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RATE OF APPROXIMATION OF BOUNDED VARIATION FUNCTIONS
BY THE BEZIER VARIANT OF CHLODOWSKY OPERATORS

BO-YONG LIAN

(Communicated by I. Rasa)

Abstract. In this paper the pointwise approximation of the Bézier variant of Chlodowsky oper-
ators for bounded variation functions is studied. By means of the analysis techniques and some
results of probability theory, we obtain an estimate formula on this type approximation. Our
results correct the mistake of Karsli and Ibikli [H. Karsli and E. Ibikli, Convergence rate of a
new Bézier variant of Chlodowsky operators to bounded variation functions, J. Comput. Appl.
Math 212 (2008) 431-443], and also extend the work of Zeng [X. M. Zeng, On the rate of con-
vergence of two Bernstein-Bézier type operators for bounded variation functions I, J. Approx.
Theory 104 (2000) 330-344].

1. Introduction

For a function f defined on the interval [0, b,], the Chlodowsky operators C,(f,x)

are defined by
1 kb, X
,X) = - n PR
=3 7(5) om ()

where pui(x/bn) = (1) (x/bn)* (1 —x/b,)"* and (b,) is a sequence of increasing posi-
tive numbers, with the properties lim,,_.. b, = oo and lim,,_,. b, /n=0. When b, =1,
the operators C,(f,x) become the well-know Bernstein operators

Zf( )pnk x).

In [1], the authors introduced the Bézier variant of Chlodowsky operators C, o as

follows:
n 0 f7 Zf( ) ) <b£> ’
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where o > 0 and
O (x/by) = T (x/bn) =Ty (x/ba), Juix/ba) Z Puj(x/br).

Obviously for o = 1, the operators C, o reduce to the operators C,,.

Let
K, (ﬁ L) Zkbnngnk <—n> 0<t< by,
n,00 s
bu bn 0, t=0.

By Lebesgue-Stieltjes intergral representation, we have

by
Cma(fax) = 0 f(t)dthoc (%7 bL> .

In [1], H. Karsli and E. Ibikli studied the convergence rate of C,  to bounded
variation functions for the case o0 > 1. Unfortunately, in the proof of the results, the
authors made some mistakes as follows:

(1) [1, Lemma 2] For all x € (0,e0) and 0 <7 < x, we have

x t ! X u o x(b,—x)
o (2 0) = [ (2 2 20a ),
n,o (bn bn> 0 n,o (bn bn) u (x—t)2 "
In fact, the result should be
LN WP x(b, —x)
“\b, b)) = (x=1)2 n

(2) In [1, p. 439], the authors mistook [; o(n,x) = S‘—X/\/_ (D)di(Ana (5 3 -)),

but in fact I} o(n,x) = gix/‘/ﬁgx(t)d, (Kn,a (7 lf—n)) The representations of I o (n,x)
and L o(n,x) were also wrong.

These two mistakes resulted in a lot of errors in the following proof of [1, Theo-
rem].

In this paper, we re-discuss the pointwise approximation of G, o to bounded vari-
ation functions for the case o > 0 which includes o« > 1. We also mention some of the
important papers on this subject by Gupta [7] and Pych-Taberska [8].

The main theorems of this paper are as follows.

THEOREM 1. Let o > 1, f be a function of bounded variation on every finite
subinterval of [0,e) and hmxﬂwf( ) exists, i.e. f € BV[0,00). Then for every x €
(0,b,), we have

x-(bn—x) /Vk

1 1 3ab2 4
Coolf,x)— =flx+)—|1—-== X— x
alf,x) = 55 f(xt) ( 2,x>f( )‘ kgl \{ﬁ (8x)
T - (1 () = £ =) [+ & (x/Ba) | £ (6) = £ (x=)])-

nx(b, —x)
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THEOREM 2. Let 0 < o0 < 1, f be a function of bounded variation on every
finite subinterval of [0 oo) and hmx_m f(x) exists, i.e. f € BV[0,0). Then for every

€ (0,b,) and n > 25)2(?_6” 5 we have

! 1 Agb?
Guat) = et ten) = (150 ) o) <@g &V e
—l—ﬁ(ﬂ +) = f(x=)| + & (x/bu) | f(x) — f(x=)])

where Ay, is a positive constant depending only on o,

ft)=flx+), x<t<by;
g(t) = 0, t=ux; (1)
ft)=fx=), 0<r<x

1, if x=%b  for some kK €N;
(x/b )={ ]

