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NEW CONVERSES OF THE JESSEN
AND LAH-RIBARIC INEQUALITIES II

ROZARIIA JAKSIC AND JOSIP PECARIC

(Communicated by A. Agli¢ Aljinovic)

Abstract. New converses of the Jessen and Lah-Ribari¢ inequalities for continuous convex func-
tions are studied. Applications are given for generalized and arithmetic means, Holder’s inequal-
ity, Hadamard’s inequality, and the inequalities of Giaccardi and Petrovié.

1. Introduction

The Jensen inequality for convex functions plays a very important role in the The-
ory of Inequalities due to the fact that it implies the whole series of the other classical
inequalities such as the quasi-arithmetic mean and arithmetic mean inequalities, Holder
and Minkowski inequalities, Ky Fan’s inequality etc.

In this paper we refer to a general form of the Jensen inequality for positive linear
functionals. In order to present our results, we first introduce the appropriate settings.

Let E be anonempty set and L be a linear class of real-valued functions f: E — R
having the properties:

Ll: f,ge L= (af+bg)cL forall a,b € R;
L2: 1€L,ie.,if f(t) =1 forevery r € E, then f € L.
We also consider positive linear functionals A: L — R. That is, we assume that:
Al: Alaf+bg)=aA(f)+bA(g) for f,g €L and a,b € R;
A2: feL, f(t) >0 forevery t € E = A(f) > 0 (A is positive).

Jessen [7] gave the following generalization of Jensen’s inequality for convex
functions (see also [11, p. 47]):
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THEOREM 1.1. ([7]) Let L satisfy properties L1,L2 on a nonempty set E, and
assume that ¢ is a continous convex function on an interval 1 C R. If A is a positive
linear functional with A(1) =1, then forall f € L such that ¢(f) € L we have A(f) €1
and

¢(A(f) <A(O(f))- (L1

We also need to recall the following generalization of the Lah-Ribari¢ inequality
for positive linear functionals which is proved in [1] by Beesack and Pecari¢ (see also

[11, p.98]):

THEOREM 1.2. ([1]) Let ¢ be convex on I = [m,M] (—eo <m <M < o). Let
L satisfy conditions L1,L2 on E and let A be any positive linear functional on L with
A(1) = 1. Then for every f € L such that ¢(f) € L (so that m < f(t) < M for all
t € E), we have

(M —A(f))9(m) + (A(f) —m)9(M)
M—m ’

A(o(f)) < (1.2)

Let (Q, <7, 1) be ameasure space consisting of a set Q, a ¢ -algebra &7 of subsets
of Q and a countably additive and positive measure ( on ./ with values in RU {eo}.
For a p-measurable function w: Q — R, with w(x) > 0 for p-a.e. (almost every)
x € Q, consider the Lebesgue space

L,(Q,u) :={f: Q— R, fis u —measurable and [ow(x)|f(x)|du(x) < eo}.
S.S.Dragomir [4] gave the following converse of Jensen’s inequality:

THEOREM 1.3. ([4]) Let ¢: I — R be a continuous convex function on an inter-

val of real numbers I and m,M € R, m <M with [m,M)| C;, where ; is the interior of
I. Let w> 0 suchthat [wdu =1.If f: Q— R is W -measurable, satisfies the bounds

—o<m< f(t) KM <o for lL-a.e. t €Q

and such that f,¢ o f € L,(Q, ), then

0< /Q w()o(f(1)du(r) — ¢(Fa)
< (M_fQ,w)(fQ,w _m)

S

sup Wy (t;m,M)

M—m 1€(m,M)
/M A
o) (o —m) D2 ) (13

< (M
§<M m) (0L (M) — o/, m).
where fg’w = Jow(t)f()du(t) € m,M] and Py (-;m,M): (m,M) — R is defined by

ym ) = 200 000




NEW CONVERSES OF THE JESSEN AND LAH-RIBARIC INEQUALITIES 11 619

We also have the inequalities

0< [ Wio(0)) ~ 0(Fa) < 3 —m)Po(FaimM)
< T —m)(@(M) 9L (m), (1.4)

provided that fg,,, € (m,M).

The main objective of this paper is to give improvements of the converses of Lah-
Ribari¢’s and Jessen’s inequalities for positive linear functionals obtained by the authors
in [6]. Also, we shall give applications of these results to generalized means, power
means, Holder’s inequality, Hadamard’s inequality and to inequalities of Giaccardi and
Petrovic.

2. Results

The results in this section are converses of Jessen’s and Lah-Ribari¢’s inequality
for positive linear functionals.

THEOREM 2.1. Let ¢ be a continuous convex function on an interval of real num-

bers I and m,M € R, m <M with [m,M] C1, where I is the interior of 1. Let L satisfy
conditions L1,L2 on E andlet A be any positive linear functional on L with A(1) = 1.
If f € L satisfies the bounds

—oo<m< f(t) <M <o foreveryt € E

and ¢o f €L, then

0 < AB() —9(AL)
< (=AU AL =) sup Wolrim M)
< (- A (A() - m) OO L) e
1

< 7 (M =m)(9.(M) — ¢’ (m)).

We also have the inequalities

0<A(9()) ~ O(AL)) < 5 (M —mPBy(A(F):m, M)
< (M= m)(oL. (M) — 9L (m), 2)
where Wy (-;m,M): (m,M) — R is defined by
‘P¢(t;m,M):M1_m(¢(A2:?(I) —¢(t2:f;(m)) 2.3)
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and we assume that Wy (fim,M) € L. If ¢ is concave on I, then the inequality signs
in(2.1) and (2.2) are reversed.

Proof. First we assume that ¢ is convex. If A(f) =m or A(f) = M, the inequal-
ities are clear. Let us suppose that A(f) € (m,M).

The first inequality in (2.1) and (2.2) follows directly from Theorem 1.1. By The-
orem 1.2, we have

so we have proved the second inequality in (2.1).

up Wo(m ) =1 qup (SO0 W0y

1€(m,M) M e (mM) M-t t—m
o(M)—9() —(o@) —9(m))
<l S e, =)
—L< wp M) —0@) ¢(t)—¢(m)>_¢L(M)—¢’+(m)
C M-—m te<m34> M—1 telmM)  t—m o M—m )

which proves the third inequality in (2.1). To prove the last inequality in (2.1), we

M—1)@t—m) _1 . .
v L (M- .
< 4(M m) is valid

Since A(f) € [m,M], we can replace 7 < A(f) and the proof is completed.
The proof of the inequalities (2.2) is clear from the proof of the inequalities (2.1).

