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ON k—-QUASI-PARANORMAL OPERATORS

FUGEN GAO AND XIAOCHUN LI

(Communicated by M. Fujii)

Abstract. For a positive integer k, an operator T € B(.) is called k-quasi-paranormal if
IT%1x)|? < || T%+2x]||| T*x|| for all x € #, which is a common generalization of paranormal
and quasi-paranormal. In this paper, firstly we prove some inequalities of this class of oper-
ators; secondly we give a necessary and sufficient condition for 7 to be k-quasi-paranormal.
Using these results, we prove that: (1) if |7+ = ||T||"*! for some positive integer n > k,
then a k-quasi-paranormal operator 7' is normaloid; (2) if E is the Riesz idempotent for an
isolated point Ay of the spectrum of a k-quasi-paranormal operator 7', then (i) if Ao # 0 , then
E =ker(T — Ao); (il) if Ao =0 , then E# = ker(T*1).

1. Introduction

Throughout this paper let .77 be a separable complex Hilbert space with inner
product (-,-). Let B(2#) denote the C*-algebra of all bounded linear operators on
. An operator is called paranormal if ||Tx||* < ||72x||||x|| for all x € 7. In order
to discuss the relations between paranormal and p-hyponormal and log-hyponormal
operators, Furuta, Ito and Yamazaki [4] introduced class A operators defined by |T2| —
IT|? > 0, and they showed that class A is a subclass of paranormal and contains p-
hyponormal and log-hyponormal operators.

Let T € B(s) and Ay be an isolated point of ¢(T). Here o(T) denotes the
spectrum of 7. Then there exists a small enough positive number r > 0 such that

(A eC:|A— 20| <r}no(T) ={A}. Let

1
E= —/ A—T)"lan.
2mi M—m:r( )

E is called the Riesz idempotent with respect to Ag. Stampfli [10] proved that if T is
hyponormal(i.e., operators such that 77T — TT* > 0), then

E is self-adjoint and EJZ = ker(T — Ag) = ker((T — A9)*). (1.1)
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After that many authors extended this result to many other classes of operators. Cho and
Tanahashi [1] proved that (1.1) holds if T is either p-hyponormal or log-hyponormal.
In the case Ag # 0, the result was further shown by Tanahashi and Uchiyama [11]
to hold for p-quasihyponormal operators, by Tanahashi, Uchiyama and Cho [12] to
hold for (p,k)-quasihyponormal operators and by Uchiyama and Tanahashi [14, 15]
for class A and paranormal operators.

In this paper, we shall study the Riesz idempotent with respect to an isolated point
of the spectrum of k-quasi-paranormal operators.

DEEINITION 1.1. T € B(J¢) is called k-quasi-paranormal if for a positive inte-
ger k

k112 K217k
175 x| < 1T 2175 (1.2)

forall x € J7.

When k=1, T is called quasi-paranormal operators. quasi-paranormal and k-
quasi-paranormal operators have been studied in [6, 9, 18].

It is clear that

the class of paranormal operators C the class of quasi-paranormal operators
C the class of k-quasi-paranormal operators
C the class of (k+1)-quasi-paranormal operators.
(1.3)
We show that the inclusion relations in (1.3) are strict, by an example which ap-
peared in [5, 8].

EXAMPLE 1.2. Given a bounded sequence of positive numbers {c;}7 . Let T
be the unilateral weighted shift operator on /> with the canonical orthonormal basis
{en}sr_o by Te, = oyepqy forall n >0, that s,

0
op 0
T = a; 0
o 0

Straightforward calculations show that 7' is a k-quasi-paranormal operator if and
only if o < Olge11 < Olg1-2 <---. Soif Olge11 < Olg1-2 < Olj13 <---and Ol > Olt1 5 then
T isa (k+ 1)-quasi-paranormal operator, but not a k-quasi-paranormal operator.

In this paper, firstly we prove some inequalities of this class of operators; secondly
we give a necessary and sufficient condition for T to be k-quasi-paranormal. Using
these results, we prove that: (1) if ||7"*!|| = ||T||"*' for some positive integer n > k,
then a k-quasi-paranormal operator T is normaloid; (2) if E is the Riesz idempotent
for an isolated point A of the spectrum of a k-quasi-paranormal operator T, then (i) if
Ao #0 , then ES# =ker(T — Ag); (i) if Ag =0 , then EJ# = ker(T**1).
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2. Results

It is well known that T is paranormal if and only if T7*>T% —2AT*T +A? > 0 for
all A > 0. Similarly, we have the following result.

