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A CERTAIN FUNCTIONAL INEQUALITY
DERIVED FROM AN OPERATOR INEQUALITY

KEIICHI WATANABE

(Communicated by Y. Seo)

Abstract. We will show a certain functional inequality involving fractional powers, making use
of the grand Furuta inequality and Tanahashi’s argument.

1. Introduction

Each capital letter means a bounded linear operator on a Hilbert space. An operator
T is said to be positive semidefinite (denoted by 0 < T') if 0 < (T'x,x) for all vectors
x. We write 0 < T if T is positive semidefinite and invertible.

The celebrated Lowner-Heinz Theorem includes

THEOREM 1.1. [7],[4] Let 0< p< 1. IfO< B <A, then BP < AP,

For 1 < p, 0 < B < A does not always ensure B” < AP. Furuta obtained an
epochmaking extension of the Léwner-Heinz inequality by using itself.

THEOREM 1.2. [2] Let 0< p, 1 <qand O<r with p+r< (1+7r)q. If 0<
B < A holds, then

l r
(A%BPA%> T<AT
The following result by Tanahashi is a full description of best possibility of the

range
p+r<(l4+r)g and 1<gq

as far as all parameters are positive.

THEOREM 1.3. [8] Let p, g, r be positive real numbers. If (1+r)qg < p+r or
0 < g <1, then there exist 2 x 2 matrices A, B with O < B < A that do not satisfy the
inequality
1
(43 Brat)’ <A
Furuta gave a unifying extension of both Theorem 1.2 and the Ando-Hiai inequal-
ity [1], which is often called the grand Furuta inequality.
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THEOREM 1.4. [3] Let 1 <p, 1 <5, 0<tr<landt<r. If0<B<A with
0 < A, then the following inequality holds:

1—t4r
{A% (A*% BI’A’3>SA5 } 57 o Lt (1)

Tanahashi showed that the outside powers in this theorem are the best possible.

THEOREM 1.5. [9] Let 1 < p, 1 <5, 0<r<landt<r. If 1 <a, then there
exist 2 X 2 matrices A, B with 0 < B < A that do not satisfy the inequality

P 1—t+r o
{A5 (A‘%BPA‘%> Ag}(p—/)m gA(l—t+r)oc.

The purpose of this article is to show a functional inequality making use of the
grand Furuta inequality and Tanahashi’s argument.

2. Results
We set
a@2n)=1—ti+t— - —t2y_1+12
y(0) =1
v(2n—1)={---(((p1 —t1)p2+102) p3 —13) pa+ -+ +ton-2} pon—1—ton-1
y(2n) ={---(((p1 —t)p2+12) p3 —t3) pa+ - —tan—1} pon + ton-

THEOREM 2.1. Let n be a natural number. Let 1 < p; (j=1,---,2n), 0<
ta—1 < 1l and tyy_1 <ty (k=1,---,n). Then, for arbitrary 1 < x,

o(2n) 2

. D) ),
yn* VTP =0 @

2n
(x*2n) — 1) H(X‘I/(J‘*I)Pj 1<
j=1

The next Theorem is just the case n = 1 of Theorem 2.1.

THEOREM 2.2. Let 1 <p, 1 <5, 0<t <1 and t <r. Then, for arbitrary 1 < x,

(1—t+r)ps

(7 = D= DET - 1) < (p—1)s+r

(x— 1)~ = 1) (xP=05+r — 1),
(3

Although the mathematical meaning of this inequality is not sufficiently clarified
at this stage, and the efficiency, possible applications to other branches of mathematics
are still to be examined, this inequality represents the relation between some products
of x/ — 1, where the powers j are combinations of the parameters in the grand Furuta
inequality, namely, p, (p—1t)s, L —t+r, 1, p—t, (p —t)s+ r. The validity of the func-
tional inequality (3) for arbitrary 1 < x prescribes the parameters p, s, ¢, r which make
the grand Furuta inequality valid.
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One notices the coincidence between the assumption on parameters in Theorem
1.4 and Theorem 2.2. As a matter of fact, the inequality (3) is a particular conclusion
of the grand Furuta inequality. We should point out that Tanahashi’s argument in [9] is
almost sufficient to deduce the former from the latter. Our proof of Theorem 2.2 has a
major part which is parallel to [9]. However, there is an essential difference between
[9]’s and ours. Theorem 1.5 includes 1 < o in the power, ours is o -free.

