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ON THE BOUNDEDNESS OF MAXIMAL AND POTENTIAL
OPERATORS IN VARIABLE EXPONENT AMALGAM SPACES

ALEXANDER MESKHI AND MUHAMMAD ASAD ZAIGHUM

(Communicated by S. Samko)

Abstract. Two—weight estimates for maximal and fractional integral operators in variable expo-
nent amalgam spaces (U’(')J‘i) are established under the log— Holder continuity condition on
the exponent p(-). Some of the derived results are new even for constant p.

1. Introduction

Our purpose is to derive necessary and sufficient conditions on a weight pair gov-
erning the two—weight inequality for the maximal and fractional integral operators in
variable exponent amalgam spaces (VEAS) (L? () 14 ) under the log—Holder continuity
condition on the exponent p(-). The derived results are new even for constant p in the
case of potential operators defined on R. The derived criteria are of various types.

The boundedness for maximal and fractional integral operators in unweighted and
weighted variable exponent Lebesgue spaces defined on Euclidean spaces was investi-
gated by many authors (see, e.g., the papers [1 1], [34], [15], [12], [6], [9], [24], [25],
[20], [21], [22], [28], [29], [14], [8] etc). It should be emphasized that in the last two pa-
pers a complete characterization of the one—weight inequality for the Hardy-Littlewood
maximal operator is given under the Muckhenhoupt—type conditions. We refer also to
the monograph [13] for related topics.

Apart from interesting theoretical considerations, the study of variable exponent
spaces was motivated by a proposed application to modeling electrorheological fluids
(see, [32]), to image restoration (see e.g. [1]), etc.

The paper consists of three sections. In Section 2 we recall some well-known facts
about variable exponent Lebesgue spaces and VEAS; also we prove some lemmas and
propositions needed to prove the main results. In Section 3 we give weight characteri-
zations for maximal and fractional integral operators to be bounded in VEAS.

Finally, we mention that throughout the paper constants (often different constants
in the same series of inequalities) will mainly be denoted by ¢ or C; by the symbol
P/ (x) we denote the function -2 1 < p(x) < co; the relation @ ~ b means that

pl)—1>
there are positive constants ¢; and ¢, such that cia < b < cpa.
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2. Preliminaries

2.1. Variable exponent Lebesgue spaces

Let E be a measurable set in R with positive measure. We denote:

p-(E) = infp, p+(E) :=supp
E

for a measurable function p on E. Suppose that 1 < p_(E) < p4+(E) < eo. Denote
by p a weight function on E. We say that a measurable function f on E belongs to

BY(E) (orto LY (E)) if

Sp(1p(f) = / | ()p )|V dx < oo,
E

It is a Banach space with respect to the norm (see e.g., [26], [33], [37])

If p = const, then we use the symbol LP)(E) (resp. Sy(.)) instead of Lf;(')(E)
(resp. S(),p)- Itis clear that Hf”Lﬁ(')(E) = ”f(')P(')”LP(')(E)'
In the sequel we will denote by Z and N the set of all integers and the set of

positive integers, respectively.
Let us recall some well-known facts regarding LP(¥) spaces.

PROPOSITION A. ([26], [37], [33]) Let E be a measurable subset of R. Then
. E _(E
(i) LAk < Sper (Fxe) < IS0 Mgy < 1

LAk < Sper (F2E) < WAL Il ey > 1:

(ii) Holder’s inequality

‘E/f(x)g(x)dx’ < (p_l(E) + (ij)),) ||fHLp(l)(E) HgHLp’(d(E)

holds, where f € LP(')(E), g€ LP,(')(E)-

PROPOSITION B. ([33], [26], [37]) Let 1 < r(x) < p(x) and let E be a bounded
subset of R. Then the following inequality

Hf”U(*)(E) < (|E| + l)HfHLP(‘)(E)

holds.
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DEFINITION 2.1. We say that p satisfies the weak Lipschitz (log-Holder conti-
nuity) conditionon E C R (p € WL(E)), if there is a positive constant A such that for
all x and y in E with 0 < |x —y| < 1/2 the inequality

Ip(x) —p(y)| <A/(=In|x—y|)
holds.

The next statement gives another characterization of the weak Lipschitz condition.

LEMMA A. ([11]) Let I be an interval in R. Then p € WL(I) if and only if there
exists a positive constant ¢ such that

|J|P—(J)*I7+(J) <c
Sor all intervals J C I with |J| > 0. Moreover, the constant ¢ does not depend on I.

LEMMA B. (see,e.g. [4]) Let 1 <g< g <o and 1 = 5
{un} and {v,} are sequences of positive real numbers. The following statements are
equivalent:

(1) There exists C > 0 such that the inequality

{ z(a"w”)q}l/q <c{ Z<|an|vn>’?}1/q

nez nez

—1

Suppose that

holds for all sequences {a,} of real numbers.

1/s
(ii) { > (unvn‘l)s} < oo,

nez

2.2. Amalgam spaces

Let u be a weight function on R and let f be a measurable function on R. Let us

denote
1/q
gy~ (IO, )

nez

We define the weighted variable exponent amalgam space by
(LEO R = {1 111 g gy ) < -

If u = const, then (Lf,’(')(R)J‘?) is denoted by (LP()(R),19).

Let p = p. = const and u = const. Then we have the usual amalgam (see [38]),
which were introduced by N. Wiener (see [40], [41]) in connection with the develop-
ment of the theory of generalized harmonic analysis.

