=0

2 k—s=2-p; k=2 k—s—1

H [14-d(s)]m2m <TIt+ds)™= , i=1,...,q.

s=0 s=0

Therefore, we obtain

k=2 P ¢ k=2 i

) < (@D TI+ars " + X o= (e [T+awrs ™)
§= j= pult
k k2 k—s—1
+ibi(k— n{c ]'[0[1 +d(s)m Y
i=1 il

k-1

< (AT +ds)

s=0
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which implies (10) for the step k.
Case (c¢) my,my > 1: We can prove by the same way of case (b). Therefore, the
proof of this theorem is complete. [

COROLLARY 1. Let z(k) : Z" — R™. Assume that

Ck—i-EEa, s—pJ

5s=0 j=
where m>0; p>1; aj(k) : Z* - RY, j=1,2,..,p; z(k) <C1 < 1, k=—p,,...,0
and {Cy}x>1 is a sequence of nonnegative real numbers such that Cir1 <G, G €
0,1), keZ™.
(a) If m < 1, then
=

k)<t H +Za,

s=0
or

k—1
2k <1+ TN +Za,

s=0

where C,’{"k is increasing, k > —p,.
(b) If m > 1, then

k—1 )4 s
(k) <G H)[l + Zlaj(s)}’"
§= Jj=

3. Stabilizability results

In this section, we present sufficient conditions for the stabilizability and stability
of system (1). We consider the system (1) where B;(k) = 0 of the form

x(k+1)= ZA x(k—pj)+ fogkxe,ug), keZ*. (12)

Associated with condition (6), we consider two conditions
JK>0,we (0,1), ||GY <KW, Vk>s5>0, (13)
and
IK >0, we (0,1), [|GK| <KW =", k> 520, (14)
In the sequel we assume that Ja;(k),bi(k) : Z* — R*", j=1,2,...,p,i=1,2,....q,
such that

1 kyxrs e Xpyuy, g Zaj Hx,II””+Eb )i, (15)
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where my,my > 0; p,q € Z". Letus set

k= i k10
lpj k W i mzfzi:() my+1 ,

a(k

i

k— q, k=1 i
W i mz—Zi:O m2+1’

~

(k) =

(k) =

l_P'(k) = mlzi;ojilﬁli—if-‘;ézﬁ"JrI»
(k) =

_ . k— q, k=1 i
+1
lg;(k w2 Zis “Zio ™
THEOREM 2. Assume that the conditions (13) and (15) are satisfied. Suppose that
there exist D(k), k > —qq, are (n x m) matrices.
(a) If my,my < 1, there exists w € (0,1) so that

14
Jim [3 a;(k)w W )| Dl i) ] =0, (16)
=1 i=1

Then the system (12) is weakly stabilizable.
In another of case (a), assume that the following conditions hold.
(i) There exist 6 € (0,1) and w € (0,1) such that

mkt1

mh < ", k>=—p, where Ci=Kwd<1 (17)

where K is defined by Lemma 1.
(ii) Equation (16) holds. Then the system (12) is weakly stabilizable.
(b) If my < 1 <my, and there exist w € (0,1) and K > 0 so that

hm za, —|—2b )ID(k —qi)[|™1g; (k)] = 0 (18)

and we assume the condition (14) instead of (13). Then the system (12) is weakly
stabilizable.
(c) If my,my > 1, and there exist w € (0,1) and K > 0 so that

P _ q _
Bim [ 3 a;(k) L, (k) + 3 bi()[D(k = 1) [ T, (k)] = 0 (19)
i=1 i=1
and we assume the condition (14) instead of (13). Then the system (12) is stabilizable.
The feedback controller of (12) is given by u(k) = D(k)x(k).

Proof. Given w € (0,1) and choose & € (0,1) so that K;wk§ < 1. The solution
of system (12) is given by

k—1
x(k) :ka0+ 2 G§+lf(sﬁx(s_pl)a"' ,X(S—pp),M(S—QI),... 7’4(5_‘1q))-
s=0
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Then, we have

mekwwmwxmw‘%2@ mmw+2b e 1").

J=

Setting u(k) = D(k)x(k), k > —q4, we obtain

wE (k)| < Klwk5+2KW7‘ 1201 )bee—p, 1™
=0

ZKWS lzb )ID(k = gi)[|"|x(k — ) [

for ||xg]] < &. Let us set

C =Kyw Pro,

Cr = Kk,
z(k) = w¥[x(k)]|,
75(k) = K Ao g 1)
bi

) =
(k) = Kw 1 mang, ()| D(k — ;)|
(k)

S aik

=1 i

d(k

bi(k).

