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Abstract. In this paper, we discuss and prove n-exponential convexity of the linear functionals
obtained by taking the positive difference of Hardy-type and Boas-type inequalities. Also, we
give some examples related to our main results.

1. Introduction

Let us recall the classical Hardy inequality:

oo X p oo

1 P
/ ;/f(t)dt dx < (%) /fl’(x)dx, p>1 (1.1)
0 0 0

where f is a non-negative function, such that f € LP(R;).
We also note that (1.1) shows that the Hardy operator H, defined by setting

HN=+ [ f0ar,
0

maps L? into itself with operator norm p/(p — 1).
R. P. Boas [2], proved that the inequality

Jo| 5 [reoam) | = < [ere) = (1.2)
0 0 0

X

holds for all continuous convex functions @: [0,o0) — R, measurable non—negative
functions f: R; — R, and non—decreasing bounded functions m: [0,%) — R, where
M = m(ee) —m(0) > 0 and the inner integral on the left-hand side of (1.2) is the
Lebesgue—Stieltjes integral with respect to m. After its author, relation (1.2) was named
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the Boas inequality. In the case of a concave function @, it holds with reversed sign of
inequality.

Throughout this paper, all measures are assumed to be positive, all functions are
assumed to be positive and measurable and expressions of the form 0- oo, = and % are
taken to be equal to zero. Further, we set Ny = {1, 2, ..., k} for k € N. Moreover, by
a weight u = u(x) we mean a non-negative measurable function on the actual interval
or more general set.

In the sequel let (1,Z;, 1), (22,25, Uz) be measure spaces and let operator Ay
be defined as follows:

M) 1= i M) F0)das), 1)
2

where f:€Q; — R is a measurable function, k : Q) x Q; — R is measurable and non-
negative kernel and

K@) 1= [kxy)dia(y) <o, xe Q. (1.4)
Q

Let U(k) denote the class of measurable functions g : Q; — R with the represen-
tation

80 = [ kxy)f()dpa (),
Q)

where f:Q; — R is a measurable function.
In [9] this result is given:

THEOREM 1.1. Let (Q,%1,11) and (Qp,%, ) be measure spaces with posi-
tive O -finite measures, u be a weight function on Q|, k be a non-negative measurable
Sunction on Q x Qy, and K be defined on Q) by (1.4). Suppose that K(x) > 0 for
all x € Qq, that the function x — u(x) % is integrable on Q| for each fixed y € (),
and that v is defined on ) by

)= [u) e di ) < (15)

1

If © is a convex function on the interval I C R, then the inequality
[uto@ur () dun () < [v3)PU) dps () (16)
Q Q)

holds for all measurable functions f:Qy — R, such that f(y) €1 forall y € Q,, where
Ay is defined by (1.3).

Under assumptions of Theorem 1.1, we define a linear functional by taking the
positive difference of the inequality stated in (1.6) as:

8(@) = [v0)U0) dpaly) — [uOAS W) dpao. (A1)

Q) Q
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If we substitute k(x,y) by k(x,y)f2(y) and f by fi/f>, where fi: Qp — R, (i=1,2)
are measurable functions in Theorem 1.1 we obtain the following result (for details see

[7D.

THEOREM 1.2. Let (Q,%1,11) and (,%,Up) be measure spaces with o -

finite measures, u be a weight function on Q| and k be a non-negative measurable
Sunction on Qy x Q,. Suppose that the function x — u(x) % is integrable on Q| for

each fixed y € Qp, and that v is defined on Q, by

u(x)k(x,y)

2 (x) duy (x) < oo,

V)= £0) [
Q
If © is a convex function on the interval I C R, then the inequality

Q/l“(x)q’ (28 ) dp (x) SQ/v(y)@D (2—8?) dpa(y) (1.8)

2

holds for all measurable functions f; : Qy — R, such that f;T(i; €l, and g; € U(k),
(i=1,2).

REMARK 1.1. If we take Q) =y = (a,b), du;(x) = dx and du,(y) = dy the
inequality (1.8) becomes the inequality given in [6, Theorem 2.1].

