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REFINEMENTS OF A TWO-SIDED INEQUALITY
FOR TRIGONOMETRIC FUNCTIONS

ZHEN-HANG YANG

(Communicated by E. Neuman)

Abstract. In this paper, we prove that for x € (0,7/2)

2+cosx
3

2 si 2
(cosplx)l/(3”1) < “xﬂ < (cospox)l/(3”0) << /oo

2
with the best constants p; = 0.45346... and po = 1/+/5, and the function p — (cos [7x)1/(3’7 ) is
decreasing on (0,1). Our results greatly refine Adamovi¢-Mitrinovi¢’s and Cusa’s inequality. As
applications, some precise estimations for certain special functions and constants are presented.

1. Introduction

In the recent past, the following two-side inequality

i 2 T
(cosx)1/3<81xﬂ<¥ (0<x< E) (L.1)

has attracted the attention of many scholars, where the left inequality was obtained by
Adamovi¢ and Mitrinovi¢ (see [12, 2, p. 238]), while the right one is due to Cusa and
Huygens (see, e.g., [7]) and it is now known as Cusa’s inequality [5], [13], [15], [20],
[25].

A nice refinement of the inequalities (1.1) appeared in [12, 3.4.6]. For conve-
nience, we record it as follows.

THEOREM A. For x € (0,7/2),

sinx
cospx < —— < cosgx (1.2)
X

with the best possible constants

1 2 2
p=—= and g = —arccos—.
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Moreover, we have

X sinx X
< (cosx)l/3 <cos— < —— < cosgx < cosz <1 (1.3)

V3 X

Recently, Klén et al. [9, Theorem 2.4] showed that the function p +— (cos px)l/ P
is decreasing on (0,1) and improved Cusa’s inequality (the right one in (1.1)), which
is stated as follows.

THEOREM B. For x € (—\/27/5, . /27/5)

, X _ sinx 3X _ 2+4cosx
COs™ — < —— < Cos” = <
2 X 3 3

COSXx

cosx < ————
* 1—x%2/3

(1.4)

An improvement for the first inequality in (1.4) is due to Neuman [15]:

) 23
cos4/3)—; = (y) < ?, x€(0,%). (1.5)

Lv et al. [10] showed that for x € (0,7/2) inequalities

(cos{>4/3 < St < <cosf>e (1.6)
2 X 2

hold, where 8 = 2(Inw —1n2)/In2 = 1.3030... and 4/3 are the best possible con-
stants.

Very recently, by using inequalities involving Schwab-Borchardt mean, Neuman
obtained an inportant and interesting refinement of Adamovié-Mitrinovi¢’s one (the
left one of (1.1)) in [14, Theorem 1] (also see [16]), that is, the following chain of
inequalities

. 1/4 . 1/2 . 1/2
(cosx)!/3 < (cosx%> _ ( sinx ) _ (cosx—i—(smx) /x)
x

arctanh sinx 2
1+ 2cosx 12 1+ cosx 23 sinx
<\—= <\—= < — (L.7)
X

holds for x € (0,7/2).

Other results involving inequalities (1.1) can be found in [5], [8], [13], [15], [16],
[18], [20], [24], [25], and related references therein.

The aim of this paper is to give sharp bounds

Uy (x) = (cos px)/C7") if p € (0,1] and Up (x) = lim U, (x) —e®/6 (18
p—)

(x€(0,7/2)) for (sinx) /x to refine two-side inequality (1.1), that is, for x € (0,7/2),
to determine the best p,q € [0, 1) such that

i 2
(cosx)l/3 <U,(x) < Slxﬂ <Uy(x) < +;:osx

(1.9)
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hold.

The paper is organized as follows. Some useful lemmas are given in Section 2. In
Section 3, the sharp bounds U, (x) for (sinx) /x and their relative error estimations are
established. In the last section, some precise estimations for certain special functions
and constants are presented.

