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INEQUALITIES RELATED TO HEINZ AND HERON MEANS

LIMIN ZOU

(Communicated by M. Fujii)

Abstract. We present a matrix inequality related to Heinz and Heron means, and show that it is
a refinement of some improved Heinz inequalities for matrices.

1. Introduction

Let M, be the space of n x n complex matrices and ||-|| stand for any unitarily
invariant norm on M, i.e., ||[UAV|| = ||A|| for all A € M,, and for all unitary matrices
U,V €M,. For A = [a;j| € M,, the Hilbert-Schmidt norm of A is defined by

It is known that the Hilbert-Schmidt norm is unitarily invariant.

In this paper, we always suppose that A, B, X € M, with A and B positive
semidefinite.

Let a and b be nonnegative real numbers. The Heinz means are defined as

avblfv _|_alfvbv

H, (aab) - 2

, 0<v<l.

The Heron means [1] are defined as the linear interpolation between the geometric and
the arithmetic means:

Fy(a,b)=(1—0a)G(a,b)+aA(a,b), 0< o<1,

where b
Gla,b) = Vab, A(ab) ="

are the geometric mean and the arithmetic mean of a and b, respectively.
It is well known that

G(a,b) < H,(a,b) <A(a,b), 0<v<l1 (1.1)
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and
G(a,b) < Fy(a,b) <A(a,b), 0< o<l (1.2)

After seeing the inequalities (1.1) and (1.2), it is hard not to be curious about the re-
lationship between the Heinz and Heron means. Bhatia [1] proved that if 0 <v < 1,
then

H,(a,b) < Fo) (a,b), (1.3)

where o (v) =1—4(v—1?).
It is natural to raise the question of whether there exists any matrix version for the
inequality (1.3). A matrix version of the inequality (1.3) is

A'XB'V4+Al-vXBY
H + . (1.4

2

< H(l —o(v))AY2XBY? o (v) (M)

2

which was introduced by Bhatia [1]. Unfortunately, as pointed out in [1], the inequality
(1.4) holds only in the trivial cases of v equal to 0, 1/2 and 1. Nevertheless, it is
an interesting issue to know that whether it holds for some special unitarily invariant
norms. This is a part of the motivation for the present paper.

In this paper, we prove that the inequality (1.4) holds at least for the Hilbert-
Schmidt norm. Then we show that it is an improvement of some improved Heinz
inequalities for matrices obtained by Kittaneh [6], Kittaneh and Manasrah [7], Zhan
[9], and Zou [10], which are presented in Section 2.

2. Some improved Heinz inequalities

The matrix version of the inequality (1.1) was proved by Bhatia and Davis [2] says
thatif 0 <v <1, then
A'XB'"V 4+ A'VXBY
2

HAWXBWH < H @.1)

< HAX;—XBH

The second part of the inequality (2.1) is known as Heinz inequality. Let 0 <v < 1,
ro = min{v, 1 —v}, Kittaneh [6] gave a refinement of the Heinz inequality as follows:

< 2r

’Al/zXBl/z H +(1-2r) 2.2)

2

HAVXBl‘V+A1“’XBV
2

‘AX+XBH

Meanwhile, Kittaneh and Manasrah [7] also obtained two refinements of the Heinz
inequality for the Hilbert-Schmidt norm as follows:

2

— 279
2

2

, (2.3)
2

AX —XB
2

HAVXB”+A1VXBV

2
: < HAXJFXB

2

2

HAVXBl—VJrAl—VXBV
2

AX +XB 2
< |25 <o (Viaxt - ixa) e

2
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He, Zou and Qaisar [4] proved that

2
<2n

2

2
’Al/ZXBl/ZH +(1—2r)

2 2

It is weaker than the inequality (2.2) and it is equivalent to the inequality (2.3) for the
Hilbert-Schmidt norm [4]. Zhan [9] proved that if % <v< % and —2 <t <2, then

HAVXBI—V+A1—VXBV ‘AX +XB

A"XB'=" + A'VXBY
H a (A2X B +AX+XBH . 2.5)

<l
2 1+2
It is also a refinement of the Heinz inequality for matrices. Zou [10] proved that if
0<v<1,then

2
—4v(l—v)
2

2

A'XB!=V 4+ AlVXBY
H + (2.6)

2
: < HAXJFXB

2

AX —XB
2

2 2

It is an improvement of (2.3).

