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REMARK ON OZEKI INEQUALITY FOR CONVEX POLYGONS

IGOR Ž. MILOVANOVIĆ, EMINA I. MILOVANOVIĆ AND TATJANA Z. MIRKOVIĆ

(Communicated by J. Pečarić)

Abstract. This paper gives proof of a discrete inequality that represents Ozeki’s inequality for
convex polygons and its converse. The proof is based on determining eigenvalues of one nearly
tridiagonal symmetric matrix.

1. Introduction

If x1,x2, . . . ,xn+1 , α1,α2, . . . ,αn are real numbers, and x1 = xn+1 and α1 +α2 +
· · ·+ αn = π , then the following inequality holds

cos
π
4

n

∑
k=1

x2
k �

n

∑
k=1

xkxk+1 cosαk. (1)

This inequality was proved by N. Ozeki in [10]. It represents generalization of Wol-
stenholm [12], Lenhard [5], and Erdös-Mordell [4, 9] inequalities for convex polygons.
This is probably the reason why it is met in the literature under different names: Wol-
stenholm inequality, Wolstenholm-Lenhard inequality or Erdös-Mordell inequality.

Inequality (1), as well as its generalization, has applications in solving various
problems in geometry (see for example [8]). Therefore it was proved over and over
again and has a lot of generalizations (see [3, 11, 13]). In this paper we are going to
prove a discrete inequality which contains inequality (1) as its part. The proof, which
is short, is based on computing eigenvalues of one symmetric nearly-tridiagonal ma-
trix. The proof itself may be interesting in solving problems in other mathematical
disciplines, such as differential and difference equations [1], matrix theory [2, 6], and
inequalities [7].

2. The main result

LEMMA 1. Suppose x1,x2, . . . ,xn+1 , x1 = xn+1 are real numbers. Then the fol-
lowing inequality is valid

cos
(2� n

2�−1)π
n

n

∑
k=1

x2
k �

n−1

∑
k=1

xkxk+1− x1xn � cos
π
n

n

∑
k=1

x2
k . (2)

Equality on the right (left) side of inequality (2) holds if and only if

xk = C · sin kπ
n

,

(
xk = C · sin k(2� n

2�−1)π
n

)
, C > 0.
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Proof. For the given real numbers x1,x2, . . . ,xn+1 , x1 = xn+1 we form the expres-
sion

F(�x) =
n

∑
k=1

x2
k +

n−1

∑
k=1

xkxk+1− x1xn = (H�x,�x), (3)

where �x =
[
x1 x2 . . . xn

]T
, while Hn is a symmetric nearly-tridiagonal matrix of the

form

Hn =

⎡
⎢⎢⎢⎢⎢⎣

1 1
2 0 . . . 0 − 1

2
1
2 1 1

2 0 0
0 1

2 1 0 0
...

− 1
2 0 0 . . . 1

2 1

⎤
⎥⎥⎥⎥⎥⎦

.

Let Pn(λ ) = det(λ I −Hn) be a characteristic polynom of matrix Hn , and Qn(λ ) =
2n ·Pn(λ ) , where each row of determinant Pn(λ ) is multiplied by 2. Further, let Dn
be a tridiagonal determinant contained in Qn(λ ) . It satisfies the following three term
recurrent relation

Dn = (2λ −2)Dn−1 +Dn−2, D0 = 1, D1 = 2λ −2,

wherefrom we have that Dk = sin(k+1)θ
sinθ ,θ �= kπ , where 2λ −2 = cosθ . By developing

determinant Qn(λ ) = 2n ·Pn(λ ) over the elements of the first row and first column, we
obtain

Qn(λ ) = (2λ −2)Dn−1−2Dn−2 +2 = 2cosθ +2.

From the equality Qn(λ ) = 0, which is equivalent to Pn(λ ) = 0, eigenvalues of matrix
Hn are

λk = 1+ cos
(2k−1)π

n
, k = 0,1, . . . ,n−1.

Since λk � 0, for each k , minλk = 1+cos
(2� n

2 �−1)π
n and maxλk = 1+cos π

n , according
to (3) we have(

1+ cos
(2� n

2�−1)π
n

) n

∑
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x2
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π
n

) n

∑
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x2
k .

From the above inequalities directly follows inequality (2). �

THEOREM 1. If x1,x2, . . . ,xn+1 , α1,α2, . . . ,αn are real numbers, and x1 = xn+1
and α1 + α2 + · · ·+ αn = π , then the following inequality holds
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∑
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∑
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x2
k . (4)

Proof. If we substitute xk := xk sinβk and xk := xk cosβk , k = 1,2, . . . ,n , β1 =
βn+1 in (2), and then sum up the obtained inequalities, we obtain
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n

n

∑
k=1

x2
k �

n

∑
k=1

xkxk+1 cos(βk −βk+1) � cos
π
2

n

∑
k=1

x2
k .

Now, with the substitutions βk − βk+1 = αk , for k = 1,2, . . . ,n− 1, and βn − β1 =
αn − π , in the above inequality, we obtain the required result, i.e. the assertion of
Theorem 1. �
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3. Conclusion

In this paper we have proved a discrete inequality for real sequences, which repre-
sents the extension of Ozeki’s inequality for convex polygons.
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