THEOREM 2.1. (see [9]) Let T € B(s%). Then T is k-quasi-paranormal if and

only if
T*(T*2T? < 2AT*T + A*)T* > 0 (2.1)

forall A > 0.
Proof. (1.2) is equivalent to the following (2.2):

(T*("”)Tk”x,x)%(T*kT"x,xﬁ > <T*(k+1)Tk+lx7x> (2.2)
for all x € .. By generalized arithmetic-geometric mean inequality, we have

<T*(k+2)Tk+2x,x> % <T*kT"x,x>%

<T>k(k+2)Tk+2x x)}l{l<T*kax x>}%
AT TR 2 ) 4 = l(T*kax x)

N

{2
1
2

holds for all x € 2 and A > 0, so that (2.2) implies the following (2.3):

%A_1<T*(k+2)Tk+2 >+ A<T*kax )C> <T*(k+l)Tk+1 > (23)

for all x € ## and A > 0. Conversely, (2.2) follows from (2.3) by putting A =

*(k+2)
{%}2 > 0 in case (T**F+2)T%2x x) £ 0, and letting A — +0 in case
(T*<k+2)Tk+2x,x> = 0. Hence (2.2) is equivalent to (2.3). Consequently, the proof
of Theorem 2.1 is complete since (2.3) is equivalent to (2.1). [

T € B(7) is called a k-quasi-class A operator for a positive integer k if 7*(|T?|
— |T\2)Tk > 0, which contains class A and quasi-class A, see [5, 8, 13]. In the following
we give the relations between k-quasi-paranormal and k-quasi-class A operators.

THEOREM 2.2. Let T be a k-quasi-class A operator for a positive integer k.
Then T is a k-quasi-paranormal operator.

Proof. Suppose that T is k-quasi-class A operator. Then T**(|T?| —|T|>)T* > 0.
Let x € 5. Then

HTkJrl <T*k\T\2Tkx,x>
(T*|T?|T*x, x)
[vasbaeyllpasyl
= | T 2x| || ]

A? =

NN

So we have that
T x| < [T 2] T,
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hence T is a k-quasi-paranormal operator. [

REMARK. We give an example which is k-quasi-paranormal, but not k-quasi-
class A.

10

EXAMPLE 2.3. Let T = (1 0

) € B(lb®1p). Then T is k-quasi-paranormal,

but not k-quasi-class A.
By simple calculation we have that

2k (V20 A S
T |T|T_<O 0) and T |TT_<OO

Hence T not k-quasi-class A. However,

$272 . 2 [(2-4A+A%0
T2T2 _2AT*T + A _<0 22 )

we have

RV
T*k(T*2T2—2A,T*T+A,2)Tk: (3(1 2,) 8) 20

forall A > 0. Therefore T is k-quasi-paranormal.

THEOREM 2.4. Let T € B(5%) be a k-quasi-paranormal operator for a positive
integer k. Then the following assertions hold.

(1) |T"2||||T"|| = | T Y|? for all positive integers n > k.

(2) If T" = 0 for some positive integer n > k, then T**1 = 0.

(3) [T < ||T™||+(T) for all positive integers n > k, where r(T) denotes the
spectral radius of T .

Proof. The proof is similar to that of [5, Theorem 2.2]. (1) Since that k-quasi-
paranormal operators are (k+ 1)-quasi-paranormal operators, we only need prove the
case n = k. Itis clear by the definition of k-quasi-paranormal operators.

(2)If n=k,k+1, it is obvious that T¥*1 = 0. If T2 =0, then T**! =0 by (1).
The rest of the proof is similar.

(3) We only need to prove the case n = k, that is,

T < | T8 (T).

1

If T" = 0 for some n > k, then T¥*! =0 by (2) and in this case (T) = (r(T*1)) &1 =
0. Hence (3) is clear. Therefore we may assume 7" # 0 for all n > k. Then

[ el el 7]
[ I [P VA I PR

by (1), and we have

[T ek T TR T T [ el
< x ) S TR SRy T X ikt T TR
[ T[] T [ N (|
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Hence

(IIT"“H>’<—% _ s
1T N

By letting m — oo, we have

k1 |k k[ k
T < ITH)* (7))

)

that is,
1T < T IR(T). O

It is well known that a paranormal operator is normaloid, that is, ||T"| = ||T||"
for all n € N (equivalently ||T|| = r(T)). A nonzero nilpotent operator 7 (satisfying
Tk =0) is k-quasi-paranormal but not normaloid. By Theorem 2.4, we give a sufficient
condition of a k-quasi-paranormal operator to be normaloid.