Our matrix A is a little different from that in [9], we use a variable y instead of €
and 8. The benefits of this modification of matrix A is that it considerably simplifies
the proof. Tanahashi’s proof'in [9] needs the coefficients cy,---,c11. On the other hand,
ki,---,ke are sufficient in our proof. Moreover, Tanahashi’s proof in [9] has finished
with obtaining a contradiction in a refutation. In contrast, we will prove a functional
inequality by applying I’Hopital’s rule.

Throughout this paper, we assume that 1 <a <b and 0 < y.

Proof of Theorem 2.2. We put
o=1—t+r y=(p—t)s+r.

‘We will consider matrices
a a—1
A (@=1)y
(a—1)y b+y

10
B= (0 b) '
Then we have 0 < B < A. The eigenvalues of A are

@ +b*+y*—2ab+2(a+b—2)y.
Let

and

a+b+y+£vd

, where d =
> where

—2+/(a—1)y
c=— =
a—b—y—+d

1 c 1
V- c2+1<1_0).
S
sar=t(40)

di=a+b+y+Vd, dy=a+b+y—d.
By the assumption and Theorem 1.4, A and B satisfy the inequality (1). Then

(>0)

and

Then U is unitary and

where

{U*A%U (U*A—%UU*BPUU*A—%U)SU*A%U}W < U*AYU,
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hence we have

r _L 1t s r &
d? 0 2 0\, .(10 d;? 0 az o\ |"
L _ 1 U V4 U _ L r

0 a2 0 d,? 00 0 d? 0 d3

—as (4 0
<27 v (o dg)' 4)

Denote
d;* 0 U*<10)U a0\ 1 <A1A3>
0 dz_% 0 p? 0 dz_% 24+1\A35A, )’

Ay =d;' (S +bP)

where

Ar =d;" (14 bPc?)
_r _r
Ay =d|?d,>c(1—bP) (<0).

Since 1 <a<b, Ay —27'p""" and Ay — 27"a™" as y — +0. It follows from
t < p that A, < A, for sufficiently small 0 < y.

Let
V:; VAL —Ar+ & —/e
VAL — Ay +2g —er —VA1 Ayt &
where

26 = —A; + Ay + /(A1 —Ay)? +4A3.

Then it is easy to see that A3 = —+/(A] —Az+¢€) €&, V is unitary and
« [ Al Az ([ Ar+g 0
v <A3A2 V= 0 Ay—¢g )’
Then (4) implies
3 s 5 v
d; O; (CZH)SV((AIHI) 0 S>V* d; ol
0 d; 0 (A—&) 0 d;
_aps (d% 0
< 1
<% (Tg) ®
Write the left-hand matrix as

sl _« (B B3\ "
(@ +1)7°V (A — Ay +2¢) W(B; Bi) :
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where
B =d{(A|—Ay+&)(A1+&) +e (A —g)'}
By =dj{e1(A1+&) + (A —Ar + &) (A, — &)}
By=—ddj /A~ Ayt erVE {(A+e) — (A — &)}
It follows that
By — 21 ppm st (pP=t g
B 2 (50—

as y — +0. Hence we have B, < B; for sufficiently small 0 < y.

Let
W— 1 VB —By+ & —\/5
VBl —By+2¢& —V&  —VBi—By+&
where

28y = —B1+By+ /(B — By)? +4B3.

Then it is easy to see that B3 = —+/(B] — By + &) &, W is unitary and

« ( B1 B3 _(Bi+& 0
W <Bng>W_< 0 32—82 ’
The following lemma is one of the most important points in Tanahashi’s argument.

Although the substance is presented in [8] and [9], we should restate and prove it in our
context for the readers’ convenience.

LEMMA.

