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Abstract. In this paper, we obtain some good λ -inequalities and rearrangement inequalities for
vector-valued martingales, which are closely related to the geometric properties of the under-
lying Banach space. In particular, our results extend some important inequalities in classical
martingale Hp theory, and we establish a relationship between the good λ -inequality and the
rearrangement inequality for some vector-valued martingale function pairs.

1. Introduction and preliminaries

As is well-known, the good λ -inequality and the rearrangement inequality are
two classes of important inequalities in martingale Hp theory. They have played a
similiar role in the study of the Φ-inequalities of martingales (see [3, 6]). Let (A,B)
be a pair of non-negative and nondecreasing processes, where A is adapted and B
is predictable with B0 = 0. A sufficient condition for the function pair (A∞,B∞) to
satisfy the good λ -inequality was given in [5], and a sufficient condition for (A∞,B∞)
to satisfy the rearrangement inequality was given in [6]. One can find that the two
sufficient conditions seem quite similar in forms. However, it is not clear that there is
a relationship between the good λ -inequality and the rearrangement inequality. This
paper will devote to establish some good λ -inequalities and rearrangement inequalities
for vector-valued martingales and to find the relationship between them.

Let f = ( fn)n�0 be a scalar-valued martingale having a predictable control D =
(Dn)n�0 , good λ -inequalities for the function pairs (M( f ),S( f )+D∞) and (S( f ),M( f )
+D∞) were established by Burkholder [3], and their rearrangement inequalities were
obtained by Long [6]. These inequalities play an important role in classical martingale
Hp theory. The famous Burkholder-Gundy-Davis inequality with respect to LΦ -norm
was proved by use of them [5]. In this paper, we extend these inequalities to vector-
valued martingales, and the geometric properties of the underlying Banach space are
characterized. In particular, our results show that if the underlying Banach space has
some geometric property, then the good λ -inequality and the rearrangement inequality
are equivalent.
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This paper is divided into three sections. Some notations and definitions used in
this paper are given in the remainder of this section. Several good λ -inequalities and
rearrangement inequalities for vector-valued martingales are respectively established in
Section 2 and 3.

Let (Ω,F ,P) be a complete probability space, and {Fn}n�0 a non-decreasing
sequence of sub-σ -algebras of F such that F = σ(

⋃
n Fn) . The expectation op-

erator is denoted by E . Let (X ,‖ · ‖) be a Banach space, and f = ( fn)n�0 an X -
valued martingale relative to (Ω,F ,P;(Fn)n�0 ), we denote its martingale difference
by d fi = fi − fi−1 ( i � 0, with convention d f0 = 0, ), denote its maximal function and
q -variation(0 < q < ∞) by

Mn( f ) = sup
0�i�n

‖ fi ‖, M( f ) = sup
n�0

‖ fn ‖;

S(q)
n ( f ) = (

n

∑
i=0

‖ d fi ‖q)
1
q , S(q)( f ) = (

∞

∑
i=0

‖ d fi ‖q)
1
q .

For more knowledge about the theory of martingale and of Banach space geometry, we
refer to [4, 7, 8, 9].

Let ( f ,g) be a pair of non-negativemeasurable functions on (Ω,F ,P) , it is called
to satisfy the good λ -inequality, if there is α > 1, and for all β > 0 small enough, there
exist constants εβ satisfying limβ→0 εβ = 0, such that

P( f > αλ ,g � β λ ) � εβ P( f > λ ), λ > 0.

Let F be a measurable function on Ω , and its non-increasing rearrangement function
F∗(t) is defined as

F∗(t) = inf{s > 0 : P(x : |F(x)| > s) � t}, t � 0.

For a pair of measurable functions (F,G) , it is called to satisfy the rearrangement in-
equality, if there is a constant C > 0 such that

F∗(t) � F∗(2t)+CG∗
( t

2

)
, ∀t > 0.

Throughout this paper, we use C or Cp (depending only on p ) to denote some
constant and may be different at each occurrence.