2. Lemmas

LEMMA 1. ([211,[1]) Let f,g: [a,b] — R be two continuous functions which are
differentiable on (a,b). Further, let g # 0 on (a,b). If f'/g is increasing (or de-
creasing) on (a,b), then so are the functions

X+ —F"——= and x— M.
g(x)—g(b) g(x)—g(a)

LEMMA 2. ([2]) Let a, and b, (n=0,1,2,...) be real numbers and let the power
series A(t) =Y, ant" and B(t) =Y, bt" be convergent for |t| < R. If b, >0 for
n=0,1,2,..., and a,/by is strictly increasing (or decreasing) for n =0,1,2,..., then
the function A (t) /B(t) is strictly increasing (or decreasing) on (0,R).

LEMMA 3. ([6, pp. 227-229]) We have

1 it n

cotx = — — Bo, |71, |x| < m, 2.1
o X }Z‘l(Zn)“ 2l X 21

o 22— 1 2 2n—1
tanx = 2 ! 27" By |x™ 7, |x| < m/2, (2.2)

1 1 & (2n—1)2n T2

==+ Y " By, |x""7, x| < 7, 23
Sinzx X2 ngl (2]’1)' | 2?1‘ ‘ ( )

where B,, is the Bernoulli number.

LEMMA 4. For p € (0,1, let the function F, be defined on (0,7/2) by

sinx
In >2

F, (%) (2.4)

" In (cospx)’

Then F, is strictly increasing on (0,7/2) for p € (0,1//5] and decreasing on (0,7/2)
for p € [1/2,1]. Consequently, we have

In2—Inm
In(cos(mp/2))

for p € (0,1/V/5]. The inequalities (2.5) are reversed for p € [1/2,1].

i 1
In(cos px) < In Slxﬂ < 37 In (cos px) (2.5)
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Proof. For x € (0,7/2), we define f(x) =1In*2* and g(x) = In(cospx), where
p € (0,1]. Note that f(07) =g(0") =0, then F}, (x) can be written as

fx)—f(0")
g(x)—g(07)"

Differentiation and using (2.1) and (2.2) yield

Fp(x) =

0o 22n _
f/ (x) o p (% - COtx) o n=1 M|B2n‘x2n ! L :;’:1 anx2n—1
g (x) tan px Sy B 2Byt T b T
where , )
2 24" — 1
= —|B s b — 271—222}1 B )
an (2n)!‘ 2n] "= 2! D |Bax|

Clearly, if the monotonicity of a,/b, is proved, then by Lemma 2 it is deduced the
monotonicity of f’/g’, and then the monotonicity of the function F), easily follows
from Lemma 1. For this purpose, since a,, b, > 0 for n € N, we only need to show
that b,/a, is decreasing if 0 < p < 1/ V5 and increasing if 1/2 < p < 1. Indeed,
elementary computation yields

bny1 by 22 2n 0 =2
Dl 2n (22 ) p (22|
oy " = )P = (2" = 1)p

1 3
— 4Vl+1_l 2n—2 2__ - .
( )p p 4+4(4n+1_1)

It is easy to obtain that for n € N

bn+1 _ bn

<0if p? < i,
i1 dn | >0if p* > g,
which proves the monotonicity of a, /b, .

By the monotonicity of the function F}, and notice that

7=\  In2-Inm
" In

1
7 (07) =5, and F”<5 cos(2p/2))’

the inequalities (2.5) follow immediately. [

REMARK 1. Lemma 4 contains many useful and interesting inequalities for trigo-
nometric functions. For example, put p = 1/+/3, (2arccos (2/7)) /m € [1/2,1] in (2.5)
yield the second and first inequality of (1.2), respectively; put p =1/2 € [1/2,1] leads
to (1.6). Similarly, by virtue of Lemma 4 we will easily prove our most main results in
the sequel.

LEMMA 5. For x € [0,7t/2], the function p— U, (x) defined by (1.8) is decreas-
ing on (0,1).
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Proof. 1t suffices to show that dU,/dp > 0 for p € (0,1). Logarithmic differen-
tiation yields

3p? U, pxsin px
S e
[J[7 (.X) 3p Il(COSp.X) cos px (p> )
/ _ X .
\% (p) = m (Slnsz— sz) < 0.