& {Yldf‘ — (B2 —82)%} {(Bl +82)% _Yldg}

<(B1-By+&) {ndf — (Bi+e)¥ | {naf - (B—e)¥ }, ©)
where
A+ v
J’1={< B )(Al—Aerzel)} . (7)

Proof. The formula (5) implies

(Bi+e)v 0 . (df‘ 0 )
w o | W< . 8
< 0 (32—82)7 n 0 dg ( )
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Write the left-hand matrix as

(By— B, +26) ! (Cl C3) :

G G
where
Ci=(Bi—By+&)(Bi +82)% + & (B> —82)%
Cr=e(Bi+&)V + (B —B+&) (B —e)¥

Gy =—VB; —Bz+82\/5{(31 +&)v — (B2—32)V} :
Then, by the inequality (8), we have

o< (1 (By — By +2&)d{ — Cy —C3 )
= —C3 " (B] —Bz+282)dg—c2 '

So its determinant is also non-negative. We expand it to obtain

0<% (B —By+2&)*d%dS — yi (B — By +28,)d%C;
— 91 (B) — By +28)d%C, +C1C, — C3. )

Now
C1Cy— C2 = (By — Ba+26)%(B1 + &)V (By — &) V.
Hence, the formula (9) implies
0< (B —Ba+2&) {7 (Bi — B> +2&)d{'dS — y1d{'C; — nd3C }
+(Bi—By+2&)2 (B +£)¥ (B, — &)V

Cancel the common positive factor B| — B, +2¢&, and substitute the definitions for
C; and C;. Then a simple calculation shows that

) {7120'1“0'51 —Nd{(Bi + &)V —11dS (B — &)V + (B + &)V (By — 82)%}
< (Bi—Brt+&) {ﬁd?dg—71df‘(32—82)%—Yldf‘(31+82)%+(31+82)%(32—82)% }
By factorizing, we have
-8 {Yldf‘ —(By—e2)¥ } {ndé" —(Bi+&)V }
<(B1—By+ &) {J’ldix —(Bi+e&)¥ } {Yldg —(By—&)¥ } .
This completes the proof of Lemma. [

Now we estimate each term of the inequality (6) with respect to y — +0. A key
point in making use of the inequality (6) is that both estimations of the factor & in the
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left-hand side and the factor y1d{' — (B| + &) v in the right-hand side contain a common
subfactor y. After the cancellation of this y, we will derive the desired functional
inequality by letting y — +0, a — 1+ 0 and applying I’Hopital’s rule. Terms in other
factors can be roughly estimated.
As usual notation, f(y) = o(y? f0)
, f(y) = 0o(y”) means that = —0 (y—+40).

One can establish the following formulae:

Vd = (b—a){1+tzb+_7ba_)22y+o(y)},

' = (2b)" {1 _ ;((Z:Z)

y+0(y)},

tla—1
dy'=(2a)"{1
' =(2a) { T b —a

. —2+/(a—1)y :ﬁ.ﬁ(l—ko(l)),

b—2
a—b—y— <b—a+Ly+0(y)>

b—a

a—1
C2+l: l+my+0(y),

(2 +1)°d% = (2b)* {1+ m (s(a— Db+ a(b— l)(b—a)>y+0(y)}7

(+1)dS = (2a)* (1 +0(1)).
Next

s (<r0= D=0+ a1y o0}

A =2"pP Tl ——
1 b {+b(b—a)

Ar = (2a)~ {1 + a(%_;)z (t(b —a)+ ab”)y+ O(y)} :

—1
Al= 4%*%*’%(1 — Py (1+0(1)),

(b—a
so we have

2 2
A=Ay =27"(""—a")(1+0(1)), (A1 —Ay) (ﬁ) =o(y),
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2
&l zé(Al—Aﬂ —1+ 1+(Al4—%2)2
R W oaal N aad
= 2(A1 AZ){(%) (AI_A2)2+<§) ((Al _A2)2> + }
v 4 a b a—1)(b—a) (1 =By (1+0(1))
_ i _3A2 _|_0(y) = zft(bpft _afl)(l +0(1)) +0(y)

~27a b (a—1)(1 — bP)?
S a@Pr—a)

y(1+o(1)),

hence
Avte =2 Ty o)
b(b—a)? ’
where
_ a”'b'=P(a—1)(1 - bP)?
= —tlb= 1) (=) +b'a— 1)+ T IOPT
Further
(A1 +&) = 2 spr=0s Ly 4 Ly—f—o(y)
b(b—a)? ’
(A=) =270 (1+0(1),
_ _ _ ko
A=A =271 —a") {1
1 —Ar+g ( a ){ +b(b—a)2(bl”—af)y+0(y)}’
where
ky=b""ky—a" " (a—1) (Zb(b—a) +abl+p>7
and so
Al —A2+281
1 aitblit(a—l)(l—bp)z
:2—t bp—t_ —t 1 k .
( a ){ +b(b—a)2(b177t_a7;) ( 2+ P —— >y+o(y)}
Now
(A —Ar+e)(A1+¢&) +e (A —g)°
k
—p—t=tsplp=tspp=t _ 41y | 3
( ) +b(b—a)2(bl’*l_a71)y+o(y) )
where

a—t—tsbl—(p—t)s—t(a _ 1)(1 _ bp)2
br—t — gt :

ks =ky -‘rSkl(bpit —a*’) +
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Further

