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A UNITARY APPROACH TO SOME CLASSICAL INEQUALITIES
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Abstract. In this paper, we will give a unitary approach to some classical inequalities. We will
show that these results could be proved in the same manner.

1. Introduction

It has been said that the relation which truly governs mathematics is that of in-
equality, equality being a special case. In this context, the study of inequalities is a
natural interest of the mathematicians. We find more references on this subject, from
famous books like [6] or [8] to new books like [15] or [5]. Over the years, some results
have remained popular because of the authors. In 2003, Bullen even made a dictionary
of inequalities ([3]), where we can find a large number of known results.

Among these inequalities, there are some very special ones, such as the AM-GM
inequality, Cauchy’s inequality, Holder’s inequality or Minkowski’s inequality. They
have a fundamental role in many branches of mathematics and are also called classical
inequalities. In this article we want to present another point of view on these inequali-
ties. We will see that all these inequalities have three common elements: homogeneity,
convexity and subadditivity.

2. Preliminary results

In this paragraph, we recall some useful definitions and results. Let f : (0,00)" —

R be a function.
DEFINITION 2.1. A function f is called positively homogeneous if
F(tx1,0x0, . tx,) = 1f (X1,X0, s Xn)
forall £ € (0,00) and x1,x2,...,X, € (0,00).

EXAMPLE. The function

f: (O,oo)n—>R, f(xl7x27"‘7xn) = \n/xlx2~~~xn
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is a positively homogeneous function.

DEFINITION 2.2. A function f is called a subadditive function, respectively a
superadditive function if

f(xl +y17x2 +y27"‘7xn +yn) <f(x17x27”'7xn)+f(ylay27”'7yn)7
respectively
f(xl +y17x2 +y27"‘7xn +yn) >f(x17x27”'7xn)+f(ylay27”'7yn)7

for all x1,Xx2, ..., %0, ¥1,Y25 -,V € (0,00).

EXAMPLE. The function
f:(0,00)" = R, SOy, ey x0) = |21 |+ || + e A ]

is a subadditive function.
Using induction, it easy to prove the following results.

LEMMA 2.3. Let f:(0,0)" — R be a subadditive function. Then

FOr+xo+ . +x) <f)+fl)+...+ (),
Sforall x1,x;,....x; € (0,00)".
LEMMA 2.4. Let f:(0,00)" — R be a superadditive function. Then
Fr+xo+ . 4x) = f )+ f )+ + f (),

forall xy,x,...,x; € (0,00)".

3. A very powerful result

The main result of this paper is presented in this paragraph. We will find that
convexity is equivalent to subadditivity under the condition of positive homogeneity. It
must be specified that this results is based on the Theorem 1.4.6. from [14].

First, we introduce some notations. For a function f : (O,oo)" — R, we define n
other functions as follows:

81,82,--,8n - (ano)nil _>R7

81 (y17y27”'7yn71) :f(17y17y27"‘7yn71)7
82 ()’17)’27-~-a}’n—1) :f(ylylyyZa"'7yn—l)a

8n ()’17)’27-~-a}’n—1) = f(yl;yZ;n'ayn—la 1) .

In this context, we can prove the theorem below.
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THEOREM 3.1. Let f:(0,)" — R be a positively homogeneous functions. Then
f is subadditive if and only if there exists k € {1,2,...,n} such that the function g is a

convex function.

Proof. First, let f be a subadditive function. Let ay,a,...,a,—1 € (0,0),
by,by,....;b,—1 € (0,00) and 7 € (0,1). We will prove that g, is a convex function. Then

g1(tar+(L—=1)bytay+ (1 —1)by,..stay_1+ (1 —1)by_y)
=f(Ltay+ (L —=1t)bytar+ (1 —1)by,...stan_1 + (1 —1)by_1)
=f(t+(1—1t),tar+ (1 —1)b,tax+(1—1)ba,....,tan_1+ (1 —1)by—1)
< flttartar,...tap ) + f((L=1), (L =1) b1, (L =) ba, ... (1 = 1) byy)
=tf(Lay,a0,...;an—1)+ (1 —1) f(1,b1,b3,....0,_1)
=1g1(ar,az,...;an—1)+ (1 —1) g1 (b1,b2,....0y—1),

S0 g1 is a convex function.
Conversely, without loss of generality, suppose that g; is a convex function. For

any xp,x2,...,x; € (0,0) and y1,y2,...,ys € (0,%), we have
f(x1—|—y1,x2—|—y2,...,x,,—|—yn)