If ¢ is concave, then —¢ is convex, so we can apply (2.1) and (2.2) to function —¢
and obtain reversed inequalities for ¢. [J

notice that for every ¢ € [m,M], the inequality

REMARK 2.1. Observe that the function Wy (-;m,M): (m,M) — R, defined by

: _ L oM —9@) () —9(m)
\P‘p(t’m’M)_M—m( M—t  i-m )’

is actually the second order divided difference of the function ¢ at the points m, t and
M for any t € (m,M).

In order to obtain a converse of the Lah-Ribari¢ inequality for convex functions,
we need the following result:
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LEMMA 2.1. Let ¢ be a continuous convex function on an interval of real num-
bers I and m,M € R, m < M with [m,M]| CI, where [ is the interior of I. Then for
any t € [m,M] the following inequalities are valid:

(¢ = m)O(M) + (M ~1)9(m)
L 0

<S(M—t)(t—m) sup Wy(t;m,M)
re(m,M)

< DU (1 (u1) — 9!, ) @4

(M —m)(¢” (M) — ¢!, (m)).

A¢(t;m,M) =

<

N

Also we have
Ag(t;m,M) < — (M —m)* ¥y (t;m,M)
< 7 (M —m)(9L (M) — ¢ (m)), (2.5)

where Wy (-;m,M): (m,M) — R is defined by (2.3), and we assume that Vo (f;m,M) €
L. If ¢ is concave, the inequality signs in (2.4) and (2.5) are reversed.

Bl— =

Proof. Let us suppose that ¢ is convex. If r = m or t = M, the inequalities are
clear. For any ¢ € (m,M) we have

(t —m)¢(M) + (M —1)¢(m)

Ag(t;m,M) = - —0()
_ (M;/If)_(lm—m) ¢(1‘2:;P(1) B ¢(t2:f:1(m) = (M —1)(t —m)¥y(t;m,M)
< (M —1)(t—m) sup Wo(t;m,M),

re(m,M)

which is the first inequality in (2.4). The second inequality follows directly from

{¢(M) —0() 9@ —¢(m)}
)

1
sup Wy (t;m,M) = . sup

re(m,M) M cimm M—t f—m
o)~ o(1) ~(0() — 9(m)
NI S e e
:L< wp 2M) -6 ¢(t)—¢(m)>:¢’_(M)—¢’+(m)
M—m te<m,Iz)\/1> M—1 telmM)  t—m M—m :

To prove the last inequality in (2.4), we notice that for every ¢ € [m,M], the inequality

M—1t)(t— 1
M= =m) < 2 (M — m) is valid. The proof of the inequalities (2.5) is clear from

the proo_f of the inequalities (2.4). If ¢ is concave, then —¢ is convex, so we can apply
(2.4) and (2.5) to function —¢ and obtain reversed inequalities for ¢. [
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THEOREM 2.2. Let us suppose that the assumptions from Theorem 2.1 hold. If
f € L satisfies the bounds

—oo<m < f(t) KM < oo foreveryt € E

and ¢ o f € L, then we have the following inequalities

(i)
o< L=+ 0 —AD)00)
A= F)(F—m)] sup Woltim,M)
re(m,M)
< A IN =00 1 (1) 5, ) 6
< WZATDAD = (41 (1) — g, (o)
< M = m) (9! () — 0}, (m))
(ii)
o< ALOIZmOON-+ 01 —AD)00)
A= )(F ~m)] sup Wo(tim,M)
re(m,M)
< (M —A(f)(A(f) —m) ?ugm%(t;m,M) 2.7)
< BEAPDED = (5 (1)~ 0!, )
< (M= m) (9" () ~ 0}, (m))
(iii)
o< OO0+ 0 —MD)00)
< %(M—m)zA(‘{’q) (fim,M)) (2.8)
< (= m) (6! (M) ¢ (m)

where Wy (-;m,M): (m,M) — R is defined by (2.3), and we assume that ¥y (f;m,M) €
L. If ¢ is concave, the inequalities are reversed.

Proof. Letus assume that ¢ is convex. The first inequality in (2.6), (2.7) and (2.8)
follows directly from Theorem 1.2.
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Since f satisfies the bounds m < f(t) < M for every t € [m, M], we can replace ¢
with f(¢) in inequalities (2.4) and (2.5) from Lemma 2.1 and obtain

(f(t) =m)o (M) + (M — (1)) ¢ (m)

e o)
< (1= F)F)~m) sup Pl b0
< MO (o1 (1) — g, () 2.9

< Z(M—m)(9(M) . (m)
and

(f(t) =m)¢ (M) + (M — (1)) ¢ (m)

nr ~ o)
< %(M_qu,( Fom, M) (2.10)
< (0= m)(9" (M) — ¢’ (m).

Now we apply linear functional A, which is positive, to inequalities (2.9) and (2.10)
and obtain inequalities (2.8) and first three inequalities in (2.6). To prove the fourth
inequality in (2.6), we need to notice that the function g(r) = (M —t)(t —m) is concave,
so by the Jessen inequality we have A(g(f)) < g(A(f)). Since for every ¢ € [m,M],
M—1)(t— 1

% < Z(M—m) is valid, we can replace t < A(f) € [m,M]

to obtain the last ineq;ality in (2.6).

the inequality

The first inequality in (2.7) is the first inequality in (2.6). Again, the function
g(t) = (M —1)(t — m) is concave, so from Jessen’s inequality it follows that A([M —
AIf —m]) < (M —A(f))(A(f) —m), which proves the second inequality in (2.7). In
the proof of Lemma 2.1 we have shown that the inequality sup, ¢,y Vo (t:m, M) <
/ M Y
w is valid, so the third inequality in (2.7) directly follows. To prove the
—m

M —1t)(t—
last inequality in (2.7), we notice that for every ¢ € [m, M|, the inequality %

< %(M—m) is valid. Since A(f) € [m,M], we have (M—A(]J‘;))_(fr\'ff)—m) - %(M_

m) and thus the proof is complete.