2
0, if x£2 for all k€ N. @

When b, = 1, the operators C, o(f,x) are just the Bernstein-Bézier operators
Buo(f,x) =XF0f (%)Qﬁ%) (x), which were studied by Zeng [2,3]. Therefore, our the-
orems extend the results of Zeng. Moreover, in the case 0 < o < 1, Zeng [2] gave a
rate of convergence of B, o for bounded variation functions as follows:

Let 0 < a < 1, f be a function of bounded variation on [0,1] (f € BV|[0,1]).
Then for every x € (0,1) and n > Z2(x(1—x))~! we have

X | A, u 1=/ VE
By a(f,x)— 2—af(x+) - (1 - 2—a> f(X—)' < W}; \{\/% (8x)

+ﬁ(|f(x+)—f(x—)|+sn(x)f(x)_f(x_”)' 3)

Obviously, for b, = 1, our Theorem 2 extends and improves the result of (3).

2. Lemmas

The proof of our results are based on the following lemmas.
LEMMA 1. Forevery x € (0,b,) and 0 < k < n, we have

by
wk(x/bp) < ——. 4
Puk(/bn) 2enx(b, —x) @

Proof. By [4, Theorem 1], we have p, (1) < ﬁ forO<t<1.
€N —

Replacing ¢ for x/b,, we can get (4) easily. [

The following Lemma is the well-known Berry-Esseen bound for the central limit
theorem of probability theory. Its proof can be found in Shiryayev [5, p. 432].
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LEMMA 2. Let {&}5) be a sequence of independent and identically distributed
random variables with finite variance such that the expectation E(§)) = a; € R, the
variance Var(&;) = E(& —a1)? =b? >0 and E|& — E (&) < +oo. Then there exists
a constant C, 1/\/§7t < C < 0.8, such that for all n and t,

‘ Lo E|& —EG)P
)<t | —— Clau| <« c=BL_— UL 5
( § ) Nex: /_Ne . NG ©)
LEMMA 3. For x € (0,by,), we have
1 0.8b
2 pukla/b) — 5| < ————. (6)
nx/b,<k<n nx(bn _x)

Proof. Let & be the random variable with two-point distribution P(§; = i) =
(7)'(1— hin)lf’ (i=0,1, x € (0,b,) is a parameter). Hence a; = E(&) = x/b,,
bi=E( —a) = 5-(1- ), and E|& —E&)P = 5-(1-5)[(5)° + (1= 5)°]-
Let {&},] be a sequence of independent random variables identically distributed with
&1, Mn = X_; §;. Then the probability distribution of the random variable 7, is

P(My = k) = () (x/ba) (1 = x/ba)" ™ = pu(x/b).
So

Y. pak(x/ba) = P(nx/by <y <n) =1—P(N, < nx/by)

nx/by,<k<n
Nn —nx/by

—1-p| =0
Vi (L—4-)

<0

By (5), we get

awk(x/b = |P M <0 _1
nx/bz<‘k<np /o) = Vn (1 _ _) 2
CEG-EG)P _O8G)+(1—5) b _ 08h,

Vn b; nx(b, — x) nx(by —x)

This completes the proof of (6). U
LEMMA 4. For oo > 1 and x € (0,by,), k' = nx/by, we have

0.8ah,

e 7
nx(by —x) g

(i)

( Y pnk<x/bn>> S E

nx/b,<k<n
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) (@) S —
(ii) O (x/b,) < 2enx(b, —x) ' v

Proof. (i) From the fact that [x* —y*| < otfx—y| with 0 <x, y< 1l and o > 1

we get (7) from (6) easily.
(ii) Using the same method of (i), we obtain Qfl (x/by) <
(8) now follows from (4) immediately. [

OLpui! (x/b )

LEMMA 5. For 0< a <1 and x € (0,by), as n > 25i(56b 5 and k' = nx/b,, we

have "
1 by
i k (X/ by - | < )
v (nx%dp o )> 2% nx(bp — x)
by
ii 7 (x/b . 10
W e < o= (10)

Proof. (i) By mean value theorem, we have

( s mWM)—%

nx/by<k<n

= a (e (x/bn))*”

( s mwm>g,

nx/bp<k<n
(11)

where & (x/by,) lies between 3 and an/bn<k<n Puk(x/by).

