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REFINEMENTS OF GENERALIZED HOLDER’S INEQUALITY

JING-FENG TIAN AND XI-MEI HU

(Communicated by M. Krni¢)

Abstract. In this paper, we present some refinements of a generalized Holder’s inequality, which
is due to Vasi¢ and Pecaric.

1. Introduction

Zakbk<<za§)”<2bz>q. (1)

The sign of inequality is reversed for p < 1, p #0. (For p < 0, we assume that az,
by > 0.) Inequality (1) and its reversed version are called Holder’s inequalities and are
important in analysis and their applications. The important inequalities have received
considerable attention by many researchers, and have motivated a large number of re-
search papers giving their different proofs providing various generalizations, improve-
ments and analogues. For example, Aldaz [2] presents an improvement of Holder’s
inequality for an arbitrary number of functions by using a refinement of the AM-GM
inequality. Klaric¢i¢ Bakula, Matkovi¢ and Pecari¢ give several variants of Holder’s
inequality in [6]. For more detail expositions, the interested reader may consult [1],
[3-5], [7-9] and the references therein. Among various generalizations of (1), Vasié
and Pecari¢ in [10] presented the following interesting theorems.

THEOREM A. Let A;; >0 (i=1,2,---,n, j=1,2,---,m). If B; are positive
numbers such that 2;-”:1 ﬁi > 1, then
J
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THEOREM B. Let A;; >0 (i=1,2,---,n, j=1,2,---,m).
(a)If Bi >0, B; <0 (j=2,3,---,m), and if z*};lﬁlj <1, then
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(b)IfB; <0 (j=12,-
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1Ay > H(2A5f>ﬁj- 4)
1j=1 j=1 \i=1

The main objective of this paper is to build some new refinements of inequalities
(2), (3) and (4).

2. Refinements of generalized Holder’s inequality

We first introduce the following lemmas, which will be used in the sequel.

LEMMA 2.1. [10] Let (a) = (ai,az,-,an), ai >0, and let t.(a) = (Zf la)
(r#0). Thenfor 0<r<s, r<s<0ands<0<r

ts(a) <1:(a). Q)
LEMMA 2.2. [3] If x> —1, a>1 or o <O, then
(1+x)* > 1+ ox. (6)

The sign of inequality is reversed for 0 < o < 1.

LEMMA 2.3. [4] If x; >0, 4;>0,i=1,2,---,n, 0< p< 1, then

n n 1*17 n )4
Elixf < (2%’) (2%‘)@') . (N
i=1 =1

i=1
The sign of inequality is reversed for p > 1 or p < 0.

Next, we present the refinement of the inequality (2).

THEOREM 2.4. Let A;; 20, (i=1,2,---,n, j=1,2,---;m), let By =P >--- >
m

m L if m even

Bn >0, ijl B > 1, and let a(m) = { L ifm odd Then
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Proof. Preforming some simple computations, we have

3 (1) 3 (M) ()

s=1

-2 5 (1) (1) - £ 2 (1) (112-)

llSll

m 2
=< HAij) . )
i=1j=1

Case (1). Let m is even. By using Lemma 2.3, we have

i (ﬁA,,) i (HASt> (1 - % + é)ETI g

s=1

B ()]

Moreover, according to 3/ /3 > 1, we deduce from inequality (2)
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1IN\ Bo By
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Hence, according to (E ﬁz) + 5 + -+ (ﬁ3 ﬁ4) +4 + St (5
l%m + ﬁ > 1, by using the 1nequa11ty (2) on the right side of (1 1), we have
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(g (3 )- (240 (32)) )

A3 (5)°
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Combining inequalities (10) and (12) we can get

1< [f1(54)]

i=1j=1 Jj=1
m n ﬁ j— n ﬁ _1
i1 AﬁZ/ AﬁZ/ ’
= =17%(2j-1) =17%(2))
Since 5 P
n 2j n 2j
0< SRt ’I’A”<1 (14)
AﬁZ/ AﬁZ/ =0
=17%(2j-1) =17%(2))
we have 8 5
n 2j n 2j
Fiidity XA 1 {15
AﬁZ/ Aﬁzj '
=17%(2j-1) =17%(2))

Consequently, from (13) and (15), we obtain the desired inequality (9) for m is even.
Case (II). Let m is odd, and let Y e ﬁ > 1. By the same method as in the above

case (I), we have

Sl - [fi(£4)]

i=1j= j=1
m—1 n 1 /32/ n 1 /32/ 1
< TT - (22 Vi T i)\ (16)
i1 n AﬁZ] n AﬁZj ’
= i(2j-1) i=17%(2j)

The proof of Theorem 2.4 is completed. [J

If we set 0 < 2ﬁ < 1, then from Theorem 2.4 and Lemma 2.2 we obtain the
following refinement of the generalized Holder’s inequality (2).
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COROLLARY 2.5. Let Ajj > 1,2,---n, j=1,2,---,m), let B > P >

=By >0, 2.’/1'1:1 ﬁl 1, and let a(m { ,,Z U}Tne‘;;l Then
2
S 11 <[1(54)]
i=1j=1 j=1

m n ﬁZ n ﬁZ
o [ ( 1 TG zleU))] , (17)
=1 2[}2] n ﬁz,

B
=iy ZimAig)
Finally, we will give the refinements of inequalities (3) and (4)

THEOREM 2.6. Let A;; >0(i=1,2,---

n;j: 1727
(a)lfﬂl >0¥ ﬂ/ <O(J:2737

m).
-,m), and if 0 < 3 ﬁi < 1, then
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n 131 n Bj
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{jz[ 2B; ?ZlAﬁl " AI.3-.’

(b)If B1 >0, B <0(j=2,3,

..,m),andifzj 1/3 <0, then

S0 [fi(3)]

BY n 1B
m 1 :‘l X lA 1 " 1 1 ” ) :|}
X [1——( L — . (19)
{j=2 2B; ﬁl ?=1Agj
-m),
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n ﬁl n ﬁl
i 1 1 Al = 11A
x H[l__( ST 7 20)
{j2 2B; ?:1‘41['311 ?:1All'3j/
1 _1_vym
where [3_1*_1 [ 213

Proof. (a). On the one hand, by the inequality (7), we have
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Consequently, according to (ﬁ -3, [le) + L2+ % IS ﬁL + L2+ L3 4t

m

ﬁLm < 1, by using the inequality (3) on the right side of (22), we observe that
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Combining inequalities (21) and (23) we get
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Furthermore, noting that

LB sn 1AB;
i1 FA Zim1 74

0< Zi=li 1 (25)
n ﬁ ’ n ﬁ ’
Al I A
we have 5
LsB L APj
?:1 ?Aul - ?:1 ?Aijj <1 (26)
AL i=1AijJ
Consequently, from Lemma 2.2 and the inequalities (24) and (26), we have the desired
inequality (18).
(b). Since
1 m
Zt e =1
Bi j=2 Bi

where B > 0,8, <0(j =2,3,---,m), from Case (a), we have

Slm sn N\ F
S (5a0)" 11 (240)"

j=2 \i=1

By n 1ABi2
m 1 " l.Al.1 LA
x ”[1__2[3-(111”}_1 ’g_’)]. 27)
=2 PN LAY YA

By using Lemma 2.1 with f8; > B > 0, we get that inequality (19) is valid.
(c). The proof of Case (c) is similar to the one of Case (b). So the details are
omitted. [J
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