If ¢ is concave, then —¢ is convex, so we can apply (2.6), (2.7) and (2.8) to
function —¢ and obtain reversed inequalities for ¢. [
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3. Applications

In this section we will give applications of the main results obtained in the pre-
vious section to generalized mean, quasi-arithmetic mean, Holder’s inequality and to
inequalities of Giaccardi and Petrovi¢. We will also compare those results with some
related results known from the literature.

3.1. Generalized means

DEFINITION 3.1.1. Let I = {a,b), —o<a<b< oo, andlet y:I— R be con-
tinuous and strictly monotonic. Suppose that L and A satisfy the conditions L1,L2
and A1,A2 with A(1) =1 on a non-empty set E, and that y(f) € L for some f € L.
Generalized mean with respect to the functional A and y for f € L is defined by

My (f.A) =y (A(y(f))). 3.1.1)

The following result is a generalization to positive linear functionals of the general
means inequality found in [11]:

THEOREM 3.1.1. ([11]) Let I = (a,b), —o < a<b< e, andlet y,y: 1 —R
be continuous and strictly monotonic. Suppose that L and A satisfy the conditions
L1,L2 and A1,A2 with A(1) = 1 on a non-empty set E, and let [ € L be such that
v(f),x(f) € L. Then the following inequality is valid

My (f,A) < My(f,A), (3.1.2)

provided either y is increasing and ¢ = y oy ™!

¢ =y oy~ isconcave.

is convex, or X is decreasing and

THEOREM 3.1.2. ([LL, p. 108, Theorem 4.3]) Let L, A, v and ) be as in The-
orem 3.1.1, but with I = [m,M], —eo < m < M < e. Then for every f € L such that
m< f(t) <M, t € E we have

(W (M) = y(m)A(x(f)) = (x (M) = 2 (m)A(y(f)) < w(M)x (m) — x (M) y(m),
(3.1.3)
provided that ¢ = y oy~ is convex. The inequality in (3.1.3) is reversed if ¢ is
concave.

THEOREM 3.1.3. Let L,A,y,x satisfy conditions of the Theorem 3.1.1. Let I D
[m,M], —co < m <M < o, and let us assume that the function ¢ = y o y~! is convex.
Then for every f € L such that m < f(t) <M for t € [m,M] and y(f),x(f) € L we
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have

0 < x(My(f,A)) — x(My(f,A))
< (My —A(y () (A(w(f)) —mw)teS(au%‘I’xow—l(llf(t);munMw)
) xow ' (My)—[xoy 'l (my)

3.14
T (3.14)

< (My —A(y(N)))A(Y(S) —my

< 3Oy —my)(zo w1 (My) ~ goy T, (my)

We also have the inequalities

0 < x(My(f,A)) = x (My(f,A)) < %(Mw —my) Wy 1 (A(Y(f))imy, My)

S %(Mw—mw([xow‘lli(m) — oy i (my)), (3.1.5)

where [my,My| = y([m,M]). If ¢ is concave, then the inequalities are reversed.

Proof. Function ¢ = y oy ™! is obviously continuous. Let us assume that ¢ is
convex.

Since m < f(r) < M for t € [m,M], we have my < y(f(r)) < My for every
t € [m,M] (if y is increasing, then my, = y(m) and My = y(M); if y is decreasing,
then my, = y(M) and My, = y(m)). Conditions of Theorem 2.1 are satisfied, so we can
obtain (3.1.4) and (3.1.5) by substituting m < my,, M < My, ¢ < yoy ', 1t < y(r)
and f < yo f in (2.1) and (2.2) respectively.

Now let us assume that ¢ = y o y~! is concave. Then the function —¢ = —y o

vy~ ! is convex, so we can obtain reversed inequalities by replacing ¢ with —¢. O

THEOREM 3.1.4. Let us suppose that the assumptions from Theorem 3.1.3 hold.
If f € L satisfies the bounds

—co<m< f(t) KM < oo foreveryt € E
and yo f,y o f €L, then we have the following inequalities
(i)

Ay (1)) - W(m»ﬁ% + %% —AWUDIEE) o (,4))

SA[(My = y(N))(W(f) —my)] sup V¥, op-1(w(t)imy, My)

re(m,M)
< Al(My — l//g)z(nll;(f) —my)] (xow -(My) — [xow 'V, (my))
< Oty AWV =) (1o 41— oy )
v~ My
< ;L(MV/ —my)([xow |- (My) =[x oy ']\ (my)) (3.1.6)
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(ii)
(AWU)) — wlm) g (M) + (w() — Aw(F)x(m) _
0< o XMy, 4)
<ALy~ YD) =my)] st Wy (pOimy. My)
< (My =AW ~my) 5Up. ¥y 1 (Wi My)
< (M‘I/_A(W(f)))_(A(W(f))_mW)([xOW—l]L(MW)_[xOW—l]/Jr(mw))
My — my
< 3Oy —my)(zo w1 (M)~ goy T, (my) (3.17)
(iii)
(AW)) ~ wm) (M) + (w(M) ~ ACw(F)zm)
0< Lo (M1, 4)
< My —my PACE oy (Wi M) (G.18)
< 5y —my)([zo w1 (My) ~ oy T (my))

where [my,My| = y([m,M]). If ¢ is concave, then the inequalities are reversed.

Proof. Function ¢ = y o w~! is obviously continuous. Let us assume that ¢ is
convex.

Since m < f(tr) < M for t € [m,M], we have my < y(f(r)) < My for every
t € [m,M] (if y is increasing, then my = y(m) and My = y(M); if y is decreasing,
then my = y(M) and My, = y(m)). Conditions of Theorem 2.2 are satisfied, so we can
obtain (3.1.6), (3.1.7) and (3.1.8) by substituting m < my,, M < My, ¢ < ) o v,
t — y(r) and f < yo f in (2.6), (2.7) and (2.8) respectively.

Now let us assume that ¢ = y o y~! is concave. Then the function —¢ = —y o

I is convex, so we can obtain reversed inequalities by replacing ¢ with —¢. [

v
3.2. Power means

DEFINITION 3.2.1. Supposethat L and A satisfy the conditions Ll ,L2 and A1,A2
with A(1) = 1, on a non-empty set E. For f € L, the power mean M (f A) is defined
for r € R with:

I _ @A)t 0
ME(f,4) {exp(A(logf)) r=0 (3-2.1)

where f(t) >0 fort € E, f" €L for r€ R and logf € L.