In view of (6) and all n > 25)256" 5> we have
1
2 pulx/ba)> 7 (12)
nx/b,<k<n

Hence & (x/by) > % holds for n > 25)256" k
From (11), (6) and noting 3.2c < 4%, we get (9) immediately.

(ii) Using the mean value theorem, we get

,,k/ (X/b ) = a(nnk’(x/bn))a o (x/bp) = Ty g1 (x/by)]
1 l-a
= a(m) P (x/bn) (13)
where Jy, g4 1(X/bp) < N (x/bn) < Ty g (x/bn).
But in view of (12), we know
Nuk! (x/bn) > Jn,k’+l(x/bn) = 2 pnj(x/bn) > %

j>nx/b,
From (13),(4) and noting 20 < 4%, we deduce that

4l-op, by,
0% (x/b,) < —= < . O
V2enx(by—x)  \/nx(b, —x)
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LEMMA 6. (i) For « > 1 and 0 <t < x, there holds

x t ox(b, — x)
K, —— | < ——+. 14
e (bn7bn) n(x—1)? (14)
(ii) For oo > 1 and 0 < x <t, there holds
x ox(b, — x)
1-Kyo| —— | < ——~. 15
* (bn b,,) n(x—1)? (15

Proof. (i) By a simple calculation, we get

Cu(lix) =1,
Cu(t,x) = x,
b, —
Cu(1?,x) = x>+ u
n
Thus
b, —
Col(—x)20) = 2=, (16)
n
Now from the fact that |x* —y*| < otfx—y| with 0 <x, y< 1 and o > 1, we get
(i) 2.0 () 7o, 2 )
kb, < nt " kb, < nt
_ )2
< o Z (kbn/n 2)(?) Dk (i) g aCn((t x)27x)'
kb i (t—x) b, (t—x)
(14) now follows from (16).
(i1) Using a similar method we can get (15) easily. [
LEMMA 7. (i) For 0 < ¢ < 1 and 0 <t < x, there holds
Ko (5 <k, (5 L) <=0 (17)
n,o bn 9 bn X Bl bn 9 bn X n(x_t)z .
(ii) For 0 < oo < 1 and 0 < x <t, there holds
x t Agx(b, —x)
1= Kpo| —— )| < —F——, 18
e (b,ﬂb,,) n(x—1)2 (18)

where Ay, is a positive constant depending only on o.

Proof. (i) Along the same lines of the proof of [2, Lemma 4] and the inequality of
(14), we can get (17) easily.
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(ii) Since 0 <x <1, s0 |% —x|/|t —x| > 1 for all k > nt/b,. Thus we have

I_Kn,a (bx_n’bt_n> 2 an x/b z an x/b)

k<nt /b, k>nt/b
o
= 2 (nk(x/b) nk+1(x/b ) ( 2 Pk )C/b )
kz=nt /by k> nt /by
‘kb ‘2/(1 o

2nt /by

b2 nolk X 2/0 o
< n - — .
S (t—x)? (kga n b, p,,k(x/b,,)>

Then, by Holder’s inequality with p,g > 1 and % + Ll] =1, we have

"k ox 2/ ’ "k ox 2/a 1 ¢
(Z ; - b_ pnk(x/bn)> = (Z ; - b_ (pnk(x/b )) (pnk(x/bn)) /q>
k=0 n k=0 n
kx| “r
< (Z 0 b Pnk(x/bn)>
k=0 n

Choosing p = a[l/a+ 1], then 2p/o. = 2[1 /o + 1] is an even positive integer. From
kK x

[6, Theorem 1.5.1], we have
i 2/a ’ X X
b <Ag—(1-=|n"l,
(kzon b| P "’) “bn< bn>"

where A is a positive constant depending only on . This completes the proof of
(18). O