2. Good λ -inequalities for vector-valued martingales

LEMMA 2.1. [4] Let X be a Banach space, 1 < p � 2 . If X is isomorphic
to a p-uniformly smooth space, then for any X -valued martingale f = ( fn)n�0 with
S(p)( f ) ∈ Lp , there exists a constant Cp > 0 such that

E(M( f ) | F0) � CpE(S(p)( f ) | F0).
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LEMMA 2.2. (Davis decomposition) For each X -valuedmartingale f = ( fn)n�0 ,
there exists a decomposition of f : f = g+h, where g = (gn)n�0 and h = (hn)n�0 are
martingales and satisfy

‖ dgn ‖� 4Mn−1(d f ), E(
∞

∑
i=0

‖ dhi ‖) � 4E(M(d f )),

where Mn(d f ) = sup0�i�n ‖ d fi ‖ , M(d f ) = supn�0 ‖ d fn ‖
The proof of Lemma 2.2 is similar to that for scalar-valued martingales. A proof

can also be found in [4].

LEMMA 2.3. [4] Let X be a Banach space, 1 < p � 2 . Then the following state-
ments are equivalent:

(i) X is isomorphic to a p-uniformly smooth space;

(ii) For any X -valued martingale f = ( fn)n�0 , there exists a constant C > 0 such
that

‖ M( f ) ‖1� C ‖ S(p)( f ) ‖1 .

LEMMA 2.4. [3, 5] Let Φ be a nondecreasing continuous function on [0,∞) with
Φ(0) = 0 , and satisfies the growth condition: Φ(2λ ) � CΦ(λ ),∀λ > 0. If a pair of
non-negative functions ( f ,g) satisfies the good λ -inequality, then for β > 0 small
enough, we have

E(Φ( f )) � Cα ,β E(Φ(g)).

An X -valued martingale f = ( fn)n�0 having a predictable control D = (Dn)n�0

means that D is non-negative, adapted and nondecreasing, and such that ‖ d fn ‖�
Dn−1,∀n.

THEOREM 2.5. Let X be a Banach space, 1 < p � 2 . Then the following state-
ments are equivalent:

(i) X is isomorphic to a p-uniformly smooth space;

(ii) For any X -valued martingale f = ( fn)n�0 with S(p)( f ) ∈ Lp having a pre-
dictable control D = (Dn)n�0 , the function pair (M( f ),S(p)( f )+D∞) satisfies
the good λ -inequality.

Proof. (i)⇒(ii). Let ρn = S(p)
n ( f )+Dn , then

S(p)
n ( f ) = (

n−1

∑
i=0

‖ d fi ‖p + ‖ d fn ‖p)
1
p

� S(p)
n−1( f )+Dn−1 = ρn−1.
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For β > 0 and λ > 0, define stopping time

τ = inf{n : ρn > β λ}.

Now we consider the stopping martingale f (τ) = ( f (τ)
n )n�0 = ( fn∧τ )n�0 , define another

stopping time

T = inf{n :‖ f (τ)
n ‖> λ}.

For α > 1, we have

P(M( f ) > αλ ) � P(M( f ) > αλ ,τ = ∞)+P(τ < ∞) (2.1)

� P(M( f (τ)) > αλ )+P(τ < ∞)

� P(M( f (τ))−MT−1( f (τ)) > (α −1)λ )+P(τ < ∞).

Consider a new family of σ -fields {F ′
n}n�0 with F ′

n = Fn+T and a new process g =
(g′n)n�0 with g′n = f (τ)

n+T − f (τ)
T−1 . It is clear that g = (g′n)n�0 is an X -valued martingale

with respect to (Ω,Σ,P,(F ′
n)n�0 ). Noticing that

M( f (τ))−MT−1( f (τ)) � sup
m�T

‖ f (τ)
m − f (τ)

T−1 ‖= M(g′)

and

S(p)(g′) = S(p)( f (τ) − f (τ)
T−1) � S(p)( f (τ))χ(T < ∞)

= S(p)
τ ( f )χ(T < ∞) � ρτ−1χ(T < ∞) � β λ χ(T < ∞),

where χ(A) denotes the characteristic function of the set A , then by Lemma 2.1 we get

P(M( f (τ))−MT−1( f (τ)) > (α −1)λ )

� P(M(g′) > (α −1)λ ) � 1
(α −1)λ

E[E(M(g′) | FT )]

� C
(α −1)λ

E[E(S(p)(g′) | FT )] � Cβ
α −1

P(T < ∞)

=
Cβ

α −1
P(M( f (τ)) > λ ) � Cβ

α −1
P(M( f ) > λ ).

