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n-EXPONENTIAL CONVEXITY FOR JENSEN-TYPE INEQUALITIES

ASIF R. KHAN, JOSIP PECARIC AND MIRNA RODIC LIPANOVIC

(Communicated by A. Vukelic)

Abstract. Starting from the results given in [14] where the uniform treatment of the Jensen type
inequalities and its converses is given, we investigate the exponential convexity of differences of
the left-hand and the right-hand side of these inequalities. Using these differences, we produce
new exponentially convex functions. Finally, we give several examples of the families of func-
tions for which the obtained results can be applied, and we get some generalized Cauchy means.
Results from this paper present the generalization of the results from [2].

1. Introduction

Starting from the discrete Jensen inequality, A. McD. Mercer gave in [8] and [9]
two mean-value theorems, of the Lagrange and of the Cauchy type. Having in mind the
integral Jensen inequality, the authors in [13] gave similar results in integral form.

The generalization of these results, for the real Stieltjes measure, is given in [14]
using the Green function G defined on [a, ] x [e, B] by

% for o0 < s < ¢,
Gles) =1 oo (1.1)
SﬁT fortgsgﬁ.

The function G is convex and continuous with respect to both s and 7.
For any function ¢ : [, 8] — R, ¢ € C?>([e,B]), it can be easily shown by inte-
grating by parts that the following is valid

—Xx X — B
o) = 5= 0(a) + 52 0(B)+ [ G0l ()

where the function G is defined as above in (1.1) (see also [16]). Using this, several
interesting results concerning the Jensen type inequalities are derived in [14].

First of all, the following theorem gave the conditions on the real Stieltjes measure
dA (not necessarily positive!), such that A(a) # A(b), under which for continuous
convex function ¢ the Jensen inequality holds.
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THEOREM 1.1. [14] Let g: [a,b] — R be continuous function and |c, B] interval
such that the image of g is a subset of o, B]. Let A : [a,b] — R be continuous function
or the function of bounded variation, such that A(a) # A (b) and

bo(x)dA (x
LA g

Then the following two statements are equivalent:
(1) For every continuous convex function ¢ : [a, ] — R

Pe@are) I o (e() dA)
"’( [P (x) >< P di ) 42

holds.
(2) Forall s € |a,p]

G (f:g<x>dux> ) o /68,5 dA () 03

J7 dA () S dA ()
holds, where the function G : o, ] x [, B] — R is defined in (1.1).

Furthermore, the statements (1) and (2) are also equivalent if we change the sign of
inequality in both (1.2) and (1.3). Also note that for every continuous concave function
0 : [0, B] — R the inequality (1.2) is reversed.

and

bo(x)dA (x
Laait) 1,

REMARK 1.1. For the case of positive measure dA, we get the well known re-
sults. If the function A is increasing and bounded, with A (a) # A(b), then inequality
(1.2) becomes Jensen’s integral inequality. On the other hand, if the function g is con-
tinuous and monotonic, and A is either continuous or of bounded variation, satisfying

Ala) <A(x) <A(B) for allx € [a,b], and A(a) < A(b),

then inequality (1.2) becomes the Jensen-Steffensen inequality given by Boas in [3] (see
also [15, p. 59]). Several other theorems when inequality (1.2) or the reverse inequality
in (1.2) holds, can be found in [15].

2. n-exponential convexity for Jensen-type inequalities

Throughout this paper we shall use the notation

Ji (x)dA (x)

g= T

S dA )
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Motivated by the inequality (1.2), for continuous convex function ¢ : [o, ] — R
we define the functional ®;(g,A,¢) by

_lee)drx)
®l(g,7t,(p) - ffdl(x) (P(g) (2.1

where g : [a,b] — R is continuous function, the image of g is a subset of [o, 3], A :
[a,b] — R is continuous function or the function of bounded variation, such that A (a) #
A(b),and g € [a, B].

Using this, we define the functional A;(g,A,®) by

D (g,A,0), if for all s € [e, B] inequality (1.3) holds,
—@;(g,A,q), if for all s € [a, B] the reverse inequality in (1.3) holds.
2.2)
Now, for our functional A; we have that whenever it is defined, for every contin-
uous convex function @, Aj(g,A,¢) > 0 holds.

Al(g72’7(p):{

REMARK 2.1. For the functions g and A with some specific properties we al-
ready know that for all s € [o, 8] inequality (1.3) or the reverse inequality in (1.3)
holds.

If the function g : [a,b] — R is continuous, and the function A : [a,b] — R is
increasing, bounded and such that A(a) # A(b), by the integral Jensen inequality, we
have that for all s € [o, 8] inequality (1.3) holds.

If g: [a,b] — R is continuous and monotonic function, A : [a,b] — R either con-
tinuous function or the function of bounded variation, such that A(a) < A(x) < A(b)
for all x € [a,b], and A(b) > A(a), by the integral Jensen-Steffensen inequality (see
[15, p. 59]) we have that for all s € o, B] the inequality (1.3) holds.

Analogous result is obtained under assumptions on the functions g and A as given
in the Boas generalization of the Jensen-Steffensen inequality (the Jensen-Boas inequal-
ity, see [3] or [15, p. 59]), the Brunk generalization of the Jensen-Steffensen inequality
(the Jensen-Brunk inequality, see [4] or [15, p. 60]) or the generalization of the Jensen-
Steffensen inequality (see [10] or [15, p. 62]).

On the other hand, if g is continuous function, and A is the function of bounded
variation, decreasing on the intervals [a,c] and (c,b], and such that A(b) > A(a), by
the reverse Jensen inequality (see [11] or [15, p. 84]), we have that for all s € [a, f]
the reverse inequality in (1.3) holds. Analogous result is obtained under assumptions
on the functions g and A as given in the reverse Jensen-Steffensen inequality (see [11]
or [15, p. 84]), or the reverse Jensen-Brunk inequality (see [11] or [15, p. 85]), or the
reverse Jensen-Boas inequality (see [1 1] or [15, p. 86]).