Under assumptions of the Theorem 1.2, we define a linear functional by taking the
positive difference of the left-hand side and right-hand side of the inequality given in

(1.8) as:
Ao(®) = Q/ o) (j;—g;) diia(y) Q/ u(x)® (28) dn().  (19)

2

The discrete results about Hardy-type inequalities are given in [3]. Here, we con-
sider a special case of [3, Theorem 2.1], that is for convex functions this result holds.

THEOREM 1.3. Let M,N € N, and let non-negative real numbers uy,, Vi, Kun,
where m € Ny, n € Ny, be such that

N
KmZEkmn>07 mENM, (110)
n=1
and
Mok
V= umﬂ, ne Ny. 1.11
n;1 X, N (L.1D)

If ® is a convex function on the interval I C R, then the inequality

N M
N va®@(ay) — Y un®(Ap) =0 (1.12)
n=1 m=1
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holds for all real numbers a, € 1, for n € Ny, where

1 N
Ay = K_m ng,lkmnaw

We define linear functional from (1.12) as

N M
@) = Y v ®(an) — Y, un®(An) (1.13)
n=1 m=1

Now, we give result related to general Boas-type inequality.
Let A be finite Borel measure on R.. By suppA we mean its support, that is, the
set of all # € R such that A(N;) holds for all open neighborhoods N; of 7. Hence,

/ At / A (1) = A(Ry) < oo. (1.14)
suppa

Furthermore, let X be a topological space equipped with a continuous scaler mul-
tiplication (a,x) — ax € X, for « € Ry and x € X, such that

Ix=x, a(bx)=(ab)x, x€X, abeR,.

Let a Borel set Q C X be A-balanced, that is, let 1Q = {rx : x € Q} C Q hold
for all ¢+ € suppA. For a Borel measurable function f: Q — R, we define its Hardy-
Littlewood average, Af, as

Z/ (rx)dAt, x€Q. (1.15)
0

Finally, suppose that ¢ and v are o -finite Borel measure on X. Forall # > 0 and Borel
set § C X, we define

w(S)=u (—S). (1.16)

Obviously, u; is a o -finite Borel measure on X for all # € R,.. Throughout this
paper, we assume that y, are absolutely continuous with respect to measure Vv, that

is 4 < v, for each t € suppA. As usual, by v’ we denote related Radon-Nikodym
derivative.

The following theorem is given in [4].
THEOREM 1.4. Let A be finite Borel measure on R and L be defined by (1.14).
Let W and v be © -finite Borel measures on a topological space X, U, be defined by

(1.16) and such that 1, < v for all t € suppA. Further; let Q CX be a A-balanced
Borel set and u be a non-negative function on X, such that

7 (1 )d“’ (X)dA(1) <, x€Q. (1.17)
0



n-EXPONENTIAL CONVEXITY OF HARDY-TYPE AND BOAS-TYPE FUNCTIONALS 743

Suppose @ : I — R is a non-negative convex function on an interval [ CR. If f: Q — R
is a Borel measurable function such that f(x) € I for all x € Q, and Af is defined by
(1.15), then Af(x) €I for all x € Q and the inequality

[uear)due < 7 [vx@(m)ave) (1.18)
Q

Q

holds. For a non-positive concave function @, the sign of inequality in (1.18) is re-
versed.

Notice that the condition on non-negativity of the convex function @ in Theorem
1.4 can be omitted only in a particular setting with cones in X. More precisely, the
following corollary holds.

COROLLARY 1.1. If in Theorem 1.4 we have tQ = Q for A —a.e. t € suppA,
then (1.18) holds for all convex functions ® on an interval I C R. In that case, for all
concave functions @ relation (1.18) holds with the sign of inequality reversed.

Now, under the assumptions of the Corollary 1.1, we define the linear functional
from inequality (1.18) as:

M(®) = 7 V@GRV - [u@AfR)uE).  (119)
Q

Q

For reader’s convenience, we introduce some necessary notation and recall some
basic facts about convex functions, log-convex functions (see e.g. [8], [12], [14]) as
well as exponentially convex functions (see e.g. [1], [10], [11]).

In 1929, S. N. Bernstein introduced the notion of exponentially convex function in
[1]. Later on D. V. Widder in [15] introduced these functions as a sub-class of convex
function in a given interval (a,b) (for details see [15], [16]).

