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NEW RESULTS RELATED TO THE CONVEXITY
OF THE BERNARDI INTEGRAL OPERATOR

GEORGIA IRINA OROS

(Communicated by J. Pecari¢)

Abstract. In this paper we prove the convexity of the image of a close-to-convex function by the
Bernardi integral operator given by

o+l
=

Ly(f)(2) = F(2)

This result extends the result obtained by N. Pascu in [9], where it has been shown that the
Bernardi operator transforms a close-to-convex function into a close-to-convex function under

/Ozf(t)ty’ldt, zeU. o)

certain conditions.
1. Introduction and preliminaries

Let U be the unit disc of the complex plane:
U={zeC: [z <1}.
Let 27 (U) be the space of holomorphic functions in U. Also, let
A, ={feAWU), fz)=z+an 2 +..., €U}

with A = A and
S={f€A: fisunivalentin U}.

Let .
K:{feA, Rer, @ 1o, ZEU}7
I'(2)
denote the class of normalized convex functions in U,
/
S*:{feA, Re L@ g ZEU}
f(2)

denote the class of starlike functions in U, and

C:{feA: Jp €K, Re f/,(z) >0,zeU}
¢'(2)

denote the class of close-to-convex functions.

In order to prove our original results, we use the following lemmas:
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LEMMA 1. [3], [4], [6, Theorem 2.3.i, p. 35] Let y : C?*xU — C, satisfy the
condition
Re y(is,t;z) <0, ze€U,

for st €R, 1< —Z(1+5).
If p(z) = L+ pu2" + pu1 2™ + ... satisfies

Re [p(z),2p'(2);2] >0

then
Re p(z) >0, zeU.

More general forms of this lemma can be found in [6].

LEMMA 2. [7, Theorem 4.6.3, p. 84] The function f € A, with f'(z) #0, z€ U,
is close-to-convex if and only if

8 Zf”(Z)} B _ e
/91 Re [l+f’(z) do > —m, z=re"”,

Sorall 6;,0, with 0< 6; < 6, <2m andall r € (0,1).

If Ly: A — A is the integral operator defined by L,[f] = F, where F is given by

L@ = F@ = 222 [ ot

and Re y > 0, z € U, then it is well known that
(i) Ly[S*] C §*,
(i) Ly[K] C K,
(iii) Ly[C] C C.
These results are obtained in [2] and [9].

2. Main results

We determine conditions such that, for a function f € A,, the image under the
Bernardi integral operator is convex.

THEOREM 1. Let f€A,, Y21, n>1 and

Ly(f)(2) =F(2) = "= A f)entar, zeu. )

If

Re [ /@) +1} s-L ceu 3)
z %
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then the function F given by (2) is convex.

Proof. Let f €A, f(z) =z+a, 12" +..., € U. Then, from (2), we have:

RN +1 g
L)) = F(z) = 2= /O(t-l—anHI" b ar )
n
Y i n+T41
—+1 n Z n
— 1 + +o | =z4by T+
2 <5+1 ST ) Pt
hence FF € A,,.
According to Lemma 2 we obtain
6, " 6, 1 1 6,
[ Re [1+Zf, (Z)}d(w/ —do=—~ [ ao 5)
0 f'(2) o 2Y 2y Jo,
1 2 T
= —— 62—91 :——:——>_TE7 7/21
27’( ) 2y Y

From (5) we have f € C, hence it is univalent. If f € C, then from (iii) we have
Ly[f] =F €C, hence F is univalent.
From (2), we have

Z
Z%F(Z): (l—i—j—/)/ f(t)tﬁy_ldt, zeU. (6)
ns.Jo
By differentiating (6), we obtain
Y Ep() 4P () = (¥ e
)z F(2)+z F(z)—<n+1>f(z)z , z€U, (7)
and by a simple calculation, we have
Y ()= (7
Lr()+2F () = <n+l>f(z)7 zev. ®)

By differentiating (8) and by a simple calculation, we obtain

gF/(ZH-F’(z) [1+2§,”((ZZ)')} - <%+1>f’(z), zeU. ©)
Let
1+ 7@ L ceu, pO)=1, pe)=1+pad+ (10)
F/(Z) =pr), 2 , P =1, plz)= DPnZ ey

then (9) is equivalent to

FEE+p@) = (2+1) 7@, zev. (11)
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Since F'(z) #0, p(z) +y#0, f € C, we have f'(z) #0, z € U, and by differ-
entiating (11), we obtain