From Theorem 3.1.1 ([11]) it follows as a special case:
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THEOREM 3.2.1. ([11]) Let —eo <1 <5 < oo and let us assume that the assump-
tions from Definition 3.2.1 are valid. Then

MU(f,A) < MUI(F,A). (3.2.2)

We can also obtain Goldman’s inequality for positive functionals from (3.1.3) as a
special case (see [2, p. 203]):

(M"—m")(MV(f,A)) — (M° —m®) (MU (£,A)) < M"m® — MPmi” (3.2.3)
for 0 <r <s or r <0< s, and the inequality is reversed for r < s < 0.
Similarly, for r =0 and s € R we obtain

(MU (£,4)) og XL — (1 — m*) log(M(£,4)) < m*logM — M¥logm.  (3.2.4)
m

Since power means are a special case of generalized means, from Theorem 3.1.3
and Theorem 3.1.4 it follows:

THEOREM 3.2.2. Suppose that L and A satisfy the conditions L1,L2 and A1,A2
with A(1) = 1, on a non-empty set E. Let 0 <m < f(t) <M <o fort € E, f", f*,
logf €L for yseR, r<s andlet
T r£0, 540,
¢(1) =4 logt :r#0,5=0, (3.2.5)
e r=0,5#0.
If0<r<sorr<0<s then:
0 < (MP(f£,4)) = (M (1,4))°
S (M —A(f))A(f) —m") sup o (t"sm",M")

re(m,M)
s ], . . . MS—" —ms—"
< - AGAGT) ) (326
S r r S—r s—r
< E(M —m )(M —m )

and we also have
1

0< (MM (f,A))X o (M[r] (f,A))X < Z(Mr _ mr)2\P¢ (A(fr);mr7Mr)
S r r S—r S—r
< E(M —m" (M —m*"). (3.2.7)
If r<s <0 then:
0> (MV(f,4)) — (M (f,4))
> (M"—A(f")A(f) —m") sup Wy (t"sm",M")
re(m,M)
> A )AL (3.2.8)
r Mr _mr
2 i(Mr _ mr)(MS7r _ mS*V)
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and we also have

‘ . 1
0> (MV(f,4)) — (MV(f,4)) > 7~ m’ )Wy (A(f7);m" M)
> %(M’ ) (M — . (3.2.9)

If s=0 and r <0, then:

0 < log(M(f,A)) —log(M"(f,A))
S (M"=A(f))A(") —m") sup Wo (" M",m")

re(m,M)
L0 —AGAG) — ) 52.10)
r M™m"
r r 1 1
< _r(m - )(ﬁ - ]W)
and we also have
0.< log(MU)(£,4)) ~ log(MY)(£,4)) < ("~ M") o (A(F"):M", 1)
., | 1
gﬂ(m _M)(W_W)' (3.2.11)

If r=0 and s > 0, then:

0< (MPI(f,A))° — (MOl(f,A))°
< (logM —A(log f))(A(log f) —logm) sup Wy (logt;logm,logM)
te(m.M)

< s(logM — A(log f))(A(log f) — logm) —

S _mt
— 3.2.12
logM —logm ( )

) ) M
< s(MP —m’)log —
m
and we also have

0< (MP(£,4)) = (MY (f,A)) < £ (logM —logm)* ¥ (A(log f);logm, logM)

E

M
< (M —m)log—. (3.2.13)

Ao

Proof. Ifweput x(t)=r° and w(r) =", wehave ¢(t) = y (v '()) =°/", which
is continuous, and convex for 0 < r < s and r < 0 < s. Function y is strictly increasing
for r > 0, and the conditions of Theorem 3.1.3 are satisfied, so we can obtain (3.2.6) and
(3.2.7) by replacing my < y(m) =m’, My < y(M)=M", ¢(t) = oy (1) =r*/",
t— y(t)=1"and yo f = f" in (3.1.4) and (3.1.5). Function  is strictly decreasing
for r <0, so we can obtain (3.2.6) and (3.2.7) by replacing My, < y(m) =m", my <
w(M)=M", ¢(t) =y oy (1) =1/, t — y(t) =1 and yo f=f" in(3.1.4) and
(3.1.5).
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In case r < s <0, function y(¢) =1¢" is strictly decreasingand ¢ () = x(y~'(¢)) =
/7 is concave, so we obtain (3.2.8) and (3.2.9) by making substitutions My, < y/(m) =
m', my = W(M)=M", §(t) = —yoy ()=~ 1 - y(t)=1" and yof= [
in (3.1.4) and (3.1.5).

In case r < 0 and s =0 we put x(r) =logsr and y(r) =¢". Then ¢(r) =

1

x(w~ (1)) = —logt is continuous and convex, and  is strictly decreasing for r < 0,
so the conditions of Theorem 3.1.3 are satisfied and we can obtain (3.2.10) and (3.2.11)
by making substitutions My < y(m) =m", my < y(M) =M", ¢(t) = yoy (1) =
1
~logt, 1 (1) =1" and f o f=f" in(3.14) and (3.1.5).

Incase r=0, s >0, weput y(t) =¢° and y(t) =logt. Then ¢(¢) = x (v~ () =
¢" is continuous and convex, and y is strictly increasing. The inequalities (3.2.12)
and (3.2.13) are now obtained by replacing my < y(m) = logm, My < y(M) =
logM, ¢(t) = yoy ! (t)=e", t < y(t) =logt and f < yo f =log f in (3.1.4) and
(3.1.5. O

THEOREM 3.2.3. Under the same hypothesis as in the previous theorem,
ifO0<r<sorr<0<s, then:

(i)

< (A(fr) _mr)ﬁsrt%r_A(fr))ms _ (M[S](f,A))S

SA[M" = f1)(f"=m")] sup Wy (t"sm" M)

re(m,M)

AlM"— ") (f" —m")]
M —m"

(M"—A(f"))A(f") —m")
M" —m"

(Mr _ mr) (M.Yfr _ m.\'*r)

0

/

/N
“ Nl

(M —m*™) (3.2.14)

(MS*V _ mS*V)

N

VAN
£]o !