It follows that V (p) <V (0) = 0, and therefore dU,/dp > 0, which proves the desired
result. [l

LEMMA 6. For p € [0,1], let the function f, be defined on (0,7/2) by

sinx 1 ) siny  x?
fr(x)= IHT - 3—pzln (cospx) if p € (0,1] and fy (x) = lnT + e (2.6)
(i) I f»(x) <O forall x € (0,7/2), then p € [0,1//5].
(ii) If fp(x) >0 for all x € (0,7/2), then p € [p1,1], where p; = 0.45346... is
the unique root of equation

fp (g) zlni—%pzln (cos%) =0 (2.7)

on (0,1).
Proof. At first, we assert that there is a unique p; € (0, 1) to satisfy equation (2.7)
such that f, (r/2) <0 for p € (0,p1) and f,(7/2) > 0 for p € (p1,1].

In fact, Lemma 5 indicates that U), (x) is decreasing in p on (0,1), and so p —
fp(m/2) is increasing on (0,1). Since

fiss (g) - 1n%—31n§ <0,

2
n 2 4 2
fin(3) =g -3hg >0,

so the equation (2.7) has a unique solution p; on (0,1) and p; € (1/3,1/2) such that
fp(m/2) <0 for p e (0,p1) and f,(7w/2) >0 for p € (p1,1]. Numerical calculation
yields p; =0.45346....
Secondly, simple computations give us
» (%) L, 1

lim 2% — =2
o T T 367 T 1807

- 2 1 p\ . - 2 1 ,
fp<§ ):1n;—3—pzln<c0s7> if p€ (0,1] and fy+ (5 ):1n;+ﬁn.

Now, if inequality f, (x) <0 for all x € (0,7/2), then solving the simultaneous
inequalities

. _4 T
X£%1+x fp(x) <0 and f, (5 ) <0
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for p yields
pE [Ovl/\/g} N[0, p1] = [0, l/\/g}

In the same way, if inequality f, (x) > 0 for all x € (0,7/2), then
pE [l/\/§7 1N (p1,1]=[p1,1],
which completes the proof. [
3. Main Results
Now we state and prove the sharp upper bound U), (x) defined by (1.8) for (sinx) /x.

THEOREM 1. The inequality

. 5/3

sinx X

— < | cos—= 3.1
x ( V5 ) G-

holds for x € (0,7/2), where 1/+/5 is the best constant. Moreover, we have
x \% sinx ( x )5/3
CcoS —= < —— < [ cos— , 3.2
( V5 ) x V5 2

where the exponents oo = (In(2/m)) /In(cos(v/5/10)) = 1.6714...and 5/3 = 1.6667...
are the best possible constants.

Proof. The second inequality of (2.5) implies that (3.1) holds for x € (0,7/2).
The monotonicity of the function p — U, (x) on (0,1) and the part one of Lemma 6

indicate that 1/+/3 is the best constant.
Put p = 1/+/5 in (2.5) yields (3.2).
Thus the proofis completed. [J

From the Theorem 1 and Lemma 5, we see that

sinx R
—— <Uy s <o <Up(v) =e /6

hold for x € (0,7/2). Thus, in order to prove the last inequality in (1.9) holds for
p € [0,1/4/5], we have to prove the following

THEOREM 2. The inequality

26 _ 2 +cosx

33
3 (3.3)
holds for x € (0,00). Moreover, for x € (0,a) (a > 0) we have

2 +cosx 26 _ 2+ cosx. (3.4)

———<e
(24 cosa)e®’/ 3
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Proof. Considering the function g defined by

2+cosx ¥
— 1 —,
glx)=In———+ ¢
and differentiation yields
/() X sinx
X)==—
& 3 cosx+2’
1 —1)?
¢ (x) = _M >0,
3 (cosx+2)

which implies that for x € (0,), g’ (x) > g 0*) =0, then, g’(x) > 0, that is, g is

(
increasing on (0, ). Hence, we have g (x) > g(0") =0 for x € (0,c0), that is, (3.3) is
true.

For x € (0,a) we have
2
0=5(07) <) <gla) =t (25520 ).
which proves (3.4) and the proof is complete. [J

Next we establish the sharp lower bound U, (x) defined by (1.8) for (sinx) /x.