(2.2)

Combining (2.1) and (2.2) we obtain

P(M( f ) > αλ ) � Cβ
α −1

P(M( f ) > λ )+P(S(p)( f )+D∞ > β λ ),

which implies that (M( f ),S(p)( f )+D∞) satisfies the good λ -inequality.
(ii)⇒(i). For any X -valued martingale f = ( fn)n�0 , by Lemma 2.2, there exists

a decomposition of f : f = g+h , and (M(g),S(p)(g)+M(d f )) satisfies the good λ -
inequality. Since

M(d f ) � min{2M( f ),S(p)( f )}, max{M(h),S(p)(h)} �
∞

∑
i=0

‖ dhi ‖
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and S(p)(g) � S(p)( f )+S(p)(h) , take Φ(t) = t , then by Lemma 2.2 and 2.4 we have

‖ M( f ) ‖1 � ‖ M(g) ‖1 + ‖ M(h) ‖1

� C(‖ S(p)(g)+M(d f ) ‖1 + ‖
∞

∑
i=1

‖ dhi ‖‖1)

� C(‖ S(p)( f )+S(p)(h) ‖1 + ‖ M(d f ) ‖1 + ‖
∞

∑
i=1

‖ dhi ‖‖1)

� C ‖ S(p)( f ) ‖1 .

It follows from Lemma 2.3 that X is isomorphic to a p -uniformly smooth space.
The proof is completed. �

LEMMA 2.6. [4] Let X be a Banach space, 2 � q < ∞ . If X is isomorphic to a
q-uniformly convex space, then for any X -valued q-integrable martingale f = ( fn)n�0

there exists a constant Cq > 0 such that

E(S(q)( f ) | F0) � CqE(M( f ) | F0).

LEMMA 2.7. [4] Let X be a Banach space, 2 � q < ∞ . Then the following
statements are equivalent:

(i) X is isomorphic to a q-uniformly convex space;

(ii) For any X -valued martingale f = ( fn)n�0 , there exists a constant C > 0 such
that

‖ S(q)( f ) ‖1� C ‖ M( f ) ‖1 .

Now let ρn = Mn( f )+Dn , define stopping times as in Theorem 2.5:

τ = inf{n : ρn > β λ}, T = inf{n :‖ f (τ)
n ‖> λ},

and notice that

S(2)( f (τ))−S(2)
T−1( f (τ)) � (S(2)( f (τ))2 −S(2)

T−1( f (τ))2)
1
2 = S(2)( f (τ) − f (τ)

T−1),

sup
n�T

‖ f (τ)
n − f (τ)

T−1 ‖� 2M( f (τ)χ(T < ∞) � 2β λ χ(T < ∞),

then with the aid of Lemma 2.6 and 2.7 we can show

THEOREM 2.8. Let X be a Banach space. Then the following statements are
equivalent:

(i) X is isomorphic to a 2 -uniformly convex space;

(ii) For any X -valued martingale f = ( fn)n�0 having a predictable control D =
(Dn)n�0 , the function pair (S(2)( f ),M( f )+D∞) satisfies the good λ -inequality.
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Since its proof is similar to that of Theorem 2.5, we omit the details.
According to Kwapien’s theorem (see [4]), we obtain

COROLLARY 2.9. Let X be a Banach space. Then the following statements are
equivalent:

(i) X is isomorphic to a Hilbert space;

(ii) For any X -valued martingale f = ( fn)n�0 having a predictable control D =
(Dn)n�0 , both (S(2)( f ),M( f )+D∞) and (M( f ),S(2)( f )+D∞) satisfy the good
λ -inequality.