Now we can reformulate Theorem 2.3. from [14] in which there are given the
conditions on the real Stieltjes measure dA , with A (a) # A(b), so that for the functions
of the class C?, the Cauchy-type mean value theorem holds.
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THEOREM 2.1. Let g : [a,b] — R be a continuous function such that the image
of g is a subset of [, B], and @,y : [a,B] = R, @,y € C*([or, B]). Let A : [a,b] — R
be continuous function or the function of bounded variation such that A(a) # A(D),
and g € [o,B], and let Ay be the functional defined in (2.2). Then there exists some

& € [o, B] such that
A1(g,7L,(P) _ (P//(é)
Al(gﬂﬂ!/) B W//(é), (23)

provided that the denominator of the left-hand side is nonzero.

REMARK 2.2. If the inverse of the function ¢” /" exists, then (2.3) gives

mN\ —1
Aq(g, A
5:<<;a_”> ( 102 ,<p>)_ o
v Ai(g A, v)
Now, let us recall some definitions and facts about exponentially convex functions

(see [7]).

DEFINITION 2.1. A function f: I — R is n-exponentially convex in the Jensen

sense on [ if
< X +Xx;
Y Pinf( 12 ") >0
ij=1

holdsforall p;e Rand x; €1,i=1,...,n.
A function f:I — R is n-exponentially convex if it is n-exponentially convex in
the Jensen sense and continuous on /.

REMARK 2.3. We can see from the definition that 1-exponentially convex func-
tions in the Jensen sense are in fact non-negative functions. Also, n-exponentially
convex functions in the Jensen sense are k-exponentially convex in the Jensen sense
forevery ke N, k <n.

By definition of the positive semi-definite matrices and some basic linear algebra,
we have the following result.

LEMMA 2.1. If f is an n-exponentially convex function in the Jensen sense, then

k
the matrix [f (%)] is positive semi-definite for all k € N,k < n. Particu-
ij=1

larly, det [f (x’zxf)] >0 forall ke N, k<n.
ij=1

DEFINITION 2.2. A function f:I — R is exponentially convex in the Jensen
sense on [, if it is n-exponentially convex in the Jensen sense for all n € N.

A function f: 1 — R is exponentially convex if it is exponentially convex in the
Jensen sense and continuous.
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REMARK 2.4. Some examples of exponentially convex functions are (see [6]):
(i) f:I— R defined by f(x) = cek*, where ¢ >0 and k € R.
(i) f:R" — R defined by f(x) =x*, where k > 0.

(iii) f:Rt —R* defined by f(x) = e *V*, where k > 0.

REMARK 2.5. It is known that a function f: I — R™ is log-convex in the Jensen
sense on [ if and only if the relation

x+y
o 0)+ 208 (1) B2110) 20
holds for every o, B € R and x,y € I. It follows that a positive function is log-convex
in the Jensen-sense if and only if it is 2-exponentially convex in the Jensen sense. Also,
using basic theory of convex functions, it follows that a positive function is log-convex

if and only if it is 2-exponentially convex.

We will also need the following result (see [15, p. 2]).

LEMMA 2.2. If f : I — R is a convex function and xy,x3,y1,y2 € I are such that
x1 <y, X3 < Y2, X1 # X2, V1 7 V2, then the following inequality is valid

Jo) = fa) _ fO2) = fOn) (2.5)

~
X2 — X1 y2—Mx

If the function f is concave, then the reverse inequality in (2.5) holds.

When dealing with functions with different degree of smoothness, divided differ-
ences are found to be very useful.

DEFINITION 2.3. The second order divided difference of a function f: 7 — R at
mutually different points yg,y1,y2 € I is defined recursively by

[yi]f:f(yi)7 i=0,1,2
S i) = fOi)

i, yirlf = —————, i=0,1
Yit+1 = Vi
[yO;yl;yZ]f _ [ylayﬂyj;‘:)[}}:)()ayl}f. (2.6)

REMARK 2.6. The value [yo,y;,y2] f is independent of the order of the points
vo,¥1 and y;. This definition may be extended to include the case in which some or all
the points coincide (see [15, p. 16]). Taking the limit y; — yp in (2.6), we get

J(2) = f(vo) = f'(v0) (2 — yo)
(y2—y0)?

}LH}OLYO»yI»yz]f: b’07y07y2}f: X2 75)’0

y
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provided that f” exists. Furthermore, taking the limits y; — yg,i = 1,2 in (2.6), we

get
/!
: ) 0
lim lim [yo,y1,¥2]f = [yo.Y0,¥0]f = 700)
Y2=Y0 Y1—Y0 2

provided that f” exists.
A function f:1 — R is convex if and only if for every choice of three mutually
different points yo,y1,y2 € I [y0,y1,¥2]f = 0 holds.

Now, we use an idea from [6] to give an elegant method of producing n—expo-
nentially convex functions and exponentially convex functions, applying the functional
A1 on a given family of functions with the same property.

THEOREM 2.2. Let g: [a,b] — R be continuous function such that the image of g
is a subset of [, B]. Let Q= {¢@, : p € I} (where I is an interval in R) be a family of
functions @, : (o, B] = R, ¢, € C([e,B]), such that the function p — [yo,y1,y2]@p is
n-exponentially convex in the Jensen sense on 1 for every three mutually different points
Y0,¥1,¥2 € [0, B]. Let A : [a,b] — R be continuous function or the function of bounded
variation, such that A(a) # A(b), and g € [o, B], and let A} be the linear functional
defined in (2.2). Then the function p — A(g,A,Qp) is n-exponentially convex in the
Jensen sense on 1. If the function p — Ai(g,A,@,) is continuous on I, then it is n-
exponentially convex on 1.

Proof. For q; € R (i=1,...,n) we define the function

n
h(x) = qiqjPri; (%),
ij=1 2

where p;,p; €1, 1 <i, j<nand Qp+p; € L. Forevery three mutually different points
i

Y0,¥1,¥2 € [a, B] we have

n
boviy2lh =Y, qiqjlyo.y1,y2) @rin; =0,
ij=1 2
since p — [y0,y1,y2] @p is n-exponentially convex in the Jensen sense by assumption.
It follows that 4 is convex (and continuous) function on I, so it is

A1 (g,A,h) >0,

hence
2 qlq,Al <g,l, (Pl’i+l’j> 2 0.
— 2

i,j=1

We conclude that the function p — A (g,A,¢),) is n-exponentially convex on [ in the
Jensen sense.