B = 2r—t—tsb(p—t)s+r(bp—t _ a—t)

.{l+b(b— a)?2(bP—t —a~t <r )(b—a) (" — t)+k3>Y+0(y)}»
B 2" 1—ts r tS(bp t )(1 0 ))7
B3 = (2b)'(1+0(1))(2 )(1+0(1))2 (B —a")(1+0(1))
2

~ta bt (q— _ 2 ) ) ! .
<b_l;>z(<bp_3_(i_f§p) y(1+o(1) {2757 (10(1)) =2 (1+o(1)) |

_ 22r—2t—2t5ar—tbr—t(a_ 1)(1 _bp)Z(b_a)—Z(b(p—t)s_a—t5)2y(1 _’_0(1))7

2

Bl — B, = 2r7tft.s‘(bp7t _aft)(b(pft)err a~ ts>(1 —|—O(l))

") 2
(B, —By) ((3‘%)2) —o(y).

Therefore,

1
&= (—31 + B+ /(B —Bz)2+4B%)

_ %(31_32){<%)$+ @) (%)Z...}

B3
- Bl _ 32 + O(y)
Qr—t—ts  r—tpr—t (Cl _ 1)(1 _ bp)2 (b(pft)s _ afts)2

N (b—a)?(br—! —a—f)(b(P—t)Hr_ar—ts) y(1+o(1)).
Hence
B +& = ertftsb(pft).wrr(bp—[ - (17[) 1+ kg N O( )

s b(b—a)*(bP~ _a—t)y Y) s
where

rftblf(pft).s‘ft(a_1)(1_bp)2(b(pft)s_aft.s‘)2
o o _ p—t__ —t a
ks =r(b—1)(b—a)(b a ') +k3+ (T —a 1) (b0 7 —gr ) ;

and so

o ks
{1 - v b(b—a)*(bP~" — a—t)y+0(}’)}~

<IR

(Bi+e)¥ =20 v pe(pr — )

(By— &) ¥ = 20wy (b — ) ¥ (14 0(1)).
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Furthermore, by (7),

pr

—2P (14—% Eéa_a§§y+0(y)) Z_t%(bp*’—a”)%

62—|-1 S % s a o
n= (Al—A2—|-281) =27 (C —|—1) V’(Al—Az—FZSl)'V

pr—t — gt

s a k
— o) (pp—t _ 1+ % >
v (b a )w{ +W b(o— a2 (b= )y—i-o(y) ,

where
3 _ a b (a—1)(1 —bP)?
ks =s(a—1)b(bP " —a ") +ky+ bEH_Zl(,, ) ;
and so
o _ o (r—t— ts) p—t __  — a el k6
YId b (b )W {1+ v b(b Cl) (bP—t_a—t)y—'_o(y)}’

where
ke =ks+w(b—1)(b—a)(b""'—a™").
The following 4 factors in the formula (6) can be roughly estimated.
ndf — (By—e2) v =207V (0 —a )V (07 —a"V) (14 0(1))
s = (Bi+e)¥ =2V o —a ) (@ = b)(1+o(1))
B —By+e& = zrftfts(bpft _aft)(b(pft).\drr a~ ts)(l —|—O(1))
nd§ —(By—en) ¥ =27V —a )V (@ —d"TIV) (140(1))

1 — <k2+ a b (a—1)(1 _bp)2>y+o(y)}

Now we have the estimation of the most delicate factor in the formula (6), whose

main term is canceled by subtraction.

<IR

yldf‘ — (31 -‘1-82)
ke — ky

% ' b(b—a)*(bP~t —a") y(1+o(1)).