THEOREM 3. The inequality

% > (cos pyx) /(371 (3.5)

holds for all x € (0,7/2), where p; = 0.45346... is the best constant which is the
unique root of equation (2.7) in p € (0,1). Moreover, we have

(cosplx)l/(Spl) < SIT <p (cosplx)l/(gp%), (3.6)

where the coefficients 1 and B =~ 1.0002 are the best possible constants.

Proof. We first prove (3.6). Clearly, it suffices to show that 0 < f,,, (x) <Inf for

all x € (0,7/2), where f, is defined by (2.6). To this end, we introduce an auxiliary
function 4 defined on (0,7/2) by

/ _1 1
) = 22 (x) _ (cotx—1) + T tanplx.
x3 x3

(3.7)

Differentiation and simplifying yield

4 1 1 1 t
K (x) = al = — 2x 422 —3<cotx——) AP
3sin 22p1x ~ 3sin pix X sin“x X D1

b
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which, utilizing (2.1), (2.2) and (2.3), can be expanded in power series as

42 (2n—1)2%" 02
.x4h/ (x) — § Z ( (zn))' |an|(2p1)2 2x2n 1

n=1 :
1< (2"—1)22" 2n—2 2n—1

_52 )1 |Bon|py" "x
< (2n—1)2% 2n—1 < 2 2n—1

- |Bop|x™ ' =3 |Bay|x™"
ng‘l (2n)! ng‘l (2n)!
< 22n_1 2n 2n—2 2n—1

_HZ’I 201 27" By |p1" "x

= i 2 Ban ™1,
= 3(2n)!

where
u, = (2" —1) (2n— 10) p1" 2 =3 (2n—1).

Clearly, u, <0 for n =1,2,3,4,5. We now show that u, < 0 for n > 6. For this
purpose, we need to prove that for n > 6

p1 < <( 3@n—1) ))2,}—2 ==hy(n).

22" —1)(2n— 10

Since (2n—1) > (2n— 10), we have

o> ()™ = k.

Considering the function & : (1,e0) — (0,0) defined by

3 1/(2x-2)
k(x) = (m) ) (3-8)
and differentiation leads to
2(x— 1) 5 (x—1)2%
Wk/ (x) =1In (2 *— 1) —1In3 —2W1H2 = k1 (x)7
22x+21n22
K(x)="—Z(x—1).
W) = G

It is revealed that k; is increasing on (1,0), and so ki (x) > k; (17) =0, then ' (x) >
0, that is, k is increasing on (1,c0). Therefore for n > 6

1
0.48583 ~ 1365~ /10 = k(6) < k(n) < k(e0) = >
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It follows that for n > 6
hy(n) > k(n) >0.48583 > py,

which indicates that u,, < 0 for n > 6. Thus we have /' (x) < 0, that is, the auxiliary
function £ is decreasing on (0,7/2).
On the other hand, it is clear that

(cotx— 1)+ L tanpix 1
h(0F) = i X 3p =—(p*—=)>o.
(07) = Jim, e o\"175)”
And we claim that h (3 7) <0.1f 2(%7) >0, then there must be / (x) > 0 forall x €
(0,7/2), which, by (3.7), implies that f, (x) >0, then f;, is increasing on (0,7/2).
It yields

2 1
For () > fp, (07) =0and fy, (1) < fy, (5 ) =In =~ o (cos 2% ) =0,
1

which is a contradiction. Consequently, #(0%) >0 and h(5 ) <0.