If the function p — A (g, 4, ¢)) is also continuous on /, then it is n-exponentially
convex by definition. [
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COROLLARY 2.1. Let g: [a,b] — R be continuous function such that the image
of g is a subset of [, B]. Let Q={¢,: p €I} (where I is aninterval in R ) be a family
of functions @, : [a, ] — R, @, € C([a,B]), such that the function p — [yo,y1,y2]0p
is exponentially convex in the Jensen sense on I for every three mutually different points
Y0,¥1,¥2 € [0, B]. Let A : [a,b] — R be continuous function or the function of bounded
variation, such that A(a) # A(b), and g € [o, B], and let A| be the linear functional
defined in (2.2). Then the function p — A1(g,A,®p) is exponentially convex in the
Jensen sense on 1. If the function p — Ai(g,A,Qp) is continuous on I, then it is
exponentially convex on 1.

COROLLARY 2.2. Let g: [a,b] — R be continuous function such that the image
of g is a subset of [, B]. Let Q={@,: p €I} (where I is aninterval in R ) be a family
of functions @, : (o, B] — R, @, € C([a,B]), such that the function p — [yo,y1,y2]0p
is 2-exponentially convex in the Jensen sense on I for every three mutually different
points yo,y1,y2 € [ot,B]. Let A :[a,b] — R be continuous function or the function
of bounded variation, such that A(a) # A(b), and g € [o,B]. Let Ay be the linear
functional defined in (2.2). Then the following statements hold:

(i) If the function p — A((g,A, @) is continuous on I, then it is 2-exponentially
convex on 1. If p— A((g,A, Q) is additionally strictly positive, then it is also
log-convex on I.

(ii) If the function p — A1(g,A, @) is strictly positive and differentiable on I, then
for every p,q,u,v €I suchthat p <u and q < v, we have

Up.q(8:A1,Q) < Hiy(8,A1,Q) (2.7)
where 1
Al(g, A, =
( 1(g q’p)) . pa,
palear@) = { VA (2.8)
P ’ ex %Al(g7z'7(p17) o '
Al(g7af7(pp) P 1
for §0p7§0qEQ-

Proof. (i) This is an immediate consequence of Theorem 2.2 and Remark 2.5.

(if) Since by (i) the function p — A;(g,A,@,) is log-convex on I, that is, the
function p — logA;(g,A,¢,) is convex on I, applying Lemma 2.2 for p <u, g <v,
pPF#q,u#v,weget

IOgAl(g,A«, (PP) - 10gA1 (g7z’7 (pl]) < IOgAl(g,A«, (Pu) - logAl(gaA‘a (PV)
P—q = u—v
and therefore conclude that

.up,q(gaAl;Q) < ,uu,v(g;AI;Q)-

The cases p = g and u = v follow from (2.9) as limit cases. [l

29
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REMARK 2.7. Note that the results from Theorem 2.2, Corollary 2.1 and Corol-
lary 2.2 still hold when two of the points yg,y1,y2 € [, B] coincide (say y; = yo),
for a family of differentiable functions @, such that the function p — [yo,y1,y2]@, is
n-exponentially convex in the Jensen sense (exponentially convex in the Jensen sense,
log-convex in the Jensen sense). Furthermore, these results still hold when all three
points coincide for a family of twice differentiable functions with the above mentioned
properties. The proofs are obtained by recalling Remark 2.6 and suitable characteriza-
tion of convexity.

3. n-exponential convexity for discrete Jensen-type inequalities

The well known discrete Jensen’s inequality asserts that for convex function ¢ on
interval / C R

n n
q’(%mei) < %ZPKP(M) (3.1)
n =1 n =1
holds, where p; are positive real numbers and x; € I (i =1,...,n), while P, =3/, p;.
In [14] the generalization of above result is given, allowing that p; can also be
negative, with the sum different from 0, but with a supplementary demand on p;,x;
given using the Green function G : [e, B] x [or, B] — R defined in (1.1).
For p;,x; (i =1,...,n) we shall use the common notation: P, = Z;‘:lpi, P =
P,—P_y (k=1,...,n),and X = Pinz;;lp,-x,-.
In [14] the following result is derived.

THEOREM 3.1. [14] Let x; € [a,b] C [a,B], pi € R (i=1,...,n), be such that
P, #0 and X € [0, B]. Then the following two statements are equivalent:

(1) For every continuous convex function ¢ : [a, ] — R

0(®) < Pinépi(l’(xi) (3.2)
holds.
(2) Forall s [a, ]
G(%,s) < PinéPiG(xhs) (3.3)

holds, where the function G : [a, ] x [a, B] — R is defined in (1.1).

Moreover; the statements (1) and (2) are also equivalent if we change the sign of
inequality in both (3.2) and (3.3).

REMARK 3.1. Note that in the case when all p; >0 (i=1,...,n), inequality (3.2)
becomes discrete Jensen’s inequality (3.1).
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Motivated by the inequality (3.2), for continuous convex function ¢ : [o, ] — R
we define the functional @, (x,p, @) by

1 n
©2(x,p,9) = 5 2, Pi(xi) — (%), (34)
mi=1

where X = (x1,X2,...,Xn), P= (P1,P2,---,Pn)» Xi € [a,b] C [et,B], pi €R (i=1,...,n)
are such that P, # 0 and ¥ € [a, 3].
Using this, we define the functional A, (x,p, ) by

D, (x,p, ), if for all s € [, B] inequality (3.3) holds,
A2(X7p7 (P) = { ( ) [ ]

—D,(x,p, ), if for all s € [e, B] the reverse inequality in (3.3) holds.
(3.5)
Now, for our functional A, we have that whenever it is defined, for every contin-
uous convex function @, A,(x,p, @) > 0 holds.
Now we can reformulate the discrete Cauchy mean-value theorem given in [14].

