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REFINEMENTS OF BOUNDS FOR THE
FIRST AND SECOND SEIFFERT MEANS

YUMING CHU, BAOYU LIU AND MIAOKUN WANG

(Communicated by J. Pecaric)

Abstract. In this paper, we find the greatest values o, A and the least values 3, u such that

the double inequalities 0t[5A(a,b)/6 + H(a,b)/6] + (1 — 0)A%/(a,b)H'/®(a,b) < P(a,b) <

B[5A(a,b)/6+ H(a,b)/6] + (1 — B)AY/ (a,b)H'/®(a,b) and A[A(a,b)/3+20(a,b)/3] + (1 —

A)AY3(a,b) 03 (a,b) < T(a,b) < p[A(a,b)/3+20(a,b) /3] + (1 — u)A'3(a,b)0** (a,b) hold
for all a,b > 0 with a # b. Here A(a,b), H(a,b), Q(a,b), P(a,b) and T (a,b) denote the

arithmetic, harmonic, quadratic, first Seiffert and second Seiffert means of two positive numbers

a and b, respectively.

1. Introduction

For a,b > 0 with a # b, the first and second Seiffert means P(a,b) [13] and
T(a,b) [14] are defined by

Pla,b) = a=b (1.1)
4arctan(y/a/b) — 1
and )
a@—
T(a,b) = 1.2
(@0) = S rctanl(@a—b) /(@£ b)) (12)
respectively.

Recently, both means P and 7 have been the subject of intensive research. In
particular, many remarkable inequalities for P and T can be found in the literature [2,
4,5, 7-12, 14-17]. The first Seiffert mean P(a,b) can be rewritten as (see [9], Eq.
(2.4))

_ a—>b
~ 2arcsin[(a—b)/(a+b)]’

Let A(a,b) = (a+b)/2, G(a,b) =+/ab, H(a,b) =2ab/(a+b), Q(a,b) = \/(a>+b?)/2,
I(a,b) = 1/e(b’/a)"/ =) | L(a,b) = (b—a)/(logh—1loga), and L.(a,b) = (a"*' +

P(a,b) (1.3)
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b““l) /(a"+b") be the arithmetic, geometric, harmonic, quadratic, identric, logarithmic
and r-th Lehmer means of two positive real numbers a and b with a # b. Then

min{a,b} < H(a,b) = L_1(a,b) < G(a,b) = L_y5(a,b) < L(a,b) <I(a,b)
< A(a,b) = Ly(a,b) < O(a,b) < max{a,b}.

Seiffert [13—15] established that
L(a,b) < P(a,b) < I(a,b), (1.4)

A(a,b) < T(a,b) < Q(a,b),
3A(a,b)G(a,b)

P(a,b 1.5
(@b) > b +2G(ab)’ (15)
A(a,b)G(a,b)

P _— 1.

(a,b) > Lab) (1.6)
2
P(a,b) > EA(aJ?)
forall a,b > 0 with a # b.
In [6], Jagers proved that the inequality

M, y(a,b) < P(a,b) < My3(a,b) (1.7)

holds for a,b > 0 with a # b, where M,(a,b) = [(a" +")/2]"/" (r #0) and Mo(a,b) =
Vab denotes the r-th power mean of a and b.

According to Carlson [1] and Pfaff [3], Sdndor [11] found that the first Seiffert
mean P(a,b) is the common limit of the sequences given by

'xn+ n
XOZG(avb)» yOZA(a7b)7 Xn41 = 2y7 yn+1:\/xn+lyna(n>o)»

and by using the sequential method, the following more general results were given:
X < P(a,b) <y, (1.8)

X+ 2yn
3

forall n >0 and a,b > 0 with a # b. In particular, for n =1 from (1.8) and n =0
from (1.9) one has

O/ xny2 < P(a,b) < (1.9)

Awb) £G@) _ pry p) < \[A@DHC@D),(, p)

2 2

A(a,b)23G(a,b)* < Pla,b) < 224D £ Cl@b)

(1.10)
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The lower bound in (1.10) are better than that in (1.5) and (1.6), and the upper
bound in (1.10) are better than that in (1.4) and (1.7) (see [11]). In fact, infinitely many
refinements for P(a,b) have been proved by use of (1.8) and (1.9).