Make use of the monotonicity of the auxiliary function % it is showed that there
is a unique xo € (0,7/2) to satisfy & (xp) = 0 such that & (x) > 0 for x € (0,x0) and
h(x) <0 for x € (x0,7/2). Then, by (3.7), it is seen that f,, is increasing on (0,xp)
and decreasing on (xg,7/2). We conclude that

0= fp (0+) <fp (x) < S (x0) forx € (0,x0),

0=/ (g_) < for () < fyy (x0) forx € (x0,7/2),

thatis, 0 < f,,, (x) < fp, (x0) for x € (0,7/2).
Solving the equation £ (x) = 0 which is equivalent with

1 1
Iy (x) = (cotx— ;) + 3—pltanp1x =0

by using mathematical computer software, we find that xo € (1.3118,1.3119), and
B =exp(fp, (x0)) = 1.0002, which proves (3.6).
Consequently, (3.5) is true, of course. Now, Lemma 5 and the part two of Lemma

6 reveal that p; can not be replaced with any smaller p € [0,1], that is, p; is the best
constant, which completes the proof. [J

Letting

YT =T /50 A0 and _7_7_7—7_7"'a—>0'
NCRVEERS V5 V6 3 2/3

By Theorem 3, Theorem 1 and Theorem 2 and Lemma 5, it is easy to obtain the fol-
lowing

p_lf6111 1 11 1 1
3
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COROLLARY 1. For x € (0,7/2), we have

1/2
(cosx)l/3 << cos@ / < (cosi)z/3 <cos—— < (cos)—c>4/3
3 V2 V3 2
. 5/3 2 3
1/(3pf) _ SINX -~ -~ *
< (cospix) < —— <|cos 7 < | cos 7 < (cos3>

( x )4 x\ 16/3 _2/6 _ 2+cosx
< [ cos—= <(cos—> <-e<e < .
2V3 4 3

where py =0.45346...and 1/ \/3 are the best possible constants.

Thus it can be seen that our results greatly refine the two-side inequality (1.1).
The following statement gives relative errors estimating (sinx) /x by U, (x) de-
fined by (1.8).

THEOREM 4. Let p € [0,1] and let f, be defined on (0,7/2) by (2.6). Then f,
is decreasing if p € [0,1/+/5] and increasing if p € [1/2,1].
Moreover, for x € (0,¢), c € (0,7/2), we have

Yor (¢)e /6 < % <e /% ifp =0, (3.9)
1 () (cos px) 7)< X < (cos pr) /O7) i p e (0,1/V5],  (3.10)
sinx

(cos pn) /%) < X <y (€ (eos p)VO) i p e (1/2,1], (311

where the coefficients
¥, (c) =c ! (sinc) (cospc)_l/(3p2) ifp€(0,1] and Y+ (¢) = ¢ ' (sinc) /6
and 1 are the best constants.

Proof. Differentiation and using (2.1) and (2.2) yield
£ ) = { (cotx—1) 4+ L tanpx if p € (0,1],

P (cotx—1) +3 ifp=0
o 2 -1 10022"—1222 -1
= — B n n an n
3 a1 3 2 ol

oo 2n 2n
2 (2 1)2 |an|< 2n2_22n3—_) n-1, zsntnx -1

where
(2% —1)27|By| P =5y
seat ( ; ) /en=2) 7%

Sp =

th =p—k(n)
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for n >2 and p € [0, 1], here the function & is defined by (3.8). As showed in the proof
of Theorem 3, k is increasing on (1,e), and so for n > 2

1/(2n-2)
1/\/§=k(2)<k(n)<k(oo):lim< 3 ) _

N—soo 22" —1

1
2’

and then, t, = p —k(n) <0 for p €[0,1/v/5] and t, = p—k(n) >0 for p € [1/2,1].
Thus, if p € [0,1/+/5] then f, (x) <0, which shows that f, is decreasing on (0,7/2),
and it is derived that for x € (0,¢), ¢ € (0,7/2)

1“(71? () =fp (c) < o (x) <x1i%1+fp (x) =0,

which yields (3.9) and (3.10).

Likewise, if p € [1/2,1] then f, (x) > 0, which implies that f;, is increasing on
(0,7t/2), and (3.11) follows.

This completes the proof. [

Letting ¢ — (7/2)~ and putting p = 1/4/5, 1/4/6, 1/3, 0T in Theorem 4, we
get

COROLLARY 2. The following inequalities

5/3 . 5/3
4 X sinx
1IN <E> (cosﬁ) < ~ < (cos ) , (3.12)

X
NG
"6 (g) (cos %)2 < Slxﬂ < (cos %)2, (3.13)
() (o) < 2 ()’
6

T 2 sinx 2
s 7x/6<_< 7)5/
YO+<2>6 X ¢

(3.15)

hold true for x € (0,7/2), where N3 (1/2)=0.99872..., YIS (r/2)=0.99141...,
Y3 (m/2) = 1613/ (97), Y+ (7/2) = 2e”2/24/71: are the best possible constants.