LEMMA 8. (i) For o > 1, f € BV[0,) and x € (0,b,), we have

n X+(bn—x)/ \/%

2 Voo (g0 (19)

k=1 x/f

2
}Cn,a(gx,x)} 3ab

(ii) For 0 < a < 1, f € BV[0,00) and x € (0,b,), when n > %, we have

n X +(bu—x)/Vk

2 Voo (g0 (20)

k=1 —x/Vk

2
|G (8:)| < ab

Proof. (i) We recall the Lebesgue-Stieltjes integral representations

bn x t
Cro(g,x) = / ek (2, 1) . @1
0 bn bn
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Decompose the integral of (21) into three parts as follows
h)'l

X t

Cra(ge) = [ gult)diKna (—,—)zmng, )
0 bn bn

where

= x t o x
Z:1 :A fgx(t)dtha (b_7 b_> 5 Z:2 :/ o gx(t)dthoc <_ ) 5

X—

bn x t
23 = ) diKyo | —,— |-
: /ng()’ ’“(b b)

<k

o
Observing that g,(x) = 0, we first have

bn—x

X+ ==
== [ ke - el (1)
= n On
x+(bg—)/ /1 | 0/ VE
<V @</ V() (23)
x=x/\/n k=2 vk

To estimate X, let y = x—x/+/n. Using Lebesgue-Stieltjes integration by parts and
(14), we have

)= | [ 0k (5 )|
27K (bi %) —/OyKn,a (bﬁ bi> diga (1)

< y\x{@xﬂw (Z2)+ [ e (20 ) -
< \/(g )ch(bn—x) n ox(b, — x) /y : 1
0

<=

(gx))

w<>< =

y+ ) ”(X—y)z n x_t)zdl(_ (8x))-
Since
DL V(e = - Vi) L 2Vi(s)
o Ve =l R
we have ( | ( | »
ax(by—x)\" ox(by—x) Y2\ (gx
lleT\o/(ng - /0 .,
Putting t = x —x/+/u for the last integral, we get
ax(bn—x) x ax(bn_x) n X
|Zl’ < T\()/(gX)+T/1 x_}//ﬁ(gx)du
< @) e 3V () »
T v 8x &) | -
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Using the similar method and (15) to estimate |23|, we obtain

ox(b, — x) bn n (=) Vk
’Z3| < m \/ (gx)+ Z \/ (gx)] - (25)

Combining the estimates of (22), (23), (24) and (25), also noting the properties of
VE(f) and 1/(n—1) < ob? /[nx(b, — x)] for x € (0,b,), we get

o[(by—x)2+x2 | n b=/ V
|G, (8x,x)| < % \/ )+ \/ (8x)
n k=1 x/\/_
n x+(b,,7x)/\/l;
1 (gx)
k=2 x—x/Vk
2(Xb2 n x+(b,,—x)/\/% n X+(bn—x)/\/]:

2 \/ (8x) + n—1 Z \/ (8x)
k=1 vy V& k=2 x/VE

3ab2 n Xt bn—x /\/—

Z Voo (g0

k=1 x/f

This completes the proof of (19).
(i1) Using the same method and (17), (18), we can also get (20) easily. [

3. Proof of Theorem 1 and Theorem 2

Let f satisfy the conditions of Theorem 1 and Theorem 2. We can decompose
S () into four parts as

F(0) = o fat) (1= o) )+ gale) + LSO G

34 34 5a sign
1
#8010~ 5100~ (135 ) 1)
where
- 20 —1,t>x
sign(t —x) = 0, r=x
-1, t<x
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gx(7) is defined in (1). Therefore,

Gualfn) = o) = (1- 3 ) 60

< Cralget)] +| LSO 6, (g 2).0)

- gere - (1- 30 ) 16 Guatan). o)

By direct calculation, we get

Crar(8s%) = £(x/b) 0% (x/by)

and
Cra(sign(t—x),2) = Y %=L /b)) + Y (1O (x/by)
k>nx/b, k<nx/b,
=29 Y O (x/bn) — 1+ &(x/ba) O\ (x/b)
k>nx/b,

:za( ) pnk<x/bn>) /)0 4/,

k>nx/by

where €,(x/by) is defined in (2).
Therefore, we have

PR T2, GTo-0).0) | 109 5 )= (155 ) 706) | G810
= et~ pusle/on)) |+~ /) 2L (/).

<k
(27)
By combining the estimates given by (26), (19), (27), (7) and (8), we obtain Theorem

1; and by combining the estimates given by (26), (20), (27), (9) and (10), we obtain
Theorem 2.
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