COROLLARY 2.5. Let T € B(J) be a k-quasi-paranormal operator for a pos-
itive integer k. If | T" || = | T"|||T|| for some positive integer n >k, then T is
normaloid. In particularly if |T"*Y|| = ||T||"*" for some positive integer n > k, then
T is normaloid.

Proof. 1tis clear by (3) of Theorem 2.4. [J

In [9], S. Mecheri studied the matrix representation of k-quasi-paranormal oper-
ator with respect to the direct sum of ran(7*) and its orthogonal complement. In the
following we give an equivalent condition for 7' to be k-quasi-paranormal.

THEOREM 2.6. Suppose that T* dose not have dense range. Then T € B(J€) is

. L . . T T
a k-quasi-paranormal operator for a positive integer k if and only if T = (01 T2 ) on
3

A = ran(T*) @ker T**, where Ty is a paranormal operator on ran(T¥) and Tf =0,
furthermore o(T) = o(T;) U{0}.

Proof. We first prove the necessary. The necessary has been proved in [9]. We
give a proof here for completeness. Suppose that T € B(J¢) is a k-quasi-paranormal
operator for a positive integer k. Since that T* dose not have dense range, we can
represent T as the upper triangular matrix

(T T
r=(o 7)
on ## = ran(T*) @ker T**. We shall prove that T} is a paranormal operator on ran(T*)

and T3k =0. Since T is a k-quasi-paranormal operator, it follows from Theorems 2.1
that

T*(T*2T? = 2AT*T + A*)T* > 0
forall A > 0. Therefore

(T2T? =2AT*T + A)x,x) = (T;* T = 20T} Ty + A*)x,x) > 0
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forall A > 0 and for all x € ran(T*). Hence

Ti2TE 20T T+ A% >0

forall A > 0. So we have that 7} is a paranormal operator on ran(7*). Let P be the
orthogonal projection of % onto ran(7*). For any x = (x1,x2) € A,

(T¥x2,x2) = (T*(I = P)x, (I — P)x) = ((I— P)x, T**(I — P)x) = 0,

which implies 7% = 0.

Since o(T)U® = o(T1) Uo(T3), where & is the union of the holes in o(7T)
which happen to be subset of 6(7;) N (73) by [7, Corollary 7], and ¢(T3) = 0 and
o(T1) N o(T3) has no interior points, we have ¢(7') = o(T7) U{0}.

Next prove the sufficiency.

T, T
0 T

mal operator on ran(7*) and 7¥ = 0. Then we have

Suppose that T = ( ) on J = ran(T*) @ker T**, where T is a paranor-

T (T*2T? = 2AT*T + A>)T*
T* 0
z TTsz =i 0

T2T2 — 27LT*T1+/12 TP + T2 T Ts
T T T? +T3T2Tl AT T+ BT + TR = 2A(T5 T + T3 Ts) + A2

Tk zTTTk 1-i

k=1 | )
TN TP TE2AT Ti AT TPN(TP2TE 24T Ti+A%) ‘zOTszT;‘—l—l

( _io TITy T ) (T2 T2 —2AT; T +A2)T) D
=

where D = (XX 0 TV T ) (T2 TR — 24T T+ A2) S TV T Let A >0
be arbitrary and v = x@y be a vector in . = ran(T )@kerT*k , where x € ran(T*)




ON k-QUASI-PARANORMAL OPERATORS 119

and y € kerT*. Then

(T*(T*T? = 2AT*T + A*)T*,v)
= (I7M(TPTE = 20T Ty 4 A2) T, x)

k—1
HIHTPTE = 22T Ty + A7) Y TI Ty, x)
i=0
S i kel 272 2k
HY LT ) (17T = 2T T + A7) T, )
=0

k-1 k-1
HY LT ) (TP = 2AT T+ %) Y, TILTE  y,y)
=0 =0

k-1 k=1
= <(T1*2Tl2 —2ATTi + Zz)(lex-p Z TILT2T3k_1_ly),T1kx+ 2 T11T2T3k_1_ly>.
i=0 i=0

Since 7; is a paranormal operator, we have that T;2T2 — 2AT;Ty + A% > 0 for all
A > 0. Therefore
(T*(T*T? = 2AT*T + A*)T",v) > 0

for all v € 27 and for all A > 0. Hence
T*(T*T? = 2AT*T + A3 T > 0

for A > 0. So we have that T is a k-quasi-paranormal operator for a positive integer k
by Theorem2.1. [

REMARK. In the proof of Theorem 2.6, let P be the orthogonal projection of 77
onto ran(7*). Then

T*H(T*T? = 2AT*T + A*)TF > 0
— P(TT?-2AT*T+A*P >0
— T{?TE—2AT;T +A*>0.

