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MILLOUX INEQUALITY OF MEROMORPHIC FUNCTION IN ANNULI

ZHAOJUN WU AND YUXIAN CHEN

(Communicated by N. Elezovic)

Abstract. The purpose of this paper is to establish the Milloux inequality of meromorphic func-
tion in annuli. We obtain a general form of Milloux inequality of meromorphic function in annuli
when the multiple values are considered.

1. Introduction and preliminaries

In 2005, Khrystiyanyn and Kondratyuk [6, 7] gave an extension of the Nevalinna
value distribution theory for meromorphic functions in annuli. In their extension the
main characteristics of meromorphic function are one-parameter and posses the same
properties as in the classical case of a simply connected domain. In [6] and [7], we can
get the analogues of the Jensen’s formula, the first fundamental theorem, the lemma
on logarithmic derivative and the second fundamental theorem of the Nevanlinna the-
ory for meromorphic functions on annuli. After [6, 7], Fernandez [5] study the value
distribution of meromorphic functions in the punctured plane, Cao, Deng, Yi and Xu
[1]-[3] study the uniqueness of the meromorphic functions in annuli, Chen and Wu [4]
study the exceptional values for meromorphic function and its derivatives in annuli. In
the following, we introduce the definitions, notations and results of [4] and [6, 7] which
will be used in this paper.

Let f(z) be a meromorphic function in the annuli

Ro

A(Ry) = {z: L <] <Ro},

where 1 < Ry < +oo. Denote

m(r L —L/Mlo*;de
F=a) 2nly ¥ [f(Re®)—a]"

Lo i0
m(R.f) = 5= [ 1og" £(Re")ae,
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whereaECandRiO<R<R0.Let
1 1 1 1
R—— ) =m(R, —.——), 1<R<R
m°< f—a) m( f—a)+m<R f—a> '

mO(R7f)=m(R7f)+m<Ile,f), 1 <R<Ry.

and

Put

1 1 n ta%u 1 R ny t7+a
(o)< [ (L) s,
f—a X t f—a 1 t

where 1 < R < Ry, ni(t, j%a) is the counting function of poles of the function j%a in
{z:1 < |z| < 1} and ny(z, j%a) is the counting function of poles of the function +— in

f—a
{z:1< |z] <t}. Denote also

Mmﬂ=ﬂm$ﬁ

R

R n2(t7f)
t

dt, Mmﬁ:/ dr,

1

where 1 < R < Ry, nj(t,f) is the counting function of poles of the function f in
{z:t <zl <1} and ny(t,f) is the counting function of poles of the function f in
{z:1<|z| <1} Let

1 1 1
No(R =Ny(R,—— | =N/ (R, — N> | R,——
O( 7a7f) 0( ’f—a) 1( 7f_a)+ 2( 7f_a>7
NO(R7°°7f) :NO(R7f) :Nl(va)+N2(R7f)
Finally, we define the Nevanlinna characteristic of f in A(Ry) by
TO(va):mO(R7f)_2m(l7f)+N0(R7f)v I <R <Ry,

where Ry < +eo. Suppose that f,g are two meromorphic functions in A(Rp), where
Rop < +-o0. Then
mo(R, fg) < mo(R, f) +mo(R,g) +O(1). (1.1)

DEFINITION 1.1. Let f be a nonconstant meromorphic function on in A(Ry),
where 1 < Ry < +oo. We call f admissible if

. TO(va)
1 ——22 =00, 1<R<Ry=+os;
ot logR o=
or
To(R
limsupM:og I <R< Ry < +oo.

R—Ry — 10g(R0 - R)



MILLOUX INEQUALITY OF MEROMORPHIC FUNCTION IN ANNULI 579

DEFINITION 1.2. Let f be a nonconstant meromorphic function on in A(Rp),
where 1 < Ry < +eo. Then the order of f(z) is defined by

A(f) =1imsupw

, 1 <R <Ry = +oo;
R—+too logR

or
. IOgTO(va)
A(f) =limsuyp —=—2°_
(f) 1R—>I;,:)p - log(RO - R)

THEOREM A. (The First Fundamental Theorem, see [6, Theorem 2]) Let f be a
nonconstant meromorphic function in A(Ry), where 1 < Ry < +oo. Let To(R, f) be its
Nevanlinna characteristic. Then

1 <R <Ry < +oo.