3. Rearrangement inequalities for vector-valued martingales

LEMMA 3.1. [6] Let (A,B) be a pair of non-negative and nondecreasing pro-
cesses. Assume that A is adapted, B is predictable and B0 = 0 , and that there exist
some constants C > 0 and q > 0 such that for any stopping times T and τ :

E((AT −AT∧(τ−1))
q) � Cq

E(Bq
T χ(τ < ∞)). (3.1)

Then
A∗

∞(t) � 4
1
qCB∗

∞
t
2

+A∗
∞(2t).

LEMMA 3.2. [1] Let (F,G) be a pair of non-negative measurable functions on
(Ω,F ,P) . If (F,G) satisfies the rearrangement inequality :

F∗(t) � F∗(2t)+CG∗
( t

2

)
, ∀t > 0.

Then with the same C, we have

F∗(t) � 2CG∗
( t

2

)
+

C
log2

∫ ∞

t

G∗(s)
s

ds, ∀t > 0.

LEMMA 3.3. [2] (Hardy’s inequality) If 1 � q < ∞ , r > 0 , and f is a non-
negative function defined on (0,∞) , then

(∫ ∞

0

(∫ ∞

t
f (u)du

)q

tr
dt
t

) 1
q

� q
r

(∫ ∞

0
(t f (t))qtr

dt
t

) 1
q

.

LEMMA 3.4. Let (F,G) be a pair of non-negative measurable functions on
(Ω,F ,P) . If (F,G) satisfies the rearrangement inequality. Then for 1 � q < ∞ , we
have

‖ F ‖q� C ‖ G ‖q .

Proof. It is a straightforward result of Lemma 3.2 and 3.3. �
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THEOREM 3.5. Let X be a Banach space, 1 < p � 2 . Then the following state-
ments are equivalent:

(i) X is isomorphic to a p-uniformly smooth space;

(ii) For any X -valued martingale f = ( fn)n�0 having a predictable control D =
(Dn)n�0 , the function pair (M( f ),S(p)( f )+D∞) satisfies the rearrangement in-
equality.

Proof. (i)⇒(ii). For any stopping times T and τ , we only need to show that (3.1)

holds for A = (An)n�0 = (Mn( f ))n�0 and B = (Bn)n�0 = (S(p)
n−1( f )+Dn−1)n�0 . Since

X is isomorphic to a p -uniformly smooth space, then by Lemma 2.1 we have

E(AT −AT∧(τ−1)) = E(MT ( f )−MT∧(τ−1)( f ))

� E(M( f (T ) − f (T)
τ−1))

� CE(S(p)( f (T ) − f (T)
τ−1))

� CE(S(p)( f (T ))χ(τ < ∞))
� CE(BT χ(τ < ∞)).

Hence, (M( f ),S(p)( f )+D∞) satisfies the rearrangement inequality.
(ii)⇒(i) Similar to that of Theorem 2.5. Here we use Lemma 3.4 instead of

Lemma 2.4. The proof is completed. �
The following theorem can be proved in a similar way. We omit the proof.

THEOREM 3.6. Let X be a Banach space. Then the following statements are
equivalent:

(i) X is isomorphic to a 2 -uniformly convex space;

(ii) For any X -valued martingale f = ( fn)n�0 having a predictable control D =
(Dn)n�0 , the function pair (S(2)( f ),M( f )+D∞) satisfies the rearrangement in-
equality.

By Kwapien’s theorem, Theorem 3.5 and 3.6, we obtain

COROLLARY 3.7. Let X be a Banach space. Then the following statements are
equivalent:

(i) X is isomorphic to a Hilbert space;

(ii) For any X -valued martingale f = ( fn)n�0 having a predictable control D =
(Dn)n�0 , both (S(2)( f ),M( f )+D∞) and (M( f ),S(2)( f )+D∞) satisfy the rear-
rangement inequality.

REMARK 3.8. By combining the theorems in Section 2 with the corresponding
ones in this section, we see that the good λ -inequality and the corresponding rear-
rangement inequality are equivalent.
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