(ii)

o< AUDZ IO+ AT

SA[M" = f")(f —m")] sup Wy(t"sm" ,M")
te(m,.M)

<M —A(f)A(f)—m") s<.u1?u>‘l’¢(tr;m’,Mr) (3.2.15)
re(m,

(M"—A(f")A") —m")
M" —m"

(Mr _ mr) (MS*V _ mS*V)

=)

(M.\'fr o m.\'fr)

~

<

£lw !
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(iii)
(AU =M+ (M =AY
0< Kl (" (7.4)
< L0~ PACE (775l M) (3.2.16)
< %(M" _mr)(MS—I’ _mS—I’).
If r<s <0, then:
(i)
(A = WM+ (M =AY
0> Y (MP(f,A))
2 A[M" = f1)(f" =m")] sup Wy ("sm" M)
re(m,M)
SA(M™—f)(f —m")] o
> . Y (M~ —m*") (3.2.17)
s(MT—A(f))AYT)—m") ey
> r M —m" (M =)
2 % (Mr _ mr) (M.\'fr _ m.\'fr)
(ii)
(AU =M+ (M =AY
0> KL (v71(£.4)
Z>A(M" —f")(f —m")] sup Wy(t"sm" ,M")
te(m.M)
> (M —A(f")A(f)—m") s<.up >‘P¢(tr;m’,M’) (3.2.18)
te(mM
> ; (Mr _A(]J‘ZB)_(‘?n(;fr) _mr) (Ms—r _ms—r)
2 %(M" _mr)(Ms—r_ms—r)
(iii)
(AU =M+ (M =AY
0> Y (MP(f,A))
> %(M’ —m' Ao (f7sm" M) (3.2.19)
2 %(M" _mr)(MS—I’ _mS—I’)

If s=0 and r <0, then:
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(A(™) — ) logM + (M" — A(f")) logm _
Mr_mr

SALM =) =] sup Pt )

Al — )] 1L

m"— M m- M

(7 —AUDAGT) =) 1L

mr_Mr mr Mr

o= o)

0< log(M)(f,A))

VA
_N | =

) (3.2.20)

N

)

T
|
<

N
B— S
=~

(ii)

P (A(f")—m")logM + (M"—A(f"))logm
M" —m"
SA[M"—f")(f"—m")] sup Wo(":M",m")

te(m.M)

< (M —A() AT —m) w o ("M m') (3.2.21)
SI(M’—A(f’))(A(f’)—m’) 11

M w W

—log(M")(f,A))

o
/]

)

(iii)

—

A(f") —m")logM + (M" —A(f"))logm
M —m"

(m" —M")2A(Yy (f7sM"m")) (3.2.22)

11

(M) (-~ )

0< log(M)(f,A))

<

|,_-l>|'—‘

<

N

If r=0 and s > 0, then:

(i)
(A(log f) —logm)M® + (logM — A(log f))m® 1 s
0< T (v91(7.4))
< Al(logM —log f)(log f —logm)] sup ¥4 (logt;logm,logM)
re(m,M)

logM —logm
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(logM —A(log f))(A(log f) — logm)

N logM — logm (M* = m’)
s M
< Z(MS — -
< (M° —m’)log—
(ii)
(A(log f) —logm)M* + (logM — A(log f))m’ s 5
< gl :
0< L (¥1(7.4))
< Al(logM —log f)(log f —logm)] sup Wy (logt;logm,logM)
re(m,M)
< (logM —A(log f))(A(log f) —logm) sup Wy (logt;logm,logM)
re{m.M)
(3.2.24)
< ,logM — A(log f))(A(log f) — logm) (M — )
logM —logm
s M
< 2(MS —mS -
< 4(M m*)log -
(iii)
(A(log f) —logm)M® + (logM — A(log f))m’ ] 5
< _ (gl :
0< L (¥1(7.4))
< %(logM— logm)*A(¥y (log f;logm,logM)) (3.2.25)
< %(logM —logm)(M*® —m").
.

Proof. All the inequalities can be obtained directly from Theorem 3.1.4 by making
the same supstitutions as in the proof of the previous theorem. [

REMARK 3.2.1. It is easy to see that MVI(f,A) = (M= (=1, A))~" holds for
every f € L and r € R. Using that result, we can obtain analogue sequences of in-
equalities from Theorem 3.2.2 and Theorem 3.2.3 by replacing f « f~', —r < s and

—S§S<=T.

3.3. The Holder inequality

THEOREM 3.3.1. [11, p. 113] (Holder’s inequality for positive functionals) Let
L satisfy conditions L1,L2, and A satisfy conditions A1,A2 on a non-empty set E. Let
p>land g=p/(p—1). If w,f,g >0 on E and wfP , wg9,wfg € L, then we have

A(wfg) <AYP(wfP)IAY4(wg) (3.3.1)

Incase 0 < p <1 and A(wg?) >0 (or p<0 and A(wf?) > 0) the inequality in (3.3.1)
is reversed.
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THEOREM 3.3.2. [11, p. 114, Theorem 4.14] Let L and A satisfy conditions
L1,L2, and A1,A2 onanon-emptyset E. Let p>1 and q=p/(p—1),and w, f,g >0
on E with wf? wgd, wfg € L. If 0 <m < f(t)g~9/?(t) < M for t € E, then

(M —m)A(wfP) + (mMP — MmP)A(wg?) < (MP —mP)A(wfg). (3.3.2)
If p <0, then (3.3.2) also holds provided either A(wfP) >0 or A(wg9) > 0. If 0 <

p < L, then the reversed inequality in (3.3.2) holds provided either A(wfP) > 0 or
A(wg?) > 0.

We need analogues of Theorems 2.1 and 2.2 for the case when the condition
A(1) =1 is not satisfied:

THEOREM 2.1°. Let ¢ be a continuous convex function on the interval of real

numbers I and mM € R, m < M with [m,M)| C;, where ; is the interior of I. Let
L satisfy conditions L1,L2 on E, let A be any positive linear functional on L and let
w >0 on I such that A(w) > 0. If f € L satisfies the bounds

—oo<m < f(t) <M <o foreveryt € E
and ¢o f €L, then

A(wo(f)) _¢<A((WJ;)>
A(w

<(M=])(F—m) sup Wo(i:m,M)
re(m,M)
oL(M) — 91 (m)

Ry v

< (M —m) (9" (M) — ¢, (m)).