1
T() (R,fTa) :T()(R7f)+0(l)7 1 <R<R()7
for every fixed a € C.

THEOREM B. (Lemma on the logarithmic derivative, see [7, Theorem 1]) Let f
be a nonconstant meromorphic function in A(Ry), where 1 < Ry < oo, andlet A > 0.
Then

1. in the case Ry = +oo,

o (R, f7) — O(log(RTy(R, f)))

or R € (1,+4e0) except for the set A such that R*14R < +00;
AR

2. in the case Ry < oo,

m(®5)=0((7°7))

for R € (1,Ry) except for the set Ny such that fA;e # < oo,

THEOREM C. (The Second Fundamental Theorem, see [7, Theorem 2]) Let [ be
a nonconstant meromorphic function in A(Ry), where 1 < Ry < +oo. Let ay,ap,--- ,ap
be p distinct finite complex numbers and A > 0. Then

P
mO(R7f)+ Zmo (Raf_la ) < 2TO(R7f)_N(()l)(R7f)+S(R7f)a
v=1 v

where

N, ) = No (R, J%) L 2No(R. f) — No(R. 1),

and
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1. in the case Ry = +oo,

S(R,f) = O(log(RTo(R, f)))

or R € (1,+4e0) except for the set A such that R*14R < o005
AR

ou ol (424)

for R € (1,Ry) except for the set Ny such that fA/

2. in the case Ry < oo,

TRt <

2. Milloux inequality meromorphic function in annuli

In this section, we shall establish the Milloux inequality of meromorphic function
in annuli and prove the following theorems.

THEOREM 2.1. (Milloux inequality) Suppose that f(z) is an admissible mero-
morphic function in A(Ry), where 1 < Ry < 4oo. Let a,b be two distinct finite complex
number and b # 0. Then for any 0 < R < Ry, we have

To(R, f) < No(R, f) + (k+ )Ny <R >+N0 <R )+S(R 7).

70

In order to prove Theorem 2.1, we shall prove the following general form of Mil-
loux inequality of meromorphic function in annuli when the multiple values are con-
sidered. Firstly, we give the following notations (see [4]).

Let f be a meromorphic function of order p in A(Ry), where 1 < Ry < oo, and
let a € Co := CU{eo}. We denote by 7, (7, f,a) the number of distinct zeros of f —a
in {z:7 <|z] <1} (ignoring multiplicity) and by 72 (¢, f,a) the number of distinct zeros
f—ain {z:1<|z] <t} (ignoring multiplicity), and

R

For any positive integer k, we denote by ﬁ’f (t,f,a) the number of distinct zeros of order
<kof f—ain {z:t< |7/ < 1} (ignoring multiplicity) and by 7 (¢, f,a) the number
of distinct zeros of order < k of f—a in {z:1 < |z| <t} (ignoring multiplicity).
Ny(R, f,a) is defined as

Witk = [ LSy [FE0L)

We denote also by nk (¢, f,a) the number of zeros of f—a in {z:7 < |z/ < 1} and by
né(t,f,a) the number of zeros of f—a in {z:1 <|z] <t}, where a zero of order < k
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is counted according to its multiplicity and a zero of order > k is counted exactly &
times. N5(R, f,a) is defined as

Unk(e R k(¢
N(])‘(R,f,a) :/ nl( 7f7a)dt+/ n2( 7f7a)dt
% t 1 t
Under the above notations, we shall prove the following theorem.
THEOREM 2.2. (general form of Milloux inequality) Suppose that f (2) is an ad-
missible meromorphic function in A(Ry), where 1 < Ry < +eo. Let all, b/l € (i =
1,2,---,p; j=1,2,---.q) be distinct finite complex number such that bl £0 (j=

1,2,---,q), and let mj, nj (i=1,2,---,p; j=1,2,---,q) and | be any positive inte-
gers. Then

P
{pq— (,21 et X
1=

g 1 L (ks L To(R
=1nj+1+l+—1 +j§lm o(R, f)

\%<1+k2 n+1>No<R N+l ) SR (R ) =y

f—a
4 _,
E ( »m>+S(R»f)~
Letting p =¢g =1 and [, m;, n; tend to infinity in (2.1), we can get Theorem 2.1.
Here, we give a proof of Theorem 2.2.