Wang and Chu [16] proved that the inequality

P(a,b) > A>%(a,b)H"%(a,b) (1.11)

holds for all a,b > 0 with a #b.

Indeed, inequality (1.11) is exactly the left side of inequality (1.10) because of
A(a,b)H(a,b) = G*(a,b). Therefore, it due to Sdndor [11].

In [5, 7], the authors given the bounds for P and 7T in terms of power mean as
follows

Mlog2/logn(aab) < P(a,b),
Miog2/10g(n/2)(@,b) < T(a,b) < Ms3(a,b)
forall a,b >0 with a#b.
Recently, Chu et al. [2, 17] proved that the inequalities
L—l/6(a7b) < P(a7b> < LO(a7b>7

LO(aab) < T(a’b) < Ll/3(a7b)
and

2 2 5 1
EA(a,b) + (1 - E) H(a,b) < P(a,b) < EA(a,b) + EH(a,b) (1.12)

hold for a,b > 0 with a # b.
In [12], Séndor found that T (a,b) is the common limit of the sequences {u,} and
{vn} given by

Uy +vp

) s Vnt+l = /Un+1Vn, (}’l > 0)7

MOZA(a7b)7 VOZQ(a7b)7 Up+1 =

and established a more general inequality:

U, +2v,
3

forall n >0 and a,b > 0 with a # b. Particular, for n =0 and n =1 from (1.13) we
get

O un2 < T(a,b) < (1.13)

0> ()" (a,b) < T(a,b) < >0(ab) + 3A(a:), (1.14)

2
vmmm(ggﬂiggzg < T(aB)

2

3 2

In fact, infinitely many refinements for 7'(a,b) have been proved by use of (1.13).

< (Lt Nl L [0 Ay, )
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Motivated by inequalities (1.10), (1.12) and (1.14), it is natural to ask what are the
greatest values o, A and the least values B, u such that the double inequalities
o[5A(a,b)/6+ H(a,b) /6] + (1 — 0)A™%(a,b)H"/*(a,b) < P(a,b)
< BI5A(a,b)/6+ H(a,b) /6] + (1~ B)AY(a,b)H/*(a,b)

and

A[A(a,b)/3+20(a,b)/3]+ (1 — A)A3(a,b)0*/* (a,b) < T(a,b)
< w[A(a,b)/3+20(a,b)/3]+ (1 — u)A3(a,b)0*>(a,b)

hold for all a,b > 0 with a # b.
The purpose of this paper is to answer these questions. All numerical computations
are carried out using MATHEMATICA software.

2. Lemmas

In order to establish our main results we need two lemmas, which we present in
this section.

LEMMA 2.1. Let f(x) = —p?x'2 —2p?x!" —3p°x10 — (4p?> 4+-6p)x” — (5p> +12p)x®
+ (6p? —30p)x” + (7p? — 48p)x® + (8p* — 66p)x° + (9p* — 108p +24)x* + (10p? —
108p 4 48)x> — (25p* + 36p — 36)x> + 24(1 — p)x+ 12(1 — p). Then the following
statements are true:

(1)If p=28/25, then f(x) >0 for x € (0,1);

(2)If p=12/(57), then there exists y € (0,1) such that f(x) >0 for x € (0,7)
and f(x) <0 for x € (y,1).

Proof. Part (1) follows easily from
4
f) =5 (1= x)(16x!! 4-48x1% 4+ 96x” + 460x% 4 1140x7 + 2544x°
+4832x° + 8004x* + 9510x° +7250x% + 3825x + 1275) > 0

forall x € (0,1) if p=28/25.
For part (2), if p = 12/(57), then simple computations lead to

72(12 - 257

6p*> —30p = % <0, 2.1)
144(7 — 207

7p? —48p = % <0, 2.2)
144(8 — 257

8p* — 66p = % <0, (2.3)

24(54 — 2707+ 2572)