We also have the inequalities

(3.3.3)

_';,_‘/\

AWO(f) . (AGS)
Ao (Ge)

(M —m)* ¥y (f;m,M) (3.3.4)

0<

-M»—-M»—

(M —m)(¢" (M) — ¢’ (m)),

- A
where [ = A((W )) , Wo(sm,M): (m,M) — R is defined by (2.3), and we assume that
w

Wy € L. If ¢ is concave, the inequalities are reversed.

A A

A((ww{;) . B(l) = 1% =1, so B satisfies
the conditions of Theorem 2.1. If ¢ is convex, inequalities in (3.3.3) and (3.3.4) are
now obtained from the inequalities in (2.1) and (2.2) by replacing A with B. If ¢ is
concave, the reversed inequalities follow from replacing ¢ with —¢. [

Proof. We define functional B(f) =



634 ROZARIJA JAKSIC AND JOSIP PECARIC

THEOREM 2.2°. With the same assumptions as in Theorem 2.1°, the following
inequalities are valid.

(i)

(¢~ (M) — ¢! (m)) (3.3.5)

(ii)

(
sup Wy (t;m,M
A(w) re (mM) o )

<M—f)(f—m) sup Wo(t;m,M) (3.3.6)

(iii)

2AWYo (f3m, M)
A(w)

(M —m)(¢” (M) — ¢/, (m))

(M —m) (3.3.7)

<

Bl= A=

If ¢ is concave, the inequalities are reversed.

Proof. Same as in the proof of the Theorem 2.1, we define functional B(f) =

A A
M. (1)= ﬂ =1, so B satisfies the conditions of Theorem 2.2. Inequalities
A(w) A(w)

in (3.3.5), (3.3.6) and (3.3.7) are now obtained from the inequalities in (2.6), (2.7) and
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(2.8) respectively by replacing A with B. If ¢ is concave, the reversed inequalities
follow from replacing ¢ with —¢. [J

The following results are converses of Holder’s inequality:

THEOREM 3.3.3. Let L satisfy conditions L1,L2, and A satisfy conditions A1,A2
on a non-empty set E. Let p>1 and q=p/(p—1). If w,f,g >0 on E and
wfP wgd wfg €L, A(wg?) > 0, then we have

0 < A(w/f?)AP/(wg?) — AP (wfg)
< (MA(wg?) — A(wfg))(A(wfg) —mA(wg?)) sup Wy (r;m,M)AP~2(wg)

te(m.M)
mp=t—mp=t
< (MA(wg?) —A(wfg))(A(wfg) —mA(wg)) p——r— —AP(wg")
< g(M_m)(MP—l —mP AP (wgh). (3.3.8)
We also have the inequalities
0 < A(wfP)AP/(wg) — AP (wfg)

< Lt AUIE) A () (3.3.9)

S 4 ¢ A(wg?)™ o

< (v —m) (" A (wg?),

where m < f(t)g~9/?(t) < M for t € E and ¢(t) =1tP. If A(wfg) > 0, then the in-
equalities also hold for p < 0. In case 0 < p < 1 the inequalities are reversed.

Proof. Function ¢(¢) = t” is continuous, and convex for p > 1 and p < 0, so
we can obtain the inequalities (3.3.8) and (3.3.9) from (3.3.3) and (3.3.4) by replacing
w <« wg and f<—>fg”1/1’.

For 0 < p <1, ¢(r) =1t? is concave, so we obtain the reversed inequalities in the
same way as above. [J

THEOREM 3.3.4. With the assumptions in Theorem 3.3.3, if p > 1 or p <0 the
following inequalities are valid

(i)
0< (A(wfg) —mA(wg’i))MAI;—t Ei/lA(qu) —A(wfg))m” —A(wfP)
<A~ F )T m) s Foltm M)
< Awg?[(M — fg~U/P)(fg~ /P — m)])p(Mp—l —mP1 (3.3.10)

M—m
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o (MA(wg?) — A(wfg))(A(wSg) — mA(wg?))

pMP~! —mP1)

h (M —m)A(wg)
< L —m)(7"" = )A(wg)
(ii)
o< A0vfe) —mA(wg”))MA’;J: ETA(wg‘f)—A(ng))m” ~ A(wf?)
< A(wg[(M — fg~9/7)(fg~4/" —m)]) up, >‘I’¢(t;m,M)
(MA(wg?) —A(wfg))(A(wfg) — mA(wg)) ,
‘ A et
(MA(wg?) —A(wfg))(A(wfg) — mA(wg)) - -
< (M — m)A(wg?) P =)
g(M m)(MP~' — mP~ 1A (wg) (3.3.11)
(iii)
0 < (Alwfg) —mA(wg”))MA’;t gA(wgq) —A(wfg))m? A(wf?)
(M —m)*A(wg?™y (fg~1P;m,M)) (3.3.12)

(M —m)(MP~" — mP~1)A(wg?)

AI’B -lkl —_

where m < f(t)g~9P(t1) <M fort € E and ¢(t) =1P. If 0 < p < 1, the inequalities
are reversed.

Proof. Function ¢(t) = t” is continuous, and convex for p > 1 and p < 0, so
we can obtain the inequalities (3.3.10), (3.3.11) and (3.3.12) from (3.3.5), (3.3.6) and
(3.3.7) respectively by replacing w < wg? and f < fg~ /7.

For 0 < p <1, ¢(r) =1" is concave, so we obtain the reversed inequalities in the
same way as above. [

THEOREM 3.3.5. Let L satisfy conditions L1,L2, and A satisfy conditions A1,A2
on a non-empty set E. Let 0 <p <1 and q=p/(p—1). If f,¢ >0 on E and
fP.gl fee L, A(g9) > 0, then we have

0. < A(fg) — AVP(fP)AVa(g1)
(MA(g%) — AUP)(A(S?) — mA(g?)) |
< Al b, FolismM)

MV _ /4
< (MAG") = AP (AGT) —mA(eh) S s

(3.3.13)
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< 4 (M= m) (1= ) g

We also have the inequalities

0 <A(fg) —AVP(fP)AY(g?)

< %(M—m)zlp(p(i((;:)) ;m,M)A(g?) (3.3.14)
< M= m = A,

where m < fP(t)g~(t) <M for t € E and ¢(t) =t'/P. If A(f?) > 0, the inequalities
hold for p < 0. In case p > 1 the inequalities are reversed.