Proof. From [8], we have

To(R.f') = To(R, f5) < To(R, £) + To(R, &) + O(1)
(R.f) +mo(R VA No(R, 5) = 2m(1,5) + 0(1)
l

=To (2.2)
<2To(R, f) +S(R, f).
Hence, by Theorem B and (2.2), we can get
S(R, /™) = O(logRTo(R, fM)) = O(log RTy(R, f) = S(r. f), (2.3)
and
fk

holds for any positive any al. Put
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Then as in [9] we have

(2.5)

e 1
m(R,F)+0(1) > El’"( f@_am)

P

> 2

In fact, (2.5) holdsif p=1.1If p > 2, put

8 = min|all — 4V,
i

Let for the moment i € {1,2,---,g} be fixed. Then we get in every point where

6 &
—al <=
F@-all<5 <3
the inequality
38

7@~ al| > Jall —ab) ~ |£(2) ~a > 22,
for i # j. Therefore the set of points on dC, where C, = {z: [z =r} (r=R or
r = %). which is determined by | f(z) — al| < 25—‘] is either empty or any two such sets
for different i have empty intersection. In any case

S liTlog [Fre®)do > 4z 3 [ logh|F(re®)|d6
=f(0)—all|< £ ol =r
q
L 1
Z 27 .2 il log™ md@.
i=1 .
|f(2)— |< Jzl=r
Because of
% il log* md@
|f(2)=alll|< £ |zl =r
_ 1 1 .
=m (r, f(z)ia[,-]> by Ik log md@
‘ ( ) ‘/ 2q° ‘ZI

It follows

2 d 2
m(r,F) = 5= [ log" |F (re®®)|d6 > .Zlm (r, m) —qlog™ 4.

Hence (2.5) follows from the above inequality under the case of r =R and r = %.

Since
m(R,F) <m (R.fOF ) +m (R, k)

< $m(R LY R,-L
\E‘lm( T f- al >+m< 7jm>,
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and
(g F) < (. )+ (w)
< & £i) +m (ko ).
Therefore,
mo(R,F) < élmo (R%) +mo (R, 7k ). 2.6)

It follows from (2.3)—(2.6) and Theorem A that

Zmo <—> <mo (R 7ig) + (8. an

<Ty (R f0) = No (R, 7y ) +S(R.f).

Thus

PTo(R.f) < é No (R, ) + 7o (R W) =N (R, A ) +5(R.S). 28)

Now it follows from Theorems A, B and (2.3) that

TR S < 5 Mo (R, 7t )+ (R 1) + Mot 1)
—~(No (R, k7 ) +2No(R, S ) = No(R, 1)) +S(R7f<"))
- zleO 7wtm) + o (R 7l ) Mol 2.9)
+No(R, f+1) No( f(k+ ) S(R, f)
ZNO( )+N0<R7f+k +No(R, f)

—No <R Hl)) +S(R.f)
It follows from (2.8) and (2.9) that
paTo(R. f) <No(R.f)+(a=1)3 3 No (R, 757) = No (R 75
i—1 f(z)—a[’] f( )

P q
oL 30 (0 )+ £ 0 (R ) - o i) |

i=1

+S(R, f). 010

By [4], we have

P q
1 1
ElNO (R’ f<z)—a["]> + E No (R f(“ bl ) NO( f<’f“>)

J

P q

k41 1

< iglNO (Ra f_a[i] ) +J§1N0(R7 f(k)_b[j] )7

2.11)
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and

5 No (R, — No (R, NE(R, )
El 0\™ Fo=am ) — N0\ T 12 )

Substituting (2.11) and (2.12) to (2.10), we obtain

paTo(R /) < No(R.f)+ (g = 1) £ N(R 7

Since

k+1 i 1 _1_
< mi+1 {miNO (R7 jTa[’]) +NO(R’ f—a[i] )}

NG (R, L)+ To(R. ) b+ 0(1),

and

— {m‘le(R 7 lu[i1>+N0(R7ﬁ>}

<t {miNG (R 757) + TR, ) |+ O(),

Similarly, we can get

No(R, o) < ik {nly) (R, wlr) + To(R,F ) } + 0(1),
and
No(R.f) < ol {INo(R.f) + To(R.f) | .
By (2.4), we have
To(R, 1 1) = mo(r, 1))+ mo (R, f1) = m(1, f1)

< mo(R. )+ mo(R. 57) + No(R. f) + KNo(R, ) + O(1)

= TO(R7f) +kN0(R7f) +S(R7f)

2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)
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Substituting (2.14)—(2.18) to (2.13), we obtain

PaTo(R. ) <No(R.f)+ (0= 1) X 7y {m¥' (R, L) + TR 1)}

~

14 —m;
+ 2 T {mwgt (R, =) —l—To(R,f)}

q —n,
+ 3 g {3 (R ) + TR, |+ S(R. )

<<1+§1n, ) o(R. f)+ (kq+1>zm”ilN R )
Z
+zf,:fii 0(R f>+2n+1N< ) (2.19)

+ 3 TR )+ S(R.)

;N’”'( )

1

< <1+ é‘lnj—]fkl> L No(R, )+ (kg +1)
J=

Hence, (2.1) follows from (2.19). [
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