~.
I M»Q.
_

We have

[|z(k) Q+2§ﬁ Hu=m|”+2§M )z(s—gi)l™.  (20)

s=0 j= s=0i=

Case (a) my,my < 1: Applying Theorem 1 to the inequality (20), we obtain

k—1 V4
)l < i TT (w+ ¥ Kw=sm=mria (s)
s=0 j=1

+ 3 K 5Dk - )™,
s=0

By assumption (16), there are N € N, [ € (0,1 — w) such that

Wk 3 Kb +2ﬁw*%m"wf<wa @)™ <w+l=v<l,
j=1 =

forall kK > N and C{”k = (Kyw Pré )mk < 1. Therefore, we obtain

x(k)|| < My N, k> N.
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It implies that limy_.. [|x¢|| = 0, whenever ||xo|| < 8. Therefore, the system (12) is
weakly stabilizable by the feedback control u(k) = D(k)x(k).

In another of case (a), it is very clear that the system (12) is weakly stabilizable by
using the same way of case (a).

Case (b) m; < 1 <myp: We consider the condition (18) and by the same arguments
that used in the proof of Lemma 2.1 [2], we can find some number K> > 0 such that

1P < Kow?Zso ™' ke z*,
We obtain the following estimation the solution of system (12) of the form

(k)| < Kow?Z=0 o] | + ZKW i Za ) lx(k = pj)|I™
s=0 j=1

+2Kw~mzzb DGk~ 40) ™ (K — 40) ™.

Multiplying both sides of inequality by w™ Tisgm' , we obtain

wfzf-‘;&ménx( k)| < ng i 25+2KW o mh Za Y|k — P N
s=0 j=1

+2Kw~’”22b Dk —qi) ["2[|x(k = g:) [,

for ||xo|| < 8. Let us set
C1 = K2W6,
Cp = KowEio ™ §,
gkl i
2(k) = w™Zi=0" || x(k)||,
— m Zkipjilmi —2/"71111"
aj(k) = Kw'™ Zi=0 27 2i=0 Zaj(k),

— k=q;—=1 _; —1 i
bik) = Kw™Zizo' "I (k)| D(k— g) |

i k=1 P R N
()] < T [T0v+ S, Kwm o’ mEgmhtlg ()
s=0 j=1

£ Y K S ) DGk — g ey
i=0



NONLINEAR DIFFERENCE CONTROLS SYSTEMS 125
By assumption (18), there are N} € N, [ € (0,1 —w) such that

p q
w+ Y Kl (k)aj(k)+ Y Kl (k)bi(k)|[D(k — g:)||"™ < w+1:=v <1,
j=1 i=0
k
for all kK > N; and CI"‘ = (Kowd )’"’f < 1. Therefore, we obtain
(K[| < My M, k> Ny

It implies that limy ... ||xz|| = 0, whenever ||xo|| < . Therefore, the system (12) is
weakly stabilizable by the feedback control u(k) = D(k)x(k).

Case (c) my,my > 1: The proof can show by the same way in case (b). Therefore,
the proof of this theorem is complete. [

COROLLARY 2. Assume the condition (13) holds and suppose that
lg(k,xt,. oo xp Zaj ;1™

where m>0,a;(k) : Z* —R*Y, j=1,2,...p
(a) If m < 1, and there exists w € (0,1) so that

I
Jim Y aj(kyw =0 2D

then the system (3) is weakly asymptotically stable.
In another of case (a), We assume that the following conditions hold.
(i) There exist 6 € (0,1) and w € (0,1) such that

C,'C"k < C,’Zﬁl, k>—p, where C =Kwé <1 (22)

where K is defined by Lemma 1.
(ii) Equation (21) holds. Then the system (3) is weakly stabilizable.
(b) If m > 1, and there exist w € (0, 1) and K > 0 so that

2 i . i
Tim Z a;(k o) m=igm _ g (23)

and we assume the condition (14) instead of (13). Then the system (3) is asymptotically
stable.

4. Numerical examples

EXAMPLE 1. Consider the nonlinear difference controls delay system in R? of
the form

St (6) + g 0) 4 ot ), @4)

2k 2k X
1 1
xk+1) = TRl (k) — xp(k) + e xa2(k—3) + ku(k) +

xl(k—i—l) =

e LB k-3), @)
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where x (k),x2(k),u(k) € R. This equations can be the form of system (1), where

1
- 0 00
mw =57 ). mw=(g ). mw=Dp "

e 1 0 2%
1 Gk, k) x(k = 3), (k) || < 27K Jue(k) |13 4+ 27K ey (R) [ 1/3 4+ 27K o (K — 3) | /3.