THEOREM 3.2. Let X = (X1,X2,....,X,), P=(P1,P2, .-, Pn) be such that x; € [a,b]
Cla,B], pieR (i=1,..,n), P,#0 and X € [a,B]. Let ¢,y : [0, B] = R, @,y €
C? ([, B]), and let Ay be the functional defined in (3.5). Then there exists some & €
[cr, B] such that

A2(X7p7§0) _ q)//(é) (3.6)
AZ(X7P7V/) V/U(g)

provided that the denominator of the left-hand side is nonzero.

REMARK 3.2. If the inverse of the function ¢”/y" exists, then (3.6) gives

~1
" A (x,p, ¢
&= (7) <¥ . 3.7)
v Ay (x,p, y)
Let us now consider the n— exponential convexity and exponential convexity. The

proofs are similar to those in the integral case given in the previous section, so we give
these results here without proofs.

THEOREM 3.3. Let X = (x1,X2,....,%,), P=(P1,DP2, .-, Pn) be such that x; € [a,b]
Clo,B], pieR (i=1,..,n), P,#0 and X € [, B]. Let Q={¢, : p €I} (where
I is an interval in R) be a family of functions ¢, : [o,B] — R, ¢, € C([e,B]), such
that the function p — [yo,y1,y2]@, is n-exponentially convex in the Jensen sense on
I for every three mutually different points yo,y1,y2 € [o, B], and let Ay be the linear
functional defined in (3.5). Then p — A>(X,p, @p) is a n-exponentially convex function
in the Jensen sense on 1. If the function p — Ay(X,p, @) is continuous on I, then it is
n-exponentially convex on 1.

COROLLARY 3.1. Let x = (x1,X2,...,%), P= (P1,P2,---,Pn) be such that x; €
la,b] Cla,B], pieR (i=1,...n), P,#0 and X € [a,B]. Let Q={¢,:pcl}
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(where I is an interval in R) be a family of functions ¢, : [a,B] = R, ¢, € C([a, B]),
such that the function p — [yo,y1,y2|Qp is exponentially convex in the Jensen sense on
I for every three mutually different points yo,y1,v2 € [o, B], and let Ay be the linear
functional defined in (3.5). Then p — A>(X,p, Q) is an exponentially convex function
in the Jensen sense on 1. If the function p — A>(X,p, @p) is continuous on I, then it is
exponentially convex on 1.

COROLLARY 3.2. Let x = (x1,X2,...,%), P = (P1,P2,---,Pn) be such that x; €
la,b] C [a,B], pieR (i=1,..,n), B,#0 and X € [a,B]. Let Q={¢,:pecl}
(where I is an interval in R) be a family of functions ¢, : [a,B] = R, ¢, € C([a, B]),
such that the function p — [yo,y1,y2]@p is 2-exponentially convex in the Jensen sense
on I for every three mutually different points yo,y1,y2 € [0, B]. Let Ay be the linear
functional defined in (3.5).

Then the following statements hold:

(i) If the function p — Ax(X,p,@,) is continuous on I, then it is 2-exponentially
convex on 1. If p— Ay(X,p,@,) is additionally strictly positive, then it is also
log-convex on I.

(ii) If the function p — Ax(X,p,®,) is strictly positive and differentiable on 1, then
for every p,q,u,v €1 suchthat p < u and q < v, we have

Hp.g(X,A42,Q) <y v(X,42,Q) (3.8)
where 1
A2(X7p7 (pp) ) p=q
AN , PFY
<A2(X7P7(Pq) ;é
Hp.q(X,A2,Q) = J (3.9)
exp EAZ(X7P7 (p17> p=g
A2(X7p7 (pp) ’
for (pp7 q)q € Q

REMARK 3.3. Note that the results from Theorem 3.3, Corollary 3.1 and Corol-
lary 3.2 still hold when two of the points yo,y,y2 € [e, ] coincide, for a family of
differentiable functions ¢, such that the function p — [yo,y1,y2]®, is n-exponentially
convex in the Jensen sense (exponentially convex in the Jensen sense, log-convex in the
Jensen sense), and furthermore, these results still hold when all three points coincide
for a family of twice differentiable functions with the above mentioned properties.

REMARK 3.4. For n-tuples x and p with some specific properties, we already
know that for all s € [a, B] inequality (3.3) or the reverse inequality in (3.3) holds.

In the case when all p; >0 (i =1,...,n) (or that all p; >0, i=1,...,n, and
P, > 0), by the discrete Jensen inequality we have that for all s € [a, B] the inequality
(3.3) holds.

If x = (xq,...,x,) is monotonous n—tuple (i.e. if it holds x; < x < ... < xp
orxy2x>...2x,)andif 0 P <Py, for k=1,...n—1,and P, > 0, by the
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discrete Jensen-Steffensen inequality (see [15, p. 57]) we also have that for all s € [a, ]
inequality (3.3) holds.

On the other hand, if p = (pi,...,p,) is such that p; >0, ps,....pp < 0 and
P, > 0, then by the reverse Jensen inequality (see [5, p. 45]) we have that for all s €
[cr, B] the reverse inequality in (3.3) holds. If x = (xj,...,x,) is monotonous n— tuple
and p = (p1,...,pn) such that there exists m € {1,...,n} so that P, <0 for k <m and
P, <0 for k> m, and thatitis P, > 0, then by the reverse Jensen-Steffensen inequality
(see [15, p. 83]) we have that for all s € [a, B] the reverse inequality in (3.3) holds.

REMARK 3.5. Results for the Jensen-Steffensen inequality regarding exponential
convexity, which are a special case of some of the results given here, were given in [1].

4. n-exponential convexity for converse Jensen-type inequalities

The following theorem from [14] gave the conditions on the real Stieltjes measure
dA (not necessarily positive!), such that A(a) # A(b), under which for continuous
convex function ¢ the converse of the Jensen inequality holds.

THEOREM 4.1. [14] Let g : [a,b] — R be continuous function and [o, 3] be an
interval such that the image of g is a subset of [, ]. Let m,M € [o,B] (m # M) be
such that m < g(t) < M forall t € [a,b]. Let A : [a,b] — R be continuous function or
the function of bounded variation, and A(a) # A (b). Then the following two statements
are equivalent:

(1) For every continuous convex function ¢ : [a, ] — R

EOGIA ME o)y Sy
holds.
(2) Forall s € [o,p]
b _ _
I G(fgb(zzi)‘” ™) 1]“44 —5 Glm,5) + = G(M ) 4.2)

holds, where the function G : o, ] x [, B] — R is defined in (1.1).