X2+ Xn+ Yn
= xl+yl f<l7 [ERES) )
( ) X1+ X1+

=(x1+y1)& <x2+y2 xn+yn)
xi+y1 x4

X1 X2 Vi 2 X1 X Y1 y
= (xl+yl)gl ( -—+ R RLEY) _"+ _")
X1+yr X1 Xx1+yr n X1+yr X1 Xx1+yr yn
X1 X2 Xn Y1 Y2 Yn
< xl+)’1 ( 'g1<_7"‘7_>+ 'g1<_7"‘7_)>
( ) X1+y1 X1 X1 X1 +y1 1 i

- X2 Xn Y2 Yn
=x181| —-o— | W81 | =
X1 X1 V1 V1

X X,
=x1f <17 —2,..., _n) +y1f (1,27...,&>
X1 X1 V1 V1

= f(x17x27 ~~>xn) +f(Y17Y27 "‘7yn) )
so f is a subadditive function and the proof is finished. [J

A similar result exists for superadditive functions.

THEOREM 3.2. Let f:(0,)" — R be a positively homogeneous functions. Then
f is superadditive if and only if there exists k € {1,2,...,n} such that the function gy is

a concave function.

Proof. We apply the previous theorem for the function —f. [
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4. Proofs for classical inequalities

In the context of the results from the previous paragraphs, we can present a gen-
eral method to prove inequalities. We find a positively homogeneous function, study a
partial convexity/concavity, apply Theorem 3.1./3.2. and obtain the conclusion using
subadditivity. If necessary, we extend the results with Lemma 2.3./2.4. We start with
two easy examples.

EXAMPLE 4.1. Radon’s inequality. (see e.g. [6], p. 61, ex. 65)
Let x1,x2,...,%, € (0,00) and y;,y2,...,yn € (0,00). For any p > 0, we have

n p+1
+1 2 Xi
ixf (l l
ST
l

Proof. Consider the function

HM: L

xp+1

(0,00 =R, flry)="—.

yP

It is a positively homogeneous function. Then, the function g : (0,) — R, g(x) =
f(x,1) = x*! is a convex function, because g” (x) = p(p+1)x*~! >0 forall x > 0.
Now, applying Theorem 3.1. and Lemma 2.3, we obtain

n
N fxivi) = f (Z%Zy;)
i=1

which is equivalent to the conclusion. [

EXAMPLE 4.2. Milne’s inequality. (see e.g. [6], p. 61, ex. 67)
For any x1,x2,...,x, € (0,00) and y1,y2,...,yn € (0,00), we have

xr+yz}: XiYi };

1 i=1 _+y’ i=1

||M=

||M=

i

Proof. Consider the function
Xy
:(0,00)* > R, x,y)=——01.
[ :(0,00) floy) =+ g

This is a positively homogeneous function. The function g : (0,00) — R, g(x) =
fx,1) = &5 has g"(x) = & +1)3 < 0, hence g is a concave function. Applying
Theorem 3.2. and Lemma 2.4. we have,

N f(xiyi) < f (thzyi) ;
=1 =1

i=1
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which is equivalent to

R

S v

i Xiyi =1 li:lyl
. )

=1 Xt Y (xi+yi)

i=1
and the conclusion. [

The next examples contain proofs for the most famous inequalities from mathe-
matics.

EXAMPLE 4.3. Cauchy’s inequality — strong form.
Let a,ay,...,a, € R and by,b,,...,b, € R. Then

2 2 2
1 e n .
(larbi| + |azba| + ...+ lanby|)* < (a3 + a3+ ... +-@2) (b3 + b3+ ...+ b2)

Proof. Consider the positively homogeneous function

(0,0 SR, flxy) = Ay

Then the function g : (0,%) — R, g(x) = f (x,1) = \/x is concave. From Theorem 3.2.
and Lemma 2.4. we obtain

n
= Z VXiYis
i=1
which is equivalent to
2 n n
Z VA | < XYy
=1 =1

Replace x; with ai2 and y; with bi2 and the conclusion follows. [J

EXAMPLE 4.4. Holder’s inequality. Let ay,ay,...,an,b1,by,...,b, € (0,00) and
p,q > 1 be real numbers satisfying %4—5 = 1. Then:

1

Proof. We use the function

Fr(02 =R, flry)=xryi.