We have m; =1/3,my=1/3, p=2, p2=3,q=1, ai(k) =27, ar(k) =27,
by (k) = 27%. For the feedback control u(k) = D(k)x(k) with D(k) =[0 1/k], we
obtain |

-5 0
il =m0+ 31000 = (27 ). €t =)
2k+3
It is easy to verify that the transition matrix G’; of the equations (24)—(25) satisfies (13),
where K =1, w=1/2 and the condition (16) can do it. Therefore, (24) and (25) are
weakly stabilizable. [J

EXAMPLE 2. Consider the nonlinear difference controls delay system in R? of
the form

1 1 1 1
x(k+1) = gegn (k)+5mx2(k)+§u1/4(k)+§xl/ (k), (26)

(k1) = —kxy (k) — xa(k) + ——xa (k — 3) + K2u(k) + - LdAg—3), @

5k+4
where x1(k),x;(k),u(k) € R. This system is the form of system (1), where
L1 00
m = (777 ). mw=(g 1), = @
k-1 0 s

1 (Koo (k) ek = 3),u (k)| < 5 {lae(k) |4 4 57 ey (R)J[ M4 + 57 bea(k — 3) || 1/4. We
have m; =1/4, my=1/4, p=2,p2=3,q=1, a;(k) =57, ax(k) =57%, by (k) =
57*. For the feedback control u(k) = D(k)x(k) with D(k) = [1/k 1/k*], we get

Ci(k) = Av(k) + B (K)D(K) = (ﬁ 7). cw=nw.

Itis easy to verify that the transition matrix G’; of the equations (26)—(27) satisfies (13),
where K = 1, w=1/5. ||G}|| < o= for k> s> 0. Next, we will show that (16) and

(17) hold. We choose w=1/5, K; =5, § = (1/5)” and we can see that

s 1\ "7
C <Gy, Vk=-—p, where Ck:5<§>

and

11
lima; (w8 + ax(k)w 1 4 by (k) (_ + _> Wkt

k—so0 k k2
i e—kck—k —kgk—% (11 k—k
—klgf)loS 5S4 45754457 <k+k—2)5 4

=0.



NONLINEAR DIFFERENCE CONTROLS SYSTEMS 127

Therefore, the equations (26) and (27) are weakly stabilizable. [J

EXAMPLE 3. Consider the nonlinear difference controls delay system in R? of
the form

xi(k+1) = ——xy (k) + = (k) +272 R (k) 272 2 A s

4254 42K+

x(k41) = —k2x1 (k) — kxa (k) + x2(k—3) 4+ Ku(k), (29)

42k+4

where x| (k),x2(k),u(k) € R. This system is the form of system (1), where

- 00
Al(k) = <4ik]:; 43;: ) ) AZ(k) = (0 ;) ) Bl(k) = [0 k3]Ta
A2k+4
17 eox(8) (k= 3), ()| < 277 (I + 27272 (14, We have
=1,q=1, aj(k) =272 =k by (k) = 272"~ For the

m =1/4, my=2,p
)=

1, 1,
feedback control u(k) = D(k)x(k) W1th D(k) =[1/k 1/k?], we get

1 1

il =M+ 310D0) = ( F7 T ) Call) = Aalo)

It is easy to verify that the transition matrix G’S‘ of the system (28)—(29) satisfies (14)
for K =1, w=1/4 and the condition (18) can do it. Therefore, the system (28)—(29)
is weakly stabilizable. [

EXAMPLE 4. Consider the nonlinear difference controls delay system in R? of
the form

ailk1) = k) +37 FAE) 1373 3, (30)

a0+ g

xp(k+1) = —kx; (k) —x2(k) + x2(k —3) + ku(k), (31)

53K+4

where x1(k),x;(k),u(k) € R. This system is the form of control system (1), where
|
(k)

L 0 0
Ay 3 3| Ay (k) = ], Bk =[0 KT,

—k -1

53k+4

L (R (R) e = 3), (k) < 372 (k)P 4373 Ly (k) . We have my = m) =
3,p=2,p2=3,qg=1,a1(k) =3"3"% ay(k) =0, by (k) = 373", For the feed-
back control u(k) = D(k)x(k) with D(k) = [1/k 1/k?], we get

1 1
Ci (k) = Ay (k) + By (k)D(k) = (33k+4 334 ) . Go(k) =Ax(k)

0 0

We consider in the same way of Example 3 for this feedback control. Therefore, the
system (30)—(31) is stabilizable. [
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5. Conclusion

In this paper, we study nonlinear difference controls systems with multiple delays
on control and states. We present a generalized discrete Gronwall’s inequality. Based
on a new Gronwall’s inequality, sufficient conditions for stabilizability are obtained.
Numerical examples illustrate the results are given.
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