=2y p (pr gy

We apply these estimations to the inequality (6). Cancelling y and letting y —
we have
7t(1 . bp)2(b(pft).\' _ aft.s‘)2 . (ba _ a(r—fs)%) . (ba _ aa)
o (r=ts)

< pPl — gt b(pft).\drr_ r—ts\2
o —a ) o) <

+O’

(10)
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Let us write down the coefficient kg — k4 explicitly.

ke — ka4
a 'b' " (a—1)(1—bP)?
pr—t — gt

=s(a—1)b(B*"—a™") +ky + +y(b—1)b—a) (b’ —a™")

—r(b—1)(b—a)(b""—a™")
a =PI (Pt (g — 1)(1 — bP)>
pr—t — gt
b=~ (g — 1)(1 = BP)2 (B0~ — g~15)?
(bpft _ aft)(b(pft)err _ arft.s‘)
—tpl—t(, _ 1P)2
e A DUZIE o 1)) —a)
— b P(a—1) (P~ —a") —sa”'b P (a—1)(1 — bP)?
a0 (g 1) (1-bP)2 @ p P (g 1) (1—bP)2 (B3 —q15)?
pr—t —q—1 (bp—t_a—t)(b(pft).\#*r_ar—ts) :

—ky—sky(bP " —a") —

—s(a—1)b(B" " —a )+

Letting a — 14 0 in the inequality (10), we have

k6—k4—>ps(b—l)2(bp_t—1) and _7_)%

and we can obtain

(bp _ 1)2(b(p—t)s _ 1)2(ba _ 1)2 < (%)2 (b— 1)2(bp—t _ 1)2(b(p—t)s+r_ 1)2.

This completes the proof of Theorem 2.2. [

Our proof of Theorem 2.1 uses the previous Theorem and an argument which is
similar to that for the proof of [5, Theorem 7] and [6, Proposition 7].

Proof of Theorem 2.1. We just proved the case n = 1. Suppose that the inequality
(2) holds. Let 1 < poyti1, pant2, 0 <t < 1, 041 <topg2. Put

y(2n) n+1 Don2
n R = R = s = n .
o(2n) P! an) " an) 1T PR

p:

Then itis easy to check that 1 <p, 1 <5, 0<¢r <1 and 7 < r. Applying Theorem
2.2, we have

O =P - 1) P 1) <
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2n

for arbitrary 1 < y. Substitute y =x*??) in (11). Then it is elementary to calculate that

ylotr — x@(2n)—tnp1tonen — 0(2n+2)
yp :xW(Z")PZrHl
yP! — W@)pops1—tons1 — W (2n+1)

y(P*f)S — (WCn)pani—tn1)Pansa — W(2n+1)ponyo

(p=t)s+r _ (w(2n)poni1—tan+1)P2ns2tHonta — W(2n+2)
y X X

and

(I—t+r)ps _ a(2n+2)y(20)pons1 Pani2
(p—1t)s+r v(2n+2)o(2n) ’

So we have

(x*2n+2) 1) (x¥@0Pans _ ) (x¥ D22 1)

a(2n+2)Y(2n)pan+1P2n+2 ; (2m) P
< n) _ y(2n+1) w(2n+2) _ 1y 12
< v2n+ ) a2n) (x 1)(x (x ) (12)

Take the product of each side of the inequalities (2) and (12), and cancel the factor
x%(21) _ 1. We conclude that

(xa(2"+2) —1)(xPr — 1)(x(171*f1)172 —1)-- (x‘l/(2")1’2n+1 _ 1)(XW(2"+1)P2n+2 —1)

o(2n+2)
~y(2n+2)

This completes the proof. [

P1ee Panga (x—1) (xP1 71— 1) (x(Prom)patn ) (WD) ) (W 2nt2) )y

Here is an application. At least to the author, it seems not easy to give an elemen-
tary proof of the following inequality.

COROLLARY 2.3. For arbitrary 1 <x,

VI (B )5 1) < YIOV2HD) oy va gy /A
(V7= 1)( 1)( 1)< \/§+\6( ( D2 —1).

REMARK 2.4. Theorem 2.2 is an extension of the case p+r = (1+r)q of [10,
Theorem 1.1]. Indeed, by putting s =1 and # = 0 in Theorem 2.2, if 1 < p, 0<r,
then

(xP _ 1)(x1+r_ 1) < (lp‘:_rzp (x_ 1)(x17+r_ 1)

for arbitrary 1 < x.
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