9p> —108p +24 =
p P+ 2512

<0, (2.4)
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48(6 — 271+ 572)

10p* — 1 48 = 0 25
0p® — 108p + 48 5 <0, 2.5)
36(—20 — 1214 572
25— 36p+ 36— S0 =ihn ~) o, 2.6)
Sm

£(0) = 12(1— p) > 0, 2.7)
1080
£(1) = 144~ 450p = 144 — —= <0, 2.8)

f1(x) = —12p%M = 22p%x10 = 30p%x° — 9(4p? + 6p)x® — 8(5p* + 12p)x”
+7(6p* —30p)x® 4 6(7p* — 48p)x> 4 5(8p* — 66p)x*
+4(9p* — 108p +24)x> +3(10p* — 108p + 48)x
—2(25p% +36p —36)x+24(1 —p),
£'(0) =24(1-p) >0, (2.9)

24(147 — 183)
— <
T

f(1)=336—1830p = 0 (2.10)

and
F"(x) = —132p%x10 — 220p%° — 270p*x® — 72(4p? + 6p)x” —56(5p* 4 12p)x°
+42(6p* —30p)x° +30(7p* — 48p)x* +20(8p* — 66p)x°
+12(9p? — 108p 4 24)x*> + 6(10p* — 108p + 48)x
—2(25p*+36p —36). (2.11)
It follows from (2.1)—(2.6) and (2.11) that
f"(x) <0 (2.12)

for x € (0,1). Hence f’(x) is strictly decreasing on (0,1).

Inequalities (2.9) and (2.10) together with the monotonicity of f(x) lead to the
conclusion that there exists xo € (0, 1), such that f’(x) >0 for x € (0,x0) and f’(x) <0
for x € (xp,1). Thus f(x) is strictly increasing on (0,x¢) and strictly decreasing on
(XQ, 1) .

Therefore, part (2) follows from (2.7) and (2.8) together with the piecewise mono-
tonicity of f(x). O

LEMMA 2.2. Let g(x) = 3(1 — q)x® +6(1 — q)x* — (4¢> + 6 — 9)x* + (4¢* —
18+ 12)x* + (3¢> — 12q + 6)x*> — 2¢°x — q*. Then the following statements are true:
(1)If g=4/5, then g(x) >0 for x € (1,v/2);
(2) If q=[12/m—332]/[2v2+ 1 —3/2] = 0.821---, then there exists & €
(1,4/2) such that g(x) <0 for x € (1,&) and g(x) > 0 for x € (€,7/2).

Proof. Part (1) follows easily from

1
g(x) :g(x— 1)(15x° +45x* + 86x° +90x? +48x + 16) > 0
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forall x € (1,V/2) if g=4/5.
For part (2), if ¢ =[12/7—3v/2]/[2v/2+1—3V/2] = 0.821 -, then simple com-
putations lead to

—4¢* —6g+9=1.377--- >0, (2.13)
44> —18g+12=—0.0823--- < 0, (2.14)
3¢° — 12g+6=—1.8302--- <0, (2.15)
g(1)=36-45¢<0, (2.16)
g(V2)=0.563--->0 (2.17)

and

¢ (x) =18(1 — q)x> +30(1 — g)x* — 4(4¢> + 6q — 9)x> + 3(4q> — 18q + 12)x*
+2(3¢> = 129+ 6)x — 24%. (2.18)

It follows from (2.13)—(2.15) and (2.18) that

g/ (x) >18(1 — q)x* +30(1 — q)x*> — 4(4¢> + 6 — 9)x> + 3(4¢> — 18 + 12)x°
+2(3¢% — 12q+ 6)x* — 2¢°x*
=6(22 —25¢)x*> >0 (2.19)

for x € (1,/2). Hence g(x) is strictly increasing on (1,v/2).
Therefore, part (2) follows from (2.16) and (2.17) together with the monotonicity
of g(x). O
3. Main results

THEOREM 3.1. The double inequality

o [%A(a,b) + éH(aJa)} + (1 —a)AY%(a,b)H"%(a,b) < P(a,b)

<B [%A(mb) + éH(a,b)] +(1—B)AY (a,b)H"/(a,b)

holds for all a,b >0 with a # b if and only if o0 < 8/25 and B > 12/(57).