Proof. Function ¢ (1) = 11/ is continuous, and for p < 1 convex, so we can obtain

q
the inequalities (3.3.13) and (3.3.14) from (3.3.3) and (3.3.4) by replacing w < Afgq)
P
and f < f—
84

For p > 1, the function ¢ () = t/r s concave, so we obtain the reversed inequal-
ities in the same way as above. [l

THEOREM 3.3.6. With the assumptions in Theorem 3.3.5, if p < 1 the following
inequalities are valid

(i)
0 < AU —mA(g‘f))Mlj";tiilA(gq) —A(fr))m'l? _A(fo)
SA(g (Mg — fP)(fP —mgq)})teil;gﬂ Wy (t:m, M)
- A(g‘q[(Mg;(;df_”)riJ)"’ —mg?))) (M9 119 (3.3.15)
< }?ﬂ’?lﬁfj{;ﬁf A (g —
< %(M_m)(M*/‘f—m*”‘f)A(g")
(ii)

(A(f7) —mA(g7))M"/P 4 (MA(g9) — A(f7))m"/?
M—m

<A(g (Mg? — fP)(fP —mg?)]) sup Wy (t;m,M)
re(m,M)

0<

—A(fg)
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o (MA(g?) —A(S7))(A(S7) —mA(g7))

sup Wy (t:m,M) (3.3.16)

= A(g9) 1€ (m.M)
< (MA(g7) —A(fP))(A(fF) —mA(g?)) (M4~ /)
p(M—m)A(g?)

< 4 (M= m) (11— A g

(iii)
0< (A(fp)_mA(gq))MI;‘Z—l_—gil/lA(gq)—A(fp))ml/P AlFe)
< (0= mPA (L ) 6317)
1

@(M m)(M Y7 —m ) A(g)

where m < fP(t)g~(t) <M for t €E and ¢(t) =t"/P. If p > 1, the inequalities in
are reversed.

Proof. Function ¢(z) = t/r s continuous, and convex for p < 1, so we can ob-
tain the inequalities (3.3.15), (3.3.16) and (3.3.17) from (3.3.5), (3.3.6) and (3.3.7) by
P

q
and f < f—
gp

replacing w < Afg‘l)

For p>1, ¢(t) = 11/P is concave, so we obtain the reversed inequalities by ap-
plying the inequalities (3.3.15), (3.3.16) and (3.3.17) to —¢. [

THEOREM 3.3.7. Let L satisfy conditions L1,L2, and A satisfy conditions A1,A2
on a non-empty set E. Let p>1or p<0and g=p/(p—1). If f,g >0 on E and
g4, fgeL, A(g?) > 0, then we have

0 SA(fP)AP/4(g%) — AP (f)
< (MA(g) — A(f8))(A(fg) —mA(g")) sup ‘o (t:m,M)AP2(g7)

1€ (mM)
< (MA(") ~ A8) (A 8) —ma(e)p Z =" ar-2(g0)
< B —m) (Mt = A7 (). (3.3.18)
We also have the inequalities
0 <A(fP)AP/4(g7) — AP(fg)
<~ (M —m)>W,( (({;f)) M)AP (g9) (3.3.19)

(M —m)(MP~" — mP~1)AP (g7),

-lkl’h 4>|~
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where m < f(t)g'~4(t) <M for t €E and ¢(t) =tP. Incase 0 < p < 1 the inequalities
are reversed.

Proof. Function ¢(¢) = t? is continuous, and convex for p > 1 and p <0, so we
can obtain the inequalities (3.3.18) and (3.3.19) from (3.3.3) and (3.3.4) by replacing
we g?and f < fgl™9.

For 0 < p < 1, the function ¢(r) =? is concave, so we obtain the reversed in-
equalities in the same way as above. [

THEOREM 3.3.8. With the assumptions in Theorem 3.3.7, if p > 1 or p <0 the
following inequalities are valid

(i)
0< (A(fg)—mA(gq))MA’;ﬂ:f;VIA(g’f)—A(fg))m” —A(fP)
SA(g [(Mg? — fg)(fg —mg")]) iur;m Yo (1:m,M)
< A(g_q[(ng(l;f_gr)n()fg — mgq)})p(Mp—l _mp—l) (3.3.20)
(MA(g") —A(fg))(A(fg) —mA(8") - -
: (01— m)A(g") P )
< B —m)(7" = Ha(g")
(ii)
o< (AUg) —mA(gq))MA’;tgyA(gq) —A(fg))m” CA(f)
<A(g [(Mg? — fg)(fg —mg")]) ?ur;@ Wy (1;m,M)
(MA(g7) — A(f8))(A(fg) —mA(g7)) .
< Als) b, Folism,M)
(MA(g7) — A(fg))(A(fg) —mA(g7) - -
< i~ m)A(e?) p(MP~1 —mP~h (3.3.21)
< 1 —m) (M7~ =P 1)A(")
(iii)
< 7 (M —m)’A(g™¥s(fg'~%:m,M)) (33.22)

N
EN S N

(M —m)(MP~" —mP~1)A(g?)



640 ROZARIJA JAKSIC AND JOSIP PECARIC

where m < f(t)g'~9(t) <M for t € E and ¢(t) =t". If 0 < p < 1, the inequalities
are reversed.

Proof. Function ¢(t) = t” is continuous, and convex for p > 1 and p < 0, so
we can obtain the inequalities (3.3.20), (3.3.21) and (3.3.22) from (3.3.5), (3.3.6) and
(3.3.7) by replacing w <> g7 and f < fg'=9.

For 0 < p <1, ¢(¢r) =1t is concave, so we obtain the reversed inequalities by
applying (3.3.20), (3.3.21) and (3.3.22) to —¢. [

3.4. Hadamard’s inequality

THEOREM 3.4.1. ([9]) (Hermite — Hadamard's inequality) Let —oo < a < b <
o and f: [a,b] — R. If fis convex, then

a+b Lo fla)+f(b)
f( 5 )éb_a/u f(t)dtgf (3.4.1)

If fis concave, the inequalities in (3.4.1) are reversed.