Letting ¢ — (n/2)" and putting p = 1/2 in Theorem 4, we obtain
COROLLARY 3. For x € (0,7/2), the double inequality

(cos%)ét/3 < Slxﬂ <N (g) (cos§>4/3 (3.16)

holds, where the coefficients 1 and 7y, (7/2) = 253/ = 1.0106... are the best con-
stants.
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REMARK 2. The first inequality of (3.16) also holds for x € (0,7). Indeed, it can
be written as

x\4/3 sinx sinjcosj
(cos§> < —— ===

X
X 2

If x € (0,m), that is, x/2 € (0,7/2), then we divide both sides by cos (x/2) to get

x\1/3  sing
(c0s§> < ,

X

2

which is Adamovié-Mitrinovi¢’s inequality (the left one in (1.1)) .

4. Applications

As simple applications of main results, we present some precise estimations for
certain special functions and constants in this section.
For the estimations for the sine integral defined by

X Q1 t
Si ()= | %d:,

there has some results (see [17], [22], [23]). Now we give a general result.

PROPOSITION 1. For x € (0,7/2], we have

V6 X
V3sin = < Si (x) < 2+ 2 sin 2L 4.1
V3 W<3t3 V6 @D
Proof. By Corollary 1 we see that the inequalities
t int t
cos = < —Sl? < cos? NG (4.2)

hold for ¢ € [0, 7/2]. Integrating both sides over [0,7/2] and simple calculation yield
“4.1). O

REMARK 3. By (4.1) and using (4.2) we can obtain the following

3 /2 si 7

13603~ YV < MY iy < L~ 1.3744. 4.3)
4 0 X 16

Now we consider the error function defined as

2 X
erf (.X) = ﬁ/o eitzdt.

By integrating both sides of (3.4) over [07 \/Ex] (x> 0) and with x/ V6 — x, we have
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PROPOSITION 2. For x > 0 the following inequalities

2 2v/6x+sin(v6x) 2 2 21/6x + sin(v/6x)
VT 24 cos(v/6x) ‘ VT 3 )

It is known that

<erf (x) < (4.4)
/2 T
/ In(sinx)dx = —=1n2.
0 2
We now evaluate the integral [y In (sinz)dr (x € (0,7/2)).

PROPOSITION 3. For x € (0,71/2), we have

1 x 1
xIn(sinx) —x+ §x3 < / In(sin?)dr < xlnx —x — EX3' 4.5)
0

Proof. Utilizing (3.9) gives
x~ ! (sinx) e /06 < sint <e /S,
Multiplying both sides by ¢ and taking the logarithm and next integrating [0,x] yield
* N 26, —12/6 e * ~2/6
/ In <x (sinx)e* /Pte )dl < / In(sint)dr < / In (te )dt.
0 0 0
Simple integral computation leads to desired result. [J

REMARK 4. From (4.5) it is easy to get

7T3 A ﬂ/z H s T s 71'3

77 73 </0 ln(smt)dt<§ln§—§—m, (46)
71'3 71'1 T ﬂ/4 H s T s 7T3
75 —gn2—7 < /O In(sint)dt < FInf — § — 5. 4.7)

The Catalan constant [4]

=

2 =0.9159655941772190...

is a famous mysterious constant appearing in many places in mathematics and physics.
Its integral representations [3] include the following

G 1arctanxdle/”/2 .x dx
2 sinx

7Z4 /4 )C2
:—2/ n(2sinx) dx————12 /
sin? x

By our results we can derive various estimations for G. Now, by using the third integral
representation for G and (4.7), we easily obtain the following
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PROPOSITION 4. We have

091528~ %~ ZInZ 4 L. < G<Z—ZIn2— £ ~0.91874. (4.8)
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