3. Main results

In this section, we first present a matrix version of the inequality (1.3) for the
Hilbert-Schmidt norm. And after that, we prove that it is stronger than the inequalities
(2.2), (2.4), (2.5), and (2.6).

THEOREM 3.1. Let o (v) :1—4(v—v2). If0<v< 1, then

AX +XB
+ 3.1

HAVX31V+A1"XBV
2

s H(l —a(v)AVXB' + o (v)

2 2

Proof. Since A and B are positive semidefinite, it follows by the spectral theorem
that there exist unitary matrices U, V € M,, such that

A=UAU" and B=VA,V*,
where
Ay =diag (M- An), Ay =diag (W, W), Ai, 4i=0, i=1,--- n.
Let
Y =UXV =yl
then
A'XB'"V+ATXB (UAMU*' X (VAVH)' ™ + (UM U TV X (VA V)
2

2
(UAJUS)X (VA 'V*) + (UA]T'UY) X (VASVY)

2
UA} (U XV)AYVF+UA;Y (U*XV) AV

2
1—v 1—v
. (A;YA2 +Al YA;) .

2
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Therefore,
2
HA"XBI_"—kAl‘VXB" P ||ayal e alyay
2 5 12 LY
_3 Al AT il
i,j=1 2
Similarly, we have
AX 4+ XB|?
H(l—oc(v))Al/2XBl/2+a(v)+
2
c A\
= 3 (- at) s+ am) 2 ) P
ij=1

It follows from the inequality (1.3) that

ij=1 2 ij=1

This completes the proof. [

(3.2)

o (Au A ) n At i\
3 (; }yi,i}zg_z ((l—a(v)) Aiptj + o (v) 2,11,) [yl

The following result implies that for the Hilbert-Schmidt norm, the inequality (3.1)

is a refinement of the inequality (2.2).

THEOREM 3.2. Let o(v) = l—4(v—v2), ro=min{v, 1 —v}. If0<v <1,

then
AX +XB
(1-aw) [a2xB2| +a(v)HL
2 2 )
AX + XB
< 25 A1/2XBI/2H (1 2r) ‘L .
2 2 2
Proof. Let
AX +XB
h=(1-a() HA1/2x31/2H ta) HL
2 2 2
and AX + XB
L =27 A1/2XBI/2H + (1 —2rp) ’L )
2 2 2
By a small calculation, we have
AX + XB 1
20 (1—2v) (H+ - HA1/2XBI/2H2> .0y
2
b1l =
AX + XB 1
2(2v—1)(1—v)< At+as ~ |aexp| ) S <v<l
2 2 2 2
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So, by the inequality (2.1), we have
lh—1;>0.

This completes the proof. [

In what follows, we present an inequality, by which it follows from Theorem 3.2
that the inequality (3.1) refines the inequality (2.4).

THEOREM 3.3. Let ro =min{v, | —v}. If 0 <v < 1, then

AX+XB AX+XB 2
2ro|A12X BV 4 (1-2r) 22 <22 o (VIaxi—yixslL ) -
2 2 2 2 2
Proof. Let
AX +XB
= 1oy [ 22
2

and

AX +XB 2
o= =52 (Viaxl - i)

By a small calculation, we have

AX +XB 1 2
L1 =2r | 22222 —HA1/2X31/2H — (. J1Ax|, - /IIxXB .
- 0<H =, 5 (1, - /i,

It is known [7, 8] that

AX +XB
2

1 2
1/2 1/2 -
2—HA XB H2—2<\/||AX2_\/||X32> >0

L—1;=0

So, we have

This completes the proof. [l

The next theorem shows that the inequality (3.1) is a refinement of the inequality
(2.5) for the Hilbert-Schmidt norm.