Proof. Firstly, we prove that the inequalities
8 [5 1 17
P — |ZA _H —AY/(a,b)H"/® 1
(@) > 5% |34(@0) + g (0| + ZAT @R @b, G

St |6 6
hold for all a,b > 0 with a # b.

P(a,b) < 12 FA(aJa) + lH(aJy)} + (1 ~ %) Aa,b)H%(a,p)  (3.2)



REFINEMENTS OF BOUNDS FOR THE FIRST AND SECOND SEIFFERT MEANS 665

Since P(a,b), A(a,b) and H(a,b) are symmetric and homogenous of degree 1.
Without loss generality, we assume that @ > b. Let r= (a—b)/(a+b), ¥ =1 —1r?
and p € {8/25,12/(5m)}. Then r € (0,1),

P(a,b) r H(a,b 1,
A(a,b) arcsin(r)’  A(a,b) ’
P(a,b) —A>/%(a,b)H"/%(a,b) _ r/arcsinr — (1 — r2)1/6
5A(a,b)/6+H(a,b)/6—A5/5(a,b)H/S(a,b)  5/6+(1—r2)/6— (1 —r2)l/6’
(3.3)
(1 ,2\1/6
lim r/arcsinr — (1 —r°) :E’ (3.4)
r—0t 5/64 (1—12)/6— (1 —r2)1/6 25
i 2\1/6
lim r/arcsinr — (1 —r~) :E’ (3.5)
r-1-5/64+(1—r2) /6 —(1—r2)1/6  5g;
5 1 5/6 1/6
P(a,b)—p EA(a,b)—l—gH(aJa) —(1=p)A°°(a,b)H" ®(a,b)
_ ro _l 2\ 13
=A(a,b) {arcsinr p(l 6 ) (L=p)r }
n _ /1/3
:A(a,b)[5p+pr 4,_6(1 P or —arcsinr| . (3.6)
6arcsinr 5p+pr24+6(1—p)r''/3
Let 6
F(r)= r — arcsinr. (3.7)
5p+pr2+6(1—p)r'/?
Then simple computations yield
F(0)=0, (3.8)
6 =«
F(l)=——-——= 3.9
=5-% (39)
_ J1/3\2 0, 01/3
F(r) = (=) 0) (3.10)

27
#5/3 [5p+pr’2+6(1 _p)r/l/S

where the function f(-) is defined as in Lemma 2.1.

We divide the proof into two cases.

Case 1 p=238/25. Then from (3.10) and Lemma 2.1(1) we clearly see that F’(r) >
0 for r € (0,1). Thus F(r) is strictly increasing on (0,1).

Therefore, inequality (3.1) follows from (3.6)—(3.8) together with the monotonic-
ity of F(r).

Case 2 p=12/(5m). Then from (3.10) and Lemma 2.1(2) we know that there
exists A9 € (0,1)(= /1 —¥°) such that F'(r) < 0 for r € (0,49) and F’(r) > 0 for
r € (Adp,1). Hence F(r) is strictly decreasing on (0,4¢) and strictly increasing on

(40, 1).
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Note that equation (3.9) becomes
F(l)=0. (3.11)

Therefore, inequality (3.2) follows from (3.6)—(3.8) and (3.11) together with the
piecewise monotonicity of F(r), and Theorem 3.1 follows from (3.1) and (3.2) in con-
junction with the following statements.

o If o >8/25, then equations (3.3) and (3.4) lead to the conclusion that there exists 0 <
81 < 1 such that P(a,b) < a[5A(a,b)/6+ H(a,b)/6]+ (1 — a)A>/(a,b)H'/*(a,b)
forall a,b >0 with (a—b)/(a+Db) € (0,6).

e If B < 12/(5m), then equations (3.3) and (3.5) lead to the conclusion that there exists
0 < & < 1 such that P(a,b) > B[5A(a,b) /64 H (a,b) /6] + (1 —B)A>%(a,b)H"/%(a,b)
forall a,b >0 with (a—b)/(a+b)e (1—0,1). O

THEOREM 3.2. The double inequality
F|54(0b) + 30| + (1= A (B0 0b) < Tlad)
< | 3A@D)+30@h)] + (1~ A an)0 )

holds for all a,b >0 with a # b if and only if L < 4/5 and u > py = [12/mw —
3v/2]/[2v/241—3v2] =0.82104---.