The main purpose of this article is to discuss the n-exponential convexity of four
Hardy-type and Boas-type linear functionals obtained by taking the positive difference
of Hardy-type inequalities and Boas-type inequality defined by (1.7), (1.9), (1.13) and
(1.19) respectively.

We continue this section by recalling some notions of our special interest about
n-exponential convexity given in [13].

DEFINITION 1.1. A function v : J — R is n-exponentially convex in the Jensen

sense on J if .
i+Pj
)IR917 (pz—p’) >0
ij=1
holds for all choicesof & €R, p;eJ,i=1,...,n.
A function y :J — R is n-exponentially convex on J if it is n-exponentially
convex in the Jensen sense and continuous on J.

REMARK 1.2. It is clear from the definition that 1-exponentially convex func-
tions in the Jensen sense are in fact non-negative functions. Also, n-exponentially
convex functions in the Jensen sense are k-exponentially convex in the Jensen sense
forevery k e N, k < n.
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By definition of positive semi-definite matrices and some basic linear algebra we
have the following proposition.

PROPOSITION 1.1. Let J be an open interval in R. If v is n-exponentially con-

k
vex in the Jensen sense on J then the matrix [q/ (%)} is positive semi-definite
i,j=1

matrix for all k € N, k < n. Particularly

det[w(#ﬂ >0, forallkeN, k<n.
ij=1

DEFINITION 1.2. Let J be an open interval in R. A function y :J — R is expo-
nentially convex in the Jensen sense on J if it is n-exponentially convex in the Jensen
sense on J for n € N.

A function y : J — R is exponentially convex if it is exponentially convex in the
Jensen sense and continuous.

REMARK 1.3. Itis known that a function 1 : / — R is a log-convex in the Jensen
sense if and only if

1 (p) +2mmn (”T“’) +r'n(g) >0, (1.20)

for all m,n € R and p,q € J. It follows that a function is log-convex in the Jensen
sense if and only if it is 2-exponentially convex in the Jensen sense.

Also, using basic convexity theory it follows that a function is log-convex if and
only if it is 2-exponentially convex.

We will also need the following result (see for example [14]).

PROPOSITION 1.2. If ¥ is a convex function on an interval 1 and if x; < yq,
Xy <y, X1 # X2, Y1 # V2, then the following inequality is valid

W(x2) —W(x1) < W(y2) —¥()
X2 — X1 - Y2 =1 '

(1.21)

If the function Y is concave, the reverse inequality holds.

The paper is organized in the following way: After Introduction, in Section 2, we
discuss n-exponential convexity and log-convexity of the linear functionals defined by
(1.7), (1.9), (1.13) and (1.19). In Section 3, we give some related examples for the
family of convex functions.
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2. The main results

First we give some necessary details about the divided differences. It is important
to see that for different degree of smoothness of a function divided differences are found
to be very interesting.

Let / C R be an interval and f : I — R be a function. Then for distinct points
zi€l, i=0,1,2, the divided differences of first and second order are defined by:

[Zi7zi+l;f} = w (l: Ov l)a (21)
i+1 7 <1
[20,21,22: f] = [Q;@;fj:io,m;f]' (2.2)

The values of the divided differences are independent of the order of the points
20,21,22 and may be extended to include the cases when some or all points are equal,

that is
[z0, 205 f] ZZIIiLIQO[Zle;f} = f'(z0), (2.3)

provided that f” exists.
Now passing through the limit z; — zo and replacing z, by z in (2.2), we have
(see [14, p. 16])

f(2) = f(z0) = (z—20)f" (20)

20,20,z f] = lim [z0,21,2 f] = 5 , 2#2, (24
A= (z—20)
provided that f exists. Also passing to the limit z; — z (i =0,1,2) in (2.2), we have
1/
z,z,2:f] = gig[ZO,Z17zz;f] = f—z(z) , (2.5)

provided that f” exists.

One can observe that if for all z9,z; €1, [z0,21,f] = 0, then f is increasing on I
and if for all z,z1,20 €1, [z0,21,22; f] = 0, then f is convex on /.

Now we will produce n-exponentially convex and exponentially convex functions
by applying functionals A;, i = 1,2,3,4 on a given family with the same property. In
the sequel J and [ will be intervals in R. The proofs of our results are similar to the
proofs in [ 13] but for completeness of results and for the reader’s convenience we will
also give them.