Furthermore, the statements (1) and (2) are also equivalent if we change the sign of
inequality in both (4.1) and (4.2).

REMARK 4.1. If we set in Theorem 4.1 m = o and M = 3, inequality (4.2)
transforms into (see also [14])

[G(8().9)dAk) _
J2 A ()
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Motivated by inequality (4.1), for continuous convex function ¢ : [a, f] — R we
define the functional ®3(g, A, ) by
M-z

D3(g,4,9) = j¢(m)+

gm0 Jre(e)dr)
" () — e D

, 43
M—m 1P dA () 49

where g : [a,b] — R is continuous function, the image of g is a subset of [a, B], m,M €
[or, B] (m# M) suchthat m < g(t) < M forall ¢ € [a,b], A : [a,b] — R is continuous
function or the function of bounded variation such that A(a) # A (D).

Using this, we define the functional A3(g,A,®) by

D5(g, A, 0), if for all s € [o, B] inequality (4.2) holds,

—D3(g,A, @), if for all s € [a, B] the reverse inequality in (4.2) holds.
4.4)
Now, for our functional A3 we have that whenever it is defined, for every contin-
uous convex function @, Az(g,A,¢) > 0 holds.
Now we can reformulate the adequate mean-value theorem given in [14].

A3(g,7t,(p) = {

THEOREM 4.2. Let g : [a,b] — R be continuous function such that the image of
g is a subset of (o, B], and ¢,y : [o,B] — R, ¢,y € C*([o,B]). Let m,M € [a, 3]
(m# M) be suchthat m < g(t) <M forall t € [a,b]. Let A : [a,b] — R be continuous
Sfunction or the function of bounded variation, and A(a) # A (D), and let A3 be the
functional defined in (4.4). Then there exists some & € [0, B] such that the following

holds
A3(g,7t,(p) _ (P//(g) (45)

A3(g,7L,l[/) W//(é),
provided that the denominator of the left-hand side of (4.5) is nonzero.

REMARK 4.2. If the inverse of the function ¢” /" exists, then (4.5) gives

N\ —1
A ) 2’ )
§:<<p_”> ( 3(g w)). wo)
4 Az (g ’ A ’ W)
‘We now consider the n— exponential convexity and exponential convexity, and get
the following results.

THEOREM 4.3. Let g : [a,b] — R be continuous function such that the image
of g is a subset of [o,B]. Let m,M € [o.,B] (m # M) be such that m < g(t) < M
forall t € [a,b]. Let Q= {¢@,:pcl} (where I is an interval in R) be a family of
functions @, : [a,B] = R, ¢, € C([et,B]), such that the function p — [yo,y1,y2]@p is
n-exponentially convex in the Jensen sense on 1 for every three mutually different points
Y0,¥1,¥2 € [0, B]. Let A : [a,b] — R be continuous function or the function of bounded
variation, such that A(a) # A(b), and let Az be the linear functional defined in (4.4).
Then the function p — A3(g,A,@,) is n-exponentially convex in the Jensen sense on I.
If the function p — Az(g,A, Q) is continuous on I, then it is n-exponentially convex
onl.
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COROLLARY 4.1. Let g: [a,b] — R be continuous function such that the image
of g is a subset of (a,B]. Let m,M € [a,B] (m # M) be such that m < g(t) <M
forall t € [a,b]. Let Q= {¢@,:pecl} (where I is an interval in R) be a family of
functions @, : (o, B] = R, @, € C([er,B]), such that the function p — [yo,y1,y2]@p is
exponentially convex in the Jensen sense on I for every three mutually different points
Y0,¥1,¥2 € [0, B]. Let A : [a,b] — R be continuous function or the function of bounded
variation, such that A(a) # A(D), and let A3 be the linear functional defined in (4.4).
Then the function p — A3(g,A,®,) is exponentially convex in the Jensen sense on I. If
the function p — Az(g,A,@,) is continuous on 1, then it is exponentially convex on 1.

COROLLARY 4.2. Let g : [a,b] — R be continuous function such that the image
of g is a subset of (a,B]. Let m,M € [o,B] (m # M) be such that m < g(t) <M
forall t € [a,b]. Let Q= {¢@,:pcl} (where I is an interval in R) be a family of
functions @, : [a,B] = R, ¢, € C([et,B]), such that the function p — [yo,y1,y2]®p
is 2-exponentially convex in the Jensen sense on I for every three mutually different
points yo,y1,v2 € [, B]. Let A : [a,b] — R be continuous function or the function of
bounded variation, such that A(a) # A(b). Let Az be the linear functional defined in
(4.4).

Then the following statements hold:

(i) If the function p — A3(g,A,Qp) is continuous on I, then it is 2-exponentially
convex on 1. If p— A3(g,A, Q) is additionally strictly positive, then it is also
log-convexon I.

ii) If the function p — Az(g,A,Q,) is strictly positive and differentiable on I, then
P
forevery p,q,u,v €I suchthat p <u and q < v, we have

“p,q(g7A379) g .uu,v(gaA:%Q) (47)
where
1
As(g. A, @)\ 77
(73@ (p”>> . P#4
Pare ’ %A3(g7xv(pp) o
A3(g7l7q0p) P 1
for @p, @, € Q.

REMARK 4.3. Note that the results from Theorem 4.3, Corollary 4.1 and Corol-
lary 4.2 still hold when two of the points yo,y,y2 € [e, ] coincide, for a family of
differentiable functions ¢, such that the function p — [yo,y1,y2]®, is n-exponentially
convex in the Jensen sense (exponentially convex in the Jensen sense, log-convex in the
Jensen sense), and furthermore, these results still hold when all three points coincide
for a family of twice differentiable functions with the above mentioned properties.
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5. n-exponential convexity for discrete converse Jensen-type inequalities

The similar results can also be derived for the converse of the Jensen inequality in
discrete case.
We have the following result from [14].