2— 2 2
THEOREM 3.4. Let o(v) =1—4(v—v?). If \/_ <v< +4\/_ and =2 <
t <2, then
AX+XB

(1— o (v)AXB 4 o () 225 < HzA1/2XBV2+AX+XBH .

2 , 142 2
Proof. Let

AX +XB|?

I = H(l — o (v))AY2XBY? o (v) 5

2
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2
L |l gy, 2 (AXEXB
t+2

t+2 2

In a manner similar to the steps used to obtain (3.2), we have

2

n

. A 2
I = 2 <(1—(X(V)) QL,',LLJ'—i-a(V) #) |)’ij|2,

ij=1
L[t/ Al 2 At 1 2 )
lzziJZl( 1+2 +;+2< 2 )) yij|”
Thus,
Lh—1 2
y 2
- l-7j2:1 t\t/@+t—%2 (Ai;Nj)> — ((l—a(v)) A+ (v) @) |yl_j|2

(H_Lz—lJra(v)) Ailtj + (%—a(v)) . 2

= |
K E<<f+w<v>>m<x+a<w> 2
(

(———I—a(v)) x,-u,+<i—a(v)> ' )
((Qiz(w%+a<f>)) s (25 am)

2—+2 2 2
Since 4\/_ <v< +4\/_ and —2 <t <2, we have
2 2 1
— - > — =4 tdv—=>0.
AU (i
So,
L—1; >0.

This completes the proof. [

Combining the triangle inequality and next result, we know that the inequality
(3.1) is a refinement of the inequality (2.6).

THEOREM 3.5. Let o (v) :1—4(v—v2). If0<v< 1, then

2
—4v(1—v)
2

2 2

AX—-XB

AX+XB
2

AX+XB
2

—(1—a()) HAl/zXBmHi—i—a(v) H

2 2
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Proof. Let
AX +XB|? AX —XB|?
LS S
2 2 2 2
Note that )
AX+XB|* 1 ) 2\ L L2y el2l?
HT 7 (IAX13+ IxBIB ) + 5 |[a2x 52| (3.3)
and )
AX —XB 1 2 2\ _ L1y pia|]?
A2 22— ()1ax|2 + | xB )——HA/XB/H . 3.4
|52 =5 (i« pxeg) - 2 G4

It follows from (3.3) and (3.4) that

AX +XB|]?

[=(1— o)) HA1/2XBI/2H§+(X(V) H :

2
This completes the proof. [

4. Remarks

REMARK 4.1. Drissi [3] gave another refinement of the Heinz inequality, which
says that if % <v< %, then

A'XB'V+AlVXBY
H + } 4.1)

1
A*XB'™d
2 /0 .

< ‘

In view of the inequalities (3.1) and (4.1), we want to know the relationship between
them. It should be noticed that neither (3.1) nor (4.1) is uniformly better than the other
for the Hilbert-Schmidt norm. Here, we give two examples:

EXAMPLE 4.1. Let

100 10 10 1
A‘[m]’ X‘[o1]7 B‘{OJ’ s

1
H / AXB'*dx
0

‘We have

=4.0345
2

and

=3.8779.

2

3 1 (AX +XB
“A2xgl2y (2227
[ (25

EXAMPLE 4.2. Let

1000 0 10 10 1
S R PR
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We have .
‘ / AXB'dx| = 144.6235
0 2
and L /A
X+XB
3 a1y pin o (AN 48 8454,
4 4 2 )
REMARK 4.2. An inequality weaker than (1.4) is
AX +XB

HAVXBIV _i_AlvaBv
2

< (1_a(v))HA1/2x31/2H+a(v)H H (4.2)

2

It is natural to raise the question of whether the inequality (4.2) holds for all v € [0, 1].
Numerical experiments on computer show that this inequality is true. Therefore, we
pose the following:

CONJECTURE. The inequality (4.2) holds for all unitarily invariant norms.