THEOREM 2.1. Let ' ={®, : p € J} be a family of functions defined on I, such
that the function p — [z0,21,22;®@,] is n-exponentially convex in the Jensen sense on
J for every three distinct points z9,z1,22 € I. Let A; (i =1,2,3,4) be linear func-
tionals defined by (1.7), (1.9), (1.13) and (1.19). Then the function p — Aj(®p)
(i =1,2,3,4) is n-exponentially convex in the Jensen sense on J. If the function
p— Ai(D,) is continuous on J, then it is n-exponentially convex on J.

Proof. Fora; eR,i=1,...,nand p; €J, i=1,...,n, we define the function

n
2 aja d)p,+p,
i,j=1
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Using the assumption that the function p — [z9,z1,22;P,] is n-exponentially convex
in the Jensen sense, we have

[Z07217Z2 Y Z a;a; ZO7Z17Z2,‘DP,+P1} 2 07
i,j=1 2

which shows that Y is convex on [ and therefore we have A;(Y) > 0 for (i = 1,2,3,4).
Hence

Z aiajA; c1>p,+pj)>0.
i,j=1

We conclude that the function p — A;(®),) for (i=1,2,3,4) is n-exponentially convex
in Jensen sense on J.

If the function p — A;(®,) for (i =1,2,3,4) is also continuous on J, then p —
Ai(®,) is n-exponentially convex by definition. [

As a direct consequence of the above theorem, we can give the following corollary.

COROLLARY 2.1. Let T' = {®, : I — R,p € J} be a family of functions, such
that the function p — [20,z1,22;P)p)] is exponentially convex in the Jensen sense on J
Sor every three distinct points z,z1,22 € 1. Let A; (i =1,2,3,4) be linear functionals
defined by (1.7), (1.9), (1.13) and (1.19). Then p — Aj(®,) is exponentially convex
in the Jensen sense on J. If the function p — Ay(®,) is continuous on J, then it is
exponentially convex on J.

Using analogous arguing as in the proof of [13, Corollary 3.2], we have the fol-
lowing corollary.

COROLLARY 2.2. Let T'={®,:I =R, p € J} be afamily, such that the function
P — [20,21,20;®@)p)| is 2-exponentially convex in the Jensen sense on J for every three
distinct points 2o, z1,22 € I. Let A; (i =1,2,3,4) be a linear functionals defined by
(1.7), (1.9), (1.13) and (1.19). Then the following statements hold:

(i) If the function p — Aj(®,) is continuous on J, then it is 2-exponentially convex
function on J, thus log-convex on J and for p,q,r € I such that p < q <r, we
have

Ai(Dy)" 7 S Al(Dp) T IN(D)TTP, i=1,2,3,4. (2.6)

(ii) If the function p — Ai(®)) is strictly positive and differentiable on J, then for
every p,q,m,n € J such that p < m, q < n, we have

'%P#I(f?Ai;r) <%1n7n(f7Ai;r)7 i= 1727374 (27)

where

By o(f,AiT) = (2.8)

for ®,,®, €T.
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Proof. (i) This can be obtained as a direct consequence of Theorem 2.1 and Re-
mark 1.3.

(if) Since by (i) the function p — A;(®,) for (i =1,2,3,4) is log-convex on
J, that is the function p — logA;(®,) for (i =1,2,3,4) is convex on J. Applying
Proposition 1.2, we obtain

logAi(®)) —logAi(D,) . logA;(®,,) — logA;(D,)
P—q h m—n

(2.9)

for p <m, g <n, p#q, m#n, and we conclude that
Bpg( [ 05T < Biu(f, A7), (i=1,2,3,4).

Cases p =g, m = n follows from (2.9) as limiting case. [J

REMARK 2.1. Note that the results of Theorem 2.1, Corollary 2.1 and Corollary
2.2 still hold when two of the points zg, z1, z2 € I coincide for a family of differentiable
functions @, such that p — [z0,21,22;®P)] is n-exponentially convex in the Jensen
sense (exponentially convex in the Jensen sense), further, they still hold when all three
point coincide for a family of twice differentiable functions with the same property.
The proofs are obtained using (2.3), (2.4) and (2.5) respectively and some facts about
the exponential convexity.