THEOREM 5.1. [14] Let x; € [a,b] C [o,B], a# b, pi € R (i=1,...,n) be such
that P, # 0. Then the following two statements are equivalent:

(1) For every continuous convex function ¢ : [a, ] — R

1 & b—x X—a
= i@ (xi) < 1
B, 2 Piol) < g ola) + o) (5.
holds.
(2) Forall s€ |,

1 & b—x X—a

- i i < ) P ) 2

Pn;pG(x s) b_aG(a s)+b_ G(b,s) (5.2)

holds, where the function G : o, ] x [, B] — R is defined in (1.1).

Moreover; the statements (1) and (2) are also equivalent if we change the sign of
inequality in both (5.1) and (5.2).

REMARK 5.1. If we set that all p; € R (i = 1,...,n) are positive, then (5.1) be-
comes classical converse of the Jensen inequality (see for example [12, p. 48]).

REMARK 5.2. If we set in Theorem 5.1 that « = o and b = 3, inequality (5.2)
transforms into (see also [14])

1 n
— iG(xi,s) <O0.
B Z{p (xi,5)

Motivated by inequality (5.1), for continuous convex function ¢ : [a, f] — R we
define the functional @4(x,p, @) by

I
=
|
Q

b
(I)4(X7p7 (P) =

l n
b—a b_a‘P(b)—;ni:leiw(xi% (5.3)

where X = (X1,X2,...,%:), P = (P1,P2,-,Pn), Xi € [a,b] C [, B] (a #b) and p; € R
(i=1,...,n) are such that B, # 0.
Using this, we define the functional A4(x,p, @) by

D4 (x,p, @), if for all s € [or, B] inequality (5.2) holds,
—®4(x,p, @), if for all s € [e, B] the reverse inequality in (5.2) holds.
5.4)
Now, for our functional A4 we have that whenever it is defined, for every contin-
uous convex function @, A4(x,p, @) > 0 holds.

A4(Xapa (P) = {
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REMARK 5.3. For some n-tuples p with some specific properties, we already
know that for all s € [, B] hold (5.2) or the reverse inequality in (5.2).

If all p; (i=1,...,n) are positive, then by the discrete form of the converse of the
Jensen inequality (see for example [12, p. 48]) we have that for all s € [cr, B] inequality
(5.2) holds.

Now we can reformulate the discrete Cauchy mean-value theorem given in [14].

THEOREM 5.2. Let x; € [a,b] C [o,B], a#b, pi € R (i =1,...,n) be such that
B, #0, let o,y : [0, B] =R, @,y € C*([o, B]), and let Ay be the functional defined
in (5.4). Then there exists some & € [a, B] such that the following is valid

As(x,p.0) _ 9"(¢) (5.5)

A4(X7pvll/) W”(é)

provided that the denominator of the left-hand side is nonzero.

REMARK 5.4. If the inverse of the function ¢”/y" exists, then (5.5) gives

~1
" Ay(x,p, @
¢ = <_//) (¥ . (5.6)
v Aq(x,p, y)
Concluding as before, we get our results concerning the n— exponential convexity
and exponential convexity for our functional A4.

THEOREM 5.3. Let X = (X1,X2,...,%1), P=(P1,DP2, .-, Pn) be such that x; € [a,b]
Cla,B] (a#b), pieR (i=1,...,n) and P, #0. Let Q={¢@, : p €I} (where I is an
interval in R) be a family of functions @, : [ot,B] = R, @, € C([et,B]), such that the
function p— [yo,y1,y2]@p is n-exponentially convex in the Jensen sense on I for every
three mutually different points yo,y1,y2 € |, B, and let A4 be the linear functional
defined in (5.4). Then the function p — A4(X,p,®p) is n-exponentially convex in the
Jensen sense on 1. If the function p — A4(X,p,@p) is continuous on I, then it is n-
exponentially convex on 1.

COROLLARY 5.1. Let x = (x1,X2,....%,), P= (P1,D2,...,Pn) be such that x; €
[a,b] Cla,B] (a#b), pieR (i=1,...,n) and P, #0. Let Q= {¢@, : p € I} (where
I is an interval in R) be a family of functions ¢, : [o, B] — R, ¢, € C([et,B]), such
that the function p — [yo,y1,Y2]@, is exponentially convex in the Jensen sense on I
for every three mutually different points yo,y1,y2 € [o, B], and let Ay be the linear
functional defined in (5.4). Then the function p — A4(X,p, @p) is exponentially convex
in the Jensen sense on 1. If the function p — A4(X,p, Q) is continuous on I, then it is
exponentially convex on 1.

COROLLARY 5.2. Let x = (x1,X2,...,%), P = (P1,P2,---,Pn) be such that x; €
[a,b] Cla,B] (a#b), pieR (i=1,...,n) and P, #0. Let Q= {¢@, : p € I} (where
I is an interval in R) be a family of functions ¢, : [o,B] — R, ¢, € C([et,B]), such
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that the function p — [yo,y1,y2]@p is 2-exponentially convex in the Jensen sense on
I for every three mutually different points yo,y1,y2 € [a,B]. Let A4 be the linear
functional defined in (5.4).

Then the following statements hold:

(i) If the function p — A4(X,p,@,) is continuous on 1, then it is 2-exponentially
convex on I. If p — A4(X,p, @) is additionally strictly positive, then it is also
log-convex on I.

(ii) If the function p — A4(X,p,®p) is strictly positive and differentiable on I, then
for every p,q,u,v €1 suchthat p <u and g < v, we have

”P7q(X7A4vQ) < ”M,V(X7A479) 5.7
where 1
A4(X7p7 (pp) ) p=q
AN ) P74,
<A4(X7P7(Pq) ;é
Hpg(X,A4,Q) = p (5.8)
exp EA4(X7P7 (p17> p=g
A4(X7p7 (pp) ’
Jor @y, @4 € Q.

REMARK 5.5. Note that the results from Theorem 5.3, Corollary 5.1 and Corol-
lary 5.2 still hold when two of the points yo,y,y2 € [e, B] coincide, for a family of
differentiable functions ¢, such that the function p — [yo,y1,y2]®, is n-exponentially
convex in the Jensen sense (exponentially convex in the Jensen sense, log-convex in the
Jensen sense), and furthermore, these results still hold when all three points coincide
for a family of twice differentiable functions with the above mentioned properties.