F'(z) | p'(z) ")

14 = +1, zeU. (12)
F/(Z) p(z) _|- % f/(Z)
Using (10), we have
/ /!
g+-2E__ Dy (13)
4 1)
p(@)+=
n
Using (3), we obtain
/
4 1
Re p(z)+L(Z>y >—o, €U, Y31, (14)
P(Z)+Z 4
which is equivalent to
/
1
Re |p(z)+ ZP(Z)YJFZ— >0, zeU, y>1. (15)
@)+~ Y
n
Let y:C>xU —C,
/ ') 1
v(p(2),2p'(2):2) = p(2) + +3 €U, r=L (16)
p)+=
Then (15) is equivalent to
Re y(p(2),2p'(2);2) >0, zeU. (17)

In order to prove Theorem 1, we use Lemma 1. For that we calculate

Re y(is,t;z) = Re |is+ +—| =Re |is+—+
is—i—y 2y 2 7_2+S2
)
Y Yae)
1 ‘n 1 n(1+s )2 1 y(1+5°)
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sincen>1and y>1.
Now, using Lemma 1 we get that Re p(z) >0, z€ U, i.e.

F//()
F'(z)

Re +1>0, zeU,

hence F e K. [

REMARK 1. For n =1 we obtain the results from [8].
We determine conditions such that, for a function f € J#[1,1], the image under
the Bernardi integral operator is convex.

THEOREM 2. Let f € S°[1,1], y> 1, and

Ly[f](z) = F(2) :zly Ozf(t)ty_ldn zeU. (18)
If
R [Z]{,(S) +1} >—%/, zevU, (19)

then the function F given by (18) is convex.

Proof. Let f € #[1,1], f(z) =1 +aiz+az* +..., z€ U. Then, from (18), we
have

L,[f](z) = F(z) = Zyy (1 +art +ax® +..)0" dr (20)
y [z A V2 }
= +a ay——+4...| =1+biz+byz+...,
zY[y 17/+1 yr2 B

hence f € J[1,1].
According to Lemma 2 we obtain

6, Zf”(Z)} 6, 1 1 6,
Re |1+ d6>/ a0 =—— a0 @1
/91 [ f/(Z) 01 2y 2y Jo,
1 2r T
N e >1
> (6,—61) 5y y> T, Y

From (21) we have f € C, hence it is univalent. If f € C, then from (iii) we have
L,[f] =F €C, hence F is univalent, F'(z) #0, z€ U.
From (18), we have

JF(z y/f (O Ydr, zeU. (22)

By differentiating (22) and by a simple calculation, we obtain

F//( )
F'(z)

YF'(z) + F'(2) [1 + ] =7vf(z), zeU. (23)
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Let

ZF" ( Z)
F'(z)

Then (23) is equivalent to

1+ =p(z), z€U,p(0)=1,p(z)=1+piz+pZ+.... (24)

F'@)p2)+7=7f"(z), zeU. (25)

Since F'(z) #0, p(z) +y#0, f € C, we have f'(z) #0, z € U, and by differ-
entiating (25), we obtain
F'2) | (@) ")
= +1, zeU. (26)
F'(z)  p@+y  [f(2)
Using (24), we have

1+

'@ +Zf”(Z)

p(z) + = , z€U. 27)
T A e
Using (19), we obtain
Re [p(z)—i— () }>—i zeU, y>1 (28)
p(@)+vy 2y’ ’ ’
which is equivalent to
/
zp'(z) 1 ]
Re |p(z)+ +—|>0, zeU, y=>1 29)
[ @ p(@)+y 2y
Let y:C>xU —C,
v(p(2),2p'(2);2) = p(z) + @) L ey =1 (30)
) 9 p(Z) —"—’J/ 2/)/7 b = .
Then (29) is equivalent to
Re y(p(2),2p'(2);2) >0, zeU. 31)
In order to prove Theorem 2, we use Lemma 1. For that we calculate
o o1 .1 t(y—is)
Re l[/(lS,f,Z) = Re |:ZS+ Z/‘i‘ iS+’]/:| =Re |:ZS+ Z/‘i‘ W

Ty AR Sy 2
_rHe-r-rs _S0-7)
2P+ 1P+

1 v _ 1 y(1+5%)

)

since y>1,n>1.
Now, using Lemma 1, we get that Re p(z) >0, z€ U, i.e.
ZF//(Z)

Re )

+1>0, zeU,

hence F e K. [0
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