For any r > 0 we have

=
S
Q|-

=
<I=
==

Fltx,ty) = (10)7 ()7 = Vi =1f (x,y).
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1
Let g:(0,00) = R, g(x) = f(x,1) = xP . We have

1/1 1_ |
g"(x)z—(——l)xll’ 2=y 2,
P \pP pPq

so g” is a negative function. Then g is concave and f superadditive. Applying Theo-
rem 3.2. and Lemma 2.4. gives

B<(5) (&)

Replace x; with @ and y; with b and we are done. [J

EXAMPLE 4.5. Minkowski’s inequality.
Let ay,az,..,a, € (0,00) and by,by,..,b, € (0,). Then
1

(Bnenr) < (84) ~(84)

for any real number p > 1.

™M=

Proof. The function

= -

8:(0,00) = R,g(x) = (¥ +1)

1
is convex because g” (x) = (p— 1)x?"2(x? +1)7 2 > 0, for all x € (0,e0). In this
context, the function

1
f1(0,00)" = R, f(x,3) = (& +7)
is subadditive because g (x) = f(x,1). Lemma 2.3. concludes the proof. [J

EXAMPLE 4.6. AM — GM inequality. For any real numbers xi,x3,...,x, > 0,

have
X1 +xo0+...+x,

n

> X1x2..Xp.

Proof. Consider the function

X1 +x2+ ...+ x,

f: (O7°°)n —>R7f(xlax2a"~7xn) = 0

—\/X1X2...Xp

and we have

1xX)+txp+ ... +1x,
n

f(txy,tx0,..01x,) = — tx1txy. dxy = 1f (X1,X2, 0, Xn)
for any ¢ > 0. This shows us that f is positively homogeneous. Consider the function
~1
g:(0,00)" " =R, g(x1,X2, s Xn—1) = f(x1,X2, s X1, 1)

First, we prove the following short lemma.
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LEMMA. Let n be a natural number, n > 2. For any real numbers ay,ay, ...

the matrix A, = (a;j), where

i,j=1,n

ifi=j
—adj if l#]

ajj =
is positive-definte.

Proof. Let x = (x1,x2,...,x,) € R". We compute xAx’ and obtain

n
xAx" =n Z al-le-z -2 Z aiajXix;

i=1 1=i<j=n
= Za2x2+ Y | (aix; —ajx;)*
1=i<j=n

which is equivalent to the conclusion. [

Now, we can study the function g. We have

2 1 11 1 1
—3 g_ 1 l—1 XXt X
92 n\n Lo XX X 1

1

for i=1,n and

SN U TR SN SN S SR SR
m = —n—2x1 ...xi_lxl- xi+l...xj_1xj xj+1..xn_1

for 1 <i < j<n. After some algebraic manipulations, we can write the hessian of g

under the form

n—1 1 1
X% X1X2 X1Xn—1

1 n—1 1

1 L1 1 - 5 e T

i X0X X XoXp_
Hy = nlexz X 2 2 =1
1 1 n—1
Xpo1X1 Xpoixa X2

But x1,x2,...,x,—1 > 0, so H, is a positive-definte matrix according to the previous
lemma. Now, we can affirm that the function g is convex. Then, f is subadditive. So,

we can write

f(xl7x27 .y n)+f(x27X3...,xn,x1)—l—...—l—f(xmxh...,xn,l)
> fxr+x2+ o F X X2+ Xy X0 Xy X X )
= f(s,8,..,5) =0,
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where s = x; +x + ... +x,. But

):f(x27x3"'7xn7xl) f(xnaxlv”'vxnfl)7

f(X17x27...,xn

») = 0. We obtain f (x1,xp,... which is equivalent to the

xp) =0

hence nf (x1,x2,...,x

AM-GM inequality. O
Finally, we briefly introduce other examples of inequalities that can be proven

through the same method.

e Using the function
f: (0’00)" - Ra f(xlrxzr"axn) = \n/xlx2~'~xn7

we obtain the inequality

Y (1 +y1) (2 432) ..

VX1X2 X+ V12V,

(xn +yn) >
). (see e.g. [2], p. 176, ex. 4.4.6)

fOI’ X1, X253 X0, V15Y25 -3 Y0 € (Oa

e With the function
2.2

X“+y
: O,ooz—>]R, xX,y) = ,

f:(0.%) e ="

we can prove the following inequality:
n x + 2 2 'x + 2 yl
i=1 XI+yl lei-i'_zl)h'

for any (x1,X2,..,Xn), (V1,525 --s¥n) € (0,00)".

For any p € [1, 2], the function
A+l
p—1

f(xl X2, ... x,,) = — =
e xf l—l—xg Ly

[:(0,09)" = R,
is useful to prove the inequality
Sty I X
rl,:l < rl,:l + ;:1 ’
2 S S

which holds for all (x1,x2,...,X1), (V1,¥2,---,9u) € (0,00)". (see e.g. [1], p. 25,

theorem 9.)
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