6. Examples

In this section we will vary on choice of a family Q = {¢, : p € I} in order
to construct different examples of exponentially convex functions and construct some
means.

EXAMPLE 6.1. Let
Q ={y,:R—[0,0): peR}

be a family of functions defined by

|~

e’ p#0;

X%, p=0.

™)

Yp(x) =

D=

. 2 . .
Since 57 Y, (x) =eP* >0 for x € R, y, is convex function on R forevery p € R.

From Remark 2.4 it follows that the function p — % Y, (x) is exponentially convex,
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and from [6] we then also have that p — [yo,y1,y2] ¥, is exponentially convex (and so
exponentially convex in the Jensen sense). So, our family Q; of functions v, fulfills
the condition given in Corollary 2.1, Corollary 3.1, Corollary 4.1 and Corollary 5.1, and
we conclude that p — Ag(g,A,y),) (for k =1,3) and p — Ax(x,p, y),) (for k =2,4)
are exponentially convex in the Jensen sense. It is easy to verify that these mappings
are continuous (although p +— y, is not continuous at p = 0), so they are exponentially
convex.
For this family of functions we have the following possible cases for p, 4:

— fork=1,3:

.up,q(gaAkaQI)

I
><
e}
/\

A ;,lqu/p _2>
oAy p=q#0;
Ai(g.A,id-
eXp<% Alsriow)) p=g=0;

— fork=2,4:

1
Ak(x7p7l’/ﬁ)> p=q .
(Ak(X=P7Wq) P 7& 9

1 Ag(x.p,id-yp) — o —
exp (§ zl‘(\k(X,pWo;) )’ p=4q=0.
For u, , the monotonicity property holds.

If p,q,u,v € R such that p < u, g < v, then by Corollary 2.2, Corollary 3.2,
Corollary 4.2 and Corollary 5.2 we have

.up,q(g7AkaQI> X ‘LLu V(gaA/le) for k = 1a3a (61)
[Jp7q(X,Ak7QI) < [.l,,{.’\,(X,A]“gz])7 for k = 2,4. (62)

If Ay (k=1,2,3,4) are positive, then using Theorem 2.1, Theorem 3.2, Theo-
rem 4.2 and Theorem 5.2 applied for ¢ = v, € Q; and y = y, € Qy, it follows that

MP=!1(87Ak»QI) = log”pg(&Ak»Ql), for k = 1737
MP751(X7A/€’QI) = lognup,q(XaA/ﬂQl)v for k = 2747

satisfy

B, fork=1,3,
B, fork=2/4.

o< Ml7711(g7Ak7Ql)
o< Mp,q(XaAkagl)

VAR/AN

If we set that the image of the function g is [¢t, B] (for k=1,3), and that = lgl_ig {x:i}
and f§ = max {x;} (for k =2,4), then we have o
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o= H’[lll}lj]{g([)} g]‘417711(gaAk7g21) X n}ai]{g( )} :ﬁ’ fOI'k: 1737
tela €la

o= min {x;} <M, 4(x,A;, Q) < max {xi} =P, fork=2,4,

I<i<n

which shows that in this case M), ;(g,Ax,€21) are means of g(z) (¢ € [a,b]) for k=1,3,
and M, 4(x,A;,€1) are means of xi,...,x, for k =2,4. Notice that by (6.1) and (6.2)
these means are monotonic.

EXAMPLE 6.2. Let
QQZ{(DPZR+—>RZPER}

be a family of functions defined by

ooy PAOL
@p(x) = 1 —logx, p=0; (6.3)
xlogx, p=1.

. 2 . .
Since L5 @, (x) = xP~% = (P28 > 0, @, is convex function for x > 0. From

Remark 2.4 it follows that p +— % ¢p(x) is exponentially convex, and from [6] we then
also have that p — [yo,y1,y2]¢, is exponentially convex (and so exponentially convex
in the Jensen sense). So, our family Q, of functions ¢, fulfills the condition given in
Corollary 2.1, Corollary 3.1, Corollary 4.1 and Corollary 5.1.

In this example we assume that interval o, ] from these corollaries is a subset of
R*, and so for our family of functions we have the following possible cases for p,, ,:

— fork=1,3:

1-2p Ak(g,7L7<p0(pp)> B .
-1~ Mg ) PT4 #1,0;

0 2002 '
exp (1- 25555055 ). p=q=0:

Ar(8,2,9091) 1.
1=t ) p=q=1L

“p7q(g7Ak7Q2) =

— fork=2,4:
1

Ak(x:p7(P[)) P=q .

(EE2)™, pia:

1-2 Ar(Xp.909p) _ .
exp (G124 ~ ) p=a# 10:

“Pﬂ(XaAk;Qz) = A 2)
PP — 54—
exp (1= %385 ) p=a =0

Ar(x,p,0001) 1.
exp(— 1- 2,f4k(x,p7</)11) )’ p=q=1
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where g is positive function, and g,X,x; >0 (i=1,...,n).

As in the previous example, we conclude that the functions p — Ai(g, 4, @,) (for
k=1,3)and p — Ax(x,p, @,) (for k =2,4) are exponentially convex, and for u, , the
monotonicity property holds.

If p,q,u,v € R such that p < u, g <v, then we have

”p,q(g»Asz) < ”M,V(g7Ak792)a for k = 1737
‘LLI,H(X,A]C,QQ) < [,LM7V(X,Ak,QQ), for k = 2,4.

If Ay (k=1,2,3,4) are positive, then Theorem 2.1, Theorem 3.2, Theorem 4.2
and Theorem 5.2 applied for ¢ = @, € ; and ¥ = @, € L), yield that there exist some

& €la,B], fork=1,2,3,4,

such that
Ar(g: A, 0p)
Pd = TP fork = 1,3,
ko A(g A, 9p)
_ A
g = AP @p) oy,
Ak(x P, o q)

Since the function & — £P77 is invertible for p # g, we then have

Ak( Aq’p))
< <B, fork=1,3, 6.4
. (Akw oy) SP- T (€4
k("p""l’)> <P, fork=2,4 6.5
o< ((xp,@,) B, for ©>

As in the previous example, if we set that the image of the function g is [et, B] (for
k=1,3), and that oz = lrgig {x;} and B = max {x;} (for k=2,4), then we have
<ign <isn

o= min {g(r)} < (M)p < max {g(t)} =P, fork=1,3, (6.6)

r€lab] Ar(g: A, 94) €lab
1
Ak(x P7§0p) r=q _
o= 11212 {xi} < (Ak(x,p,(pq) < l11<1la<xn{x,} B, fork=24, (6.7)

which shows that in this case 1, 4(g,Ax,Q2) (for k =1,3) and u, 4(x,Ax, ) (for
k = 2,4) are means.