REMARK 4.3. Let

ro=min{v, 1-v}, a=\/[AX[,—/|IXB].

Recently, Hu [5] proved that

2 2

AX+XB

> (4.3)

HA"XBI_"—i-Al‘VXB"
2

1
+ 2rpa? HA1/2XBV2 H2 + 5roa“ < H

2 2

It is also an improvement of Heinz inequality. It follows from the following inequality

[5]:
AX +XB|?

4 HAVZXBWHz +4a|axB'R| +at < H 5

2
that the inequality (3.1) is a refinement of (4.3).

REMARK 4.4. Itis easy to see that

avblfv 4 alfvbv
2

b
<2nvab+(1-20) 22, 0<v<l, m=min{y, 1-v}.

At this stage it is natural to raise the following question: Is it true that

AX+XB
2

2r0A2X B2 + (1 —2rp)

HAVXBl‘V—i—Al‘VXBV )

2

g ‘

This would be a strengthening of the inequality (2.2). To answer this we have to decide
whether the function

cosh Bx

=— 0Bl
1 — B+ Bcoshx’ P

fx)
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is positive definite.

that

REMARK 4.5. Let a(v) =1—4(v—v?) and rp = min{v, 1 —v}. It is known
if 0 <v<1,then

a+b a+b

(1—o(v))Vab+ a(v) gzrox/EJr(l—zro)T

A matrix version of this inequality is

|

AX +XB

1—a(v)AV2XB? + o (v) 5

AX +XB
H < HZroAl/ZXBl/Z—F(l —2rp) %H

4.4)

By the inequality (23) of [1], we know that if v € [0, 2] U[3, 1], the inequality (4.4)
is true. This restriction on v is necessary.

Acknowledgements. The author wishes to express his heartfelt thanks to the refer-

ees for their detailed and helpful suggestions for revising the manuscript. This research

was

supported by the Fundamental Research Funds for the Central Universities (No.

SEUjc2013014).

[1]
[2]
[3]
[4]
[5]
[6]
[7]
[8]

[9]
[10]

REFERENCES

R. BHATIA, Interpolating the arithmetic-geometric mean inequality and its operator version, Linear
Algebra Appl. 413 (2006), 355-363.

R. BHATIA, C. DAVIS, More matrix forms of the arithmetic-geometric mean inequality, SIAM J.
Matrix Anal. Appl. 14 (1993), 132-136.

D. DRISSI, Sharp inequalities for some operator means, SIAM J. Matrix Anal. Appl. 28 (2006), 822—
828.

C. HE, L. Zou, S. QAISAR, On improved arithmetic-geometric mean and Heinz inequalities for
matrices, J. Math. Inequal. 6 (2012), 453-459.

X. Hu, Some inequalities for unitarily invariant norms, J. Math. Inequal. 6 (2012), 615-623.

F. KITTANEH, On the convexity of the Heinz means, Integr. Equ. Oper. Theory. 68 (2010), 519-527.
F. KITTANEH, Y. MANASRAH, Improved Young and Heinz inequalities for matrices, J. Math. Anal.
Appl. 361 (2010), 262-269.

S. WANG, L. Zou, Y. JIANG, Some inequalities for unitarily invariant norms of matrices, J. Inequal.
Appl. 2011 (2011), 10.

X. ZHAN, Inequalities for unitarily invariant norms, SIAM J. Matrix Anal. Appl. 20 (1998), 466-470.
L. Zou, On some matrix inequalities, Acta. Math. Sin, Chinese Ser. 55 (2012), 715-720.

(Received September 14, 2012) Limin Zou

School of Mathematics and Statistics
Chongqing Three Gorges University
Chongqing, 404100

P. R. China

e-mail: 1imin-zou@163.com

Journal of Mathematical Inequalities
v.ele-math.com

jmi@

ele-math.com