3. Examples

EXAMPLE 3.1. Consider a family of functions

rl - {gp: (0’00) - (07°°) ‘pE (07°°)}a

defined by
e VP
gp(t) = :
g p
2
Since p +— %w = ¢~ "VP is the Laplace transform of a non-negative function, it is

exponentially convex (see [15]). Clearly g, are convex functions for every p > 0. It
is obvious that A;(g,) for (i =1,2,3,4) are continuous. It is easy to prove that the
function p — [z0,21,22;&p] is also exponentially convex for arbitrary points zg,z1,22 €
I. For this family of functions, %, 4(f,Ai;I'1) becomes

1
Ai(gp) \ P—a .
(3)7" p# 4
Ai(id-gp) 1 _
xp (‘M—Ai(ﬁp) - ;) » P=4

and from (2.7) it follows that the function %, 4(f,A;;I'1) is monotonous in parameters
p and q.

Bpq(f,4i(gp):T1) = 3.1)
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EXAMPLE 3.2. Let I’y = {h,,: (0,00) — (0,0) : p € (0,0)}, be a family of func-
tions defined by

(ll;;,)27 JAiS R+\{l}7
bR p:1

Since p — i—zzhp(t) = p~' is the Laplace transform of a non-negative function (see
[15]), it is exponentially convex. Obviously A, are convex functions for every p > 0.
It is easy to prove that the function p +— [z0,21,22;k)] is also exponentially convex
for arbitrary points zo,z;,z2 € I. Using Corollary 2.1, it follows that p — A;(h,) for
(i=1,2,3,4) are exponentially convex (it is easy to verify that these are continuous)
and thus log-convex. From (2.8), we can write

1
A,-(h,) e
<Ai(h;)>p q’ P?’é%
Bp.q(f,0i(hp):T2) = exp<_igz$>_p&p>, p=q+1, (3.2)
Ai(id-h
°xP <_ 3£i(h11))> ’ p=a=1

and from (2.7) it follows monotonicity of the functions &), ;(f,Ai(h,);T2) in param-
eters p and q for hy,,h, € .

EXAMPLE 3.3. Consider a family of functions
I3={y,:R—[0,0): peR},

defined with
e'?, p eR\ {0},

1.2
§t7 P:07

vp(t) =

We have %(l{/p(l‘)) = €' > 0, which shows that y, is convex on R for every p € R

and p — 2—22(111170)) is exponentially convex function by definition. Using the analo-

gous arguments as in Theorem 2.1, we also have that p — [z9,21,22; ¥,] is exponen-
tially convex (also exponentially convex in J-sense). For the family of the function
By q(f,AisT3) for (i=1,2,3,4), (2.8) becomes

1
Ai(yp) \ P
(Ai(WZ)> ’ P#4,
%P7Q(f7Ai(Wp)§r3): exp(%ﬁlf)’)_%>’ p=q#0, 3.3)

exp (4rsl),

and using (2.7) we can see that these are monotonous functions in parameter p and ¢
for vy, y, €13.

p=q=0,
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EXAMPLE 3.4. Consider a family of functions

Ty4={¢p:(0,) = R:peR},

defined by
1P
p(pfl) p 7& 1707
op(t)=4q —Int p=0,
tint p=1.

Since p — % (9p(2))=1tP"2 = eP=2)In" - () s the Laplace transform of a non-negative
function (see [15]), it is exponentially convex. Obviously ¢, are convex functions for
every t > 0. Itis easy to prove that the function p — [z0,21,22; @] is also exponentially
convex for arbitrary points zp,z1,2z2 € I. Using Corollary 2.1 it follows that p — A;(¢,)
for (i =1,2,3,4) are exponentially convex (it is easy to verify that these are continu-
ous), and thus log-convex. From (2.8), we see that

1
Ai(¢)) P—q
(3069)"" p#a,
1-2p _ Ai(9pdo) _
exp 1) A ’ p_q#oalv
ﬂp,q(faAi((bp);FO = (p(p A)-(q)z) ) ) 3.4)
exp(l—zA’l_((;O) , p=q=0,
Ai(¢o9 _
exp <_1_ 2&.(%1))) ) p=q=1,

for ¢p, 0, € T4.

REMARK 3.1. For the case i = 1, the means given in (3.4) were already pre-
sented in [5] in explicit form.
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