THEOREM 3.4.2. Let a < b and let us assume that fis a continuous convex func-
tion on an open interval of real numbers I O [a,b]. Then

[ roa-1(45)

b

l(b a) sup W(t;a,b) (3.4.2)
"4 re(ab)

1

e a)(fL(b) = fi(a))

We also have the inequalities

[ roa-1(45)

b

1 a+b

< Z(b—ay¥y(“F=:ab) (3.4.3)
< 7 b—a)(. ()~ f(a)

If fis concave, the inequalities are reversed.

Proof. Inequalities (3.4.2) and (3.4.3) are obtained from (2.1) and (2.2) by replac-
. 1
ing A(f) = Efff(t)dt, f(t)=tand ¢ — f.

If f is concave, the reversed inequalities follow from the convexity of —f. [J
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THEOREM 3.4.3. Let a < b and let us assume that fis a continuous convex func-
tion on an open interval of real numbers I O [a,b]. Then

o< J@HfB) 1 /” Fle)dr

2 b—ala
l(b a)? sup ¥(t;a,b) (3.4.4)
"6 t€(a,b)
1
<zb-a)(fL(b) - fila)

If fis concave, the inequalities in (3.4.4) are reversed.

Proof. Inequalities (3.4.4) are obtained from (2.6) by replacing

b
:b—a/a fo)de, f(t)—t and ¢ < f.

If f is concave, the reversed inequalities follow from the convexity of —f. [J
REMARK 3.4.1. Let a < b and let us assume that fis continuous convex function

on an open interval of real numbers I D [a,b]. By combining the above results, we
obtain

fla)+f(b) 1
f—g(b—a) teszl%;Pf(t ;a,b) —a/ f(1)
a+b 1 ’ '
<r(5°)+56-a [:zlgj}qy(z,a,b). (34.5)

If fis concave, the inequalities in (3.4.5) are reversed.

3.5. The inequalities of Giaccardi and Petrovié¢

THEOREM 3.5.1. (Giaccardi, [14]) Let p be an n-tuple of nonnegative real num-
bers and x an n-tuple of real numbers such that

(xi—x0)( Y, pjxj—xi) 20, i=1 Eplxl #X0;5 X0, Ep,xl . (350

J=1

If f: [a,b] — R is a convex function, then

Y pif(x) <Af(2pixi> +B(2pi—l>f(xo) (3.5.2)
i=1 i=1 i=1
where
Ao Zipii—xo) NP (3.5.3)

, .
Yy PiXi — X0 Yy PiXi — X0
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Our next results is a convesre of Giaccardi’s inequality obtained directly from
Theorem 2.2:

THEOREM 3.5.2. Let p be an n-tuple of nonnegative real numbers and let x be

an n-tuple of real numbers such that (3.5.1) holds. Let I be an open interval of real
numbers. If f: 1D |a,b] — R is a continuous convex function, then

(i)

(ii)

(iii)

0<Af(

O<Af<2plxl>+B<2pl—l> szfxz

2 (ip,x, xj><x,—xo) sup ‘{’f<t xo,Zplx,>

re(m,M)

Z P pixi—x;)(xj— / /
—124( ixmxj)(xj XO)(f_(M)—f+(m)) s

G e

< (M —m)(fL(M) = f'.(m))

/\

.lkr—t

n

1p,x,)—l—B(z‘pl—Q Zp, Xi)

i=

gipj<ipixi—xj) (xj—xo) sup ‘Pf(t x072p,xl>

=1 te(m,M)

~.

n

(M Py 1pzxz><2§1p;i_m> sup ‘Pf<t mePz’“) Nz
=11

YD te(m,M) i=1

(M l1p1x1><2?=1pixi_ )f’( fL 2
X pi Y1 Di i—1

n

%(M m)(fL (M) — f.(m)) Y, pi (3.5.5)

i=1

O<Af<2p,x,>+B<2p,—1> prxl

(M m szq’f (xl7x07 ZP#&) (356)

-M»— -M»—

(M —m)(f (M) = f.(m)) ;pi
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where m = min{xp,>7 | pix;}, M =max{xo, X! | pixi}, and A, B are definedin (3.5.3).
If f is concave, the inequalities are reversed.

Proof. Let f be a convex function. The inequalities (3.5.4), (3.5.5) and (3.5.6) are
obtained from (2.6), (2.7) and (2.8) by substituting A(x) = 21 Pi%i and ¢ < f.

n
i=1Pi
If f is concave, then the reversed inequalities follow by substituting f < —f

which is convex. [

The well-known Petrovi¢’s inequality [13] for a convex function f: [0,a] — R is
given by

n n
f6) < f( Xx) + (1= 1)£(0) (3.5.7)
i=1 i=1
where x;,i = 1,...,n are nonnegative numbers such that x,...,x,, >/, x; € [0,a].

The following result follows directly by applying Theorem 2.2 to Petrovi¢’s in-
equality, but can also be obtained as a special case of Theorem 3.5.2 for p; = ... =
pn=1and xo =0.

THEOREM 3.5.3. Let f be a continuous convex function on an open interval of
real numbers 1 D [0,a] If x1,...,x, € [0,a] are real numbers such that Y, x; € (0,a],
then

(i)
0< (L x) + 070~ X )
< 27=1x’§?1=:" %)) (7 (21x> - 110)) (3.5.8)
() (7 () - )
<G (20) (2 (Ew) - r0)
(ii)

0< F( ) + (- 1)50) = 3 fx)

i=1 i=1

.zxi—xj> sup ‘Pf(t;o,ix,)

te(0,X0 | xi) i=1

. .
le-) sup l}lf(z;o,l;x,-) (3.5.9)

noNZ 1€(0,37 | x;)
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(S0 (1 (2 x) - 10)
5(E0) (£ -r0)

(iii)
0< (Zn) + - 10) - S 10)
< i(g{xiﬁé\{{f (xi;O,iéx,) (3.5.10)

B ($)-r0)

i=1 i=1

<

If f is concave, the inequalities are reversed.

Proof. Let f be a convex function. The inequalities (3.5.8), (3.5.9) and (3.5.10)
1
are obtained from (2.6), (2.7) and (2.8) by substituting A(x) = =X7" | x;,, m=0, M =
n
Yiixiand ¢ < f.

If f is concave, then the reversed inequalities follow by substituting f < —f
which is convex. [J
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