It is well known that if T is a paranormal operator and % is a closed invariant
subspace of T, then T|% is also paranormal. We shall give a similar result for a
k-quasi-paranormal operator by Theorem 2.6.

COROLLARY 2.7. Suppose that T € B(J) is a k-quasi-paranormal operator
for a positive integer k and % s its closed invariant subspace. Then the restriction
T|% of T to % is also a k-quasi-paranormal operator.

i b
0 T3
operator for a positive integer k, it follows from Theorem 2.1 that

Proof. LetT = on =% @(%)*. Since T is a k-quasi-paranormal

T*(T*T? = 2AT*T +A*)TF > 0
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forall A > 0. By the proof Theorem 2.6, we have

k=1 . .
THTPPTE 20T T +A2)TF TN TR 20T Ti+42) % LT
k=t : -
( ;0 TITTE " ) (T2 T — 24Ty Ti+A2) T D

20,

1

where D = (XX T/ T ) (72T — 2T Ty + A%) S50 TV T 7. Recall that
(;(* ;) >0 ifandonlyif X,Z>0and Y = X2WZ? for some contraction W . So
we have that

TPM(TPTE = 20T T + AP TF > 0

forall A > 0. Therefore T|% =T; is also a k-quasi-paranormal operator. [

In [18], Yuan studied the Riesz idempotent with respect to an isolated point of
the spectrum of k-quasi-paranormal operators by Bishop’s property (). M. Cho and
T. Yamazaki proved that class A operators have property 3 in [2] Theorem 3.1; A.
Uchiyama and K. Tanahashi proved that paranormal operators have property 3 in [16]
Corollary 3.6. Unfortunately there are some mistakes in the proof of these theorems,
see detail in [3]. So the Bishop’s property () of the class operators such as class A ,
paranormal and & -quasi-paranormal operators is still an open problem. In the following
we have similar result by Theorem 2.4 without Bishop’s property (f3).

THEOREM 2.8. Suppose T € B(J) is a k-quasi-paranormal operator for a pos-
itive integer k. Let Ay be an isolated point of o(T) and E the Riesz idempotent for
Ao. Then the following assertions hold:

() If Mg £ 0, then EZC =ker(T — ).

(ii) If g =0 , then E# = ker(T*1).

Proof. Suppose that T is a k-quasi-paranormal operator. (i) If the range T*.# is
dense, then T is a paranormal operator. Theorem holds by Theorem 3.7 in [17]. There-
fore we may assume that ranT* # 7. Let T = ((7;1 ;2 ) on 7 =ran(T*) @ kerT**.

3
By Theorem 2.6 we know that 77 is a paranormal operator and o(7) = o(T7) U
{0}. If Ay # O is an isolated point of o(T), then Ay is an isolated point of o(7}).
Therefore Ay is a simple pole of the resolvent of 7; and 7| can be written by T} =

(30 (;/) on ran(T*) = ker(T} — Ap) @ran(Ty — ). Hence we have T — Ay =

00 T 0D
07T —X T = (O C) on 7 =ker(T; — Ay) @ran(T; — Ag) D ker(T*),
00 T — o

(T 2 T
whereC-(O Tg—ﬁ())'
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Since C is an invertible operator on ran(7; — Ag) @ker(7*), it can be easily
shown that p(T — A) = q(T — Ay) = 1. Therefore Ay is a simple pole of the re-
solvent of T'. Since E is the Riesz idempotent of T with respect to Ag, we have
EA =ker(T — ).

(ii) Since ker(T**!) C E# always holds, it suffices to prove EJ# C ker(T*1).
Itis known that EJZ is an invariant subspace of T and 6 (T'|g») = {0} . Hence T|g.»
is also a k-quasi-paranormal operator by Corollary 2.7 and

(T |ese) I < (T lese) I r(T|ese) = O
by (3) of Theorem 2.4. Hence
(T|E%)k+l _ Tk+l|E% =0.

This implies E.# C ker(T*1). O

An operator T is said to be isoloid if every isolated point of 6(7T') is an eigenvalue
of T.

COROLLARY 2.9. Let T € B(J) be a k-quasi-paranormal operator for a posi-
tive integer k. Then T is isoloid.

Proof. Let A € o(T) be an isolated point. If A # 0, by (1) of Theorem 2.8,
ker(T —A) = Es # {0} for E # 0. Therefore A is an eigenvalue of 7. If A =0, by
(2) of Theorem 2.8, ker(T*"!) = Eo# # {0} for E #0. So we have ker(T) # {0}.
Therefore O is an eigenvalue of 7. This completes the proof. [J
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