Now, we impose one additional parameter r. For r # 0 by substituting g — g",
x;i—x;, p— £ and g — % in (6.6) and (6.7), we get

r

. r Ak(gr7a'7(pp))pq r _
tgﬁa‘f},]{(g@)K(Aik(gr,a,%) < man {0} k=13, 69
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and

r

A r —q
min {x}} < A, @p) \ 777 < max {x{}, fork=24,
1<i<n Ar(X",p, @q) 1<i<n

where X" = (x],x5,...,x},).

We define new generalized mean as follows:

— fork=1,3:

1
(ﬂ’;,g (8r7Ak,Q2)> "r#0;
Upq(logg, Ak, Q1), r=0;

Hp.qr (g,Ak, 92) =

— fork=2,4:

1
(Hl_;,g(xr,Ak,Qz)> LLr#O;
Upqg(logx, A, Q1), r=0;

”p7q;r(X7Ak» 92) =

where logx = (logx;,logxy, ..., logx,).

(6.9)

(6.10)

6.11)

These new generalized means are also monotonic. If p,g,u,v € R, r 7 0 such that

p <u,q<v,then we have

i (8, Ak, Q) , for k= 1,3,
M (X,Af, Q) , for k=24

“P,q;r(gaAk7Q2)

<
,up,q;r(XaA/ﬂ QZ) g

The above results follow from the following inequalities:

— for k=1,3:

P
He o (g A Q) = <7

~—
1
Il
NS

— for k=2,4:

Ar(X",p, or = Ap(X',p, Qu TR
Ay — [P ORN T (AR )
r Ak(erpa(p%) Ak(Xr,p,(p%) 5

1|~

He

for p,q,u,v € R, r#0, such that £ <% 4 < ¥ and the fact that u, ,(g,Ax,) for

r’r

k=1,3, and u, 4(x,A,€) for k = 2,4, are monotonous in both the parameters. For

r =0, we obtain the required result by taking the limit » — 0.

EXAMPLE 6.3. Let

Q;={6,:R" -R": peR"}
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be family of functions defined by

. 42
Since e

have that p — %Op (x) is exponentially convex, and from [6] we then also have that
P+ [¥0,¥1,y2]6, is exponentially convex function. Family Q3 of functions 6, fulfills
the condition given in Corollary 2.1, Corollary 3.1, Corollary 4.1 and Corollary 5.1.
Here in this example we again assume that interval [or, 3] from these corollaries is a
subset of R, and so for our family of functions we have the following possible cases

for pp4:

— fork=1,3:

0,(x) = e VP >0, 6, is convex function for x > 0. From Remark 2.4 we

1
Ar(g.A,0p)\ P—a )
<Ak(gvl79:)> . PFG

 Adehirg) 1\

exp( 2\/F(Ak(g,l,9p) p)’ p - ‘L

I-‘p7q(g»Ak7 Q3) =

— fork=2,4:
1
Ar(x,p,0p) \ P .
<Ak(X7PﬂZ)> , PEG
Ay (x,p,id-6p) _ .
eXp ( 2\/I‘7Ak( X,p, gp )a P=9g;

where g is positive function, and g,X,x; >0 (i=1,...,n).

As before, we conclude that the functions p — Ax(g,A,0,) (for k =1,3) and
p—Ar(x,p,6,) (for k =2,4) are exponentially convex, and for u, , we get the mono-
tonicity property.

If p,g,u,v € R such that p <u, g <v, then we have

Mpg(X,Ap,Q3) =

u,v( Ak,Q3) fork:1,3,
Muv(X,Ar,Q3), for k=24

.Upvq(gaAkaQﬁ <
Hp.q(X, Ak, 23) <
EXAMPLE 6.4. Let
Q={¢,:R" -RT:peR"}
be family of functions defined by
0(x) = { e

X
° p=L

Since %q)p(x) =p* >0, ¢, is convex function for p > 0. From Remark 2.4 it fol-

lows that p — %(bp (x) is exponentially convex function, and from [6] we then also
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have that p — [yo,y1,y2]¢, is exponentially convex. Our family Q4 of functions ¢,
fulfills the condition given in Corollary 2.1, Corollary 3.1, Corollary 4.1 and Corol-
lary 5.1. We assume again that interval [, ] from these corollaries is a subset of R,
and so for our family of functions we have the following possible cases for i, 4:

— fork=1,3:
1
Ak(g’la(pp) p=q .
(Ak(gf,(pq))  PEG

_ Ar(g,A, .
nupﬂ(gaAkaQ4) - GXP<_%_pl§gp>7 PZCI#L

1 Ai(gA,id-¢1) R
exp (—$45H) p=a=1;

— fork=2,4:
Adxpgp) \ 77
(x.p, p=d )
(Aii(x,p,é)) , PFG

_ Ar(X,p,0p
Mpg(X,Ap,Qy) = exp(— pif,f(xxf;qu;p)) — pﬁgp), p=q#1;

1 Ax(x.psid-¢1) o
exP(‘iW) p=q=1;

where g is positive function, and g,X,x; >0 (i=1,...,n).

As before, we conclude that the functions p — A(g,A,¢,) (for k = 1,3) and
p — Ar(x,p,9,) (for k = 2,4) are exponentially convex, and for u,, we have the
monotonicity property.

If p,g,u,v € R such that p < u, g <v, then we have

uv(8:Ar, Q) , for k=1,3,
u7v(X7Ak,Q4) , for k =2,4.

Up.g(8, Ak, 4)

<y
.LLP-,II(XvAk7Q4) S U
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