Proof. Firstly, we prove that the inequalities

@)+ 30D + 34 @n an). G2

T(a,b) > 2 [3

T(a,b) < Ho [%A(a,w + %Q(a,w} +(1— o)A (a,b)0*(a,b) (3.13)

hold for all a,b > 0 with a # b.

Since T(a,b), A(a,b) and Q(a,b) are symmetric and homogenous of degree 1.
Without loss generality, we assume that a > b. Let r = (a—b)/(a+b), r* =V 1+7r?
and g € {4/5,up}. Then r* € (1,V/2),

T(a,b)  r Q(a,b)  j/——
Aab)  acan(r)’ A@p) V1T
T(a,b) — A'3(a,b)0*3(a,b) - r/arctanr — (14 r2)!/3
Ala,b)/3+20(a,b)/3 —A3(a,b)0%3(a,b)  1/3+2vV1+72/3—(1+r2)1/3’
(3.14)
_ 2\1/3
r/arctanr — (1+r°) B i 3.15)

lim =
=0t 1/342V1+72/3—(1+2)13 5
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lim r/arctanr — (14 r2)!/3
r=17 1/342vV1+72/3 = (1+12)1/3

= Ho, (3.16)

T(@b) =g | A@0)+50(0.0)| - (1- 9 (@00 (e

_ q * %2/3
=A(a,b —=(1+2r)-(1-
(a, ){arctanr 3( )= (=ar }
Al(a,b)[2gr* 3(1—q)r?/3 3
= (@ b)2gr +a+3(1—g)r }{ : —arctanr|. (3.17)
3arctanr 2qr* +q+3(1—q)r?/3
Let
G(r) = 3 ~arctanr. (3.18)
2qr* +q+3(1—q)r?P ' '
Then simple computations yield
G(0) =0, (3.19)
3 T
G(1) = -, (3.20)
M 2V2q+q+3(1—q)v2 4
1— «1/3\2 o x1/3
G/(r) — ( r ) g(r ) (3.21)

P2 [qu* +q+3(1 —q)r*2/3]2’

where the function g(-) is defined as in Lemma 2.2.

We divide the proof into two cases.

Case A g=4/5. Then from (3.21) and Lemma 2.2(1) we clearly see that G'(r) >0
for r € (0,1). Thus G(r) is strictly increasing on (0,1).

Therefore, inequality (3.12) follows from (3.17)—(3.19) together with the mono-
tonicity of G(r).

Case B ¢ = ly. Then from (3.21) and Lemma 2.2(2) we know that there exists
Ag € (0,1)(= /€6 —1) such that G'(r) < 0 for r € (0,A;) and G'(r) > 0 for r €
(Ag,1). Hence G(r) is strictly decreasing on (0,A) and strictly increasing on (Ag,1).

Note that equation (3.19) reduces to

G(1)=o0. (3.22)

Therefore, inequality (3.13) follows from (3.17)—(3.19) and (3.22) together with
the piecewise monotonicity of G(r), and Theorem 3.2 follows from (3.12) and (3.13)
in conjunction with the following statements.

e If A >4/5, then equations (3.14) and (3.15) lead to the conclusion that there exists
0 < & < 1 such that T'(a,b) < A [A(a,b) /3 +20(a,b)/3]+ (1—A1)A3(a,b)0%(a,b)
forall a,b >0 with (a—b)/(a+Db) € (0,83).

e If u < U, then equations (3.14) and (3.16) imply that there exists 0 < 64 < 1 such
that T'(a,b) > u[A(a,b)/3 +20(a,b)/3]+ (1 — u)AY3(a,b)Q*(a,b) forall a,b >
0 with (a—b)/(a+b)e (1 —08,1). O
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