Some properties of variable exponent amalgam space can be derived in the same
way as for usual amalgams (L% (R),19), where p is constant.
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THEOREM A. Let p be a measurable function on R with 1 < p(-) < e and ¢
is constant with 1 < q < e=. The variable exponent amalgam space (LPU)(R),19) is a
Banach space whose dual space is (LPV)(R),19)* = (LP'O)(R),19). Further, Holder’s
inequality holds in the following form

< ||fH(Lp(l)(R)71q)||g||(Lp’(-)(R),lq’)~

sty
R

Proof. Since LPU)(R) is a Banach space and (LPV)(R))" = L) (R) (see [26]),
from general arguments (see [10], [19], [16], [38]) we have the desired result. [

The next statement for more general amalgam (X,19), where X is a Banach space,
can be found in [38].

THEOREM B. Let p be measurable function on R and 1 < qy < g3, then

(LPO(R), 1) © (LU (R),192).

Other structural properties of amalgams are investigated e.g., in [16] and [38].

DEFINITION 2.2. Let J be a bounded interval in R. We say that a measure U
satisfies the doubling condition on J (u € DC(J)) if there is a positive constant ¢ such
that for all x € J and all r, 0 < r < |J|, the inequality

pw((x—=2rx+2r)0J) <cpu((x—rx+r)nJ)
holds.

For a weight function u, we sometimes denote:

u(E):= [ u(x)dx, E CR.
/

LEMMA C. ([17], [21]) Let J be a finite interval and let i be a doubling measure
on J. Suppose that p is an exponent defined on J satisfying the conditions 1 < p_(J) <
p(x) < pp(J) < oo and p € WL(J). Then there is a positive constant C depending only
on doubling constant d such that for all subintervals I of J,

(u(n)P-O=r+) < C.

Let J be an interval in R, J C R and let

1
(M £)(x) = swp g [ 1)y, xe
125 7

where x € J and « is a constant satisfying the condition 0 < o < 1.
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When o = 0, then we have the Hardy—Littlewood maximal operator. In this case
we denote MY by M)

The next statement is a solution of the one—weight problem for the Hardy-Little-
wood maximal operator (see [8]). We formulate the result for a bounded interval.

PROPOSITION 2.1. The operator M) is bounded in L‘x(')(J) if and only if w €
Ap()(.]), ie. | X
sup 1|~ [wxall oo W™ 2l ey < oo
I1CJ
provided that 1 < p_(J) < p(-) < p+(J) < oo and p e WL(J).

Now we formulate Sawyer [35] type results for maximal operators in variable
exponent Lebesgue spaces.
The next statements (Propositions 2.2- 2.3 and Corollary 2.1) are taken from [21].

PROPOSITION 2.2. Let an exponent p be defined on a finite interval J and let
l<p_-(N)<p() < P+ (J) < eo. Suppose that v and w are weight functions on J and
that dv(x) = w(x)"?'®dx belongs to DC(J). Suppose also that 0 < o < 1 and that
p € WL(J). Then the inequality

IVME Fll o0 gy < el FOll o oy

holds, if and only if there exists a positive constant ¢ such that for all intervals I, 1 C J,

J 0 08 o) 7O )y < e fwr O < e
I 1

COROLLARY 2.1. Let J be a bounded interval andlet 1 < p_(J) < p(-) < p+(J)
< oo, Suppose that 0 < o < 1. Assume that p € WL(J). Then the inequality

1) (5" 1) )

holds if and only if

o) SCllfllppo gy (Trace inequality)

up / ()PP < oo,
ricy

where the supremum is taken over all subintervals I of J.

PROPOSITION 2.3. Let 0< o<1, 1 < p_(R) < p(-) < p+(R) < oo, andlet p €
WL(R). Suppose that there is a positive number a such that w0 (-) € DC(|—a,a))
and p = p. =const outside [—a,a]. Then the inequality

1M £l o gy < 1911l oo gy

holds if and only if there is a positive constant ¢ such that for all bounded intervals
I CR,

R), —p/(. —p'(
VM 0 O ) | gy < el POy gy < o
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To formulate the next statement we need the following definition.

DEFINITION 2.3. Let u be a measure on R. We say that u satisfies the reverse
doubling condition on R (i € RD(R)) if there is a constant b > 1 such that

Wx—2rx+2r) =2 bu(x—rx+r).

It is well-known that the reverse doubling condition implies the doubling condi-
tion.

PROPOSITION 2.4. ([20]) Suppose that p = const; 1 < p < g_(R) < g+(R) <
oo; 0 < ot < 1. Assume that w7 € RD(R). Then the inequality

IvMafll 0 ) < ellwfllre) @1
holds if and only if
sup [[vaer 11 e gy 1w 2l ) < - 2.2)
ICR
Let )
I SV, R
(af /‘x y‘lay’xe

be the fractional integral operator defined on R, where 0 < o0 < 1.
The next statement is a generalization of the result by D. Adams [2] for variable
exponent Lebesgue spaces:

PROPOSITION 2.5. ([20]) Let s be a measurable function on R such that 1 <
s_(R) < 51 (R) < eo. Suppose that r and o are constants satisfying the conditions:
I <r<s_(R), 0< o < 1/r. Then the following statements are equivalent:

(i) I, is bounded from L’ (R) to L\ (R);

(1) y

o—1/r
Sup. 222150 g 11 <o,

where the supremum is taken over all bounded intervals / in R.

Let
(]a({gk}))n = Z % ,NEZL
kEZ k#n n— k|
(Za{&i})), = kzﬁ nez,

(Wa {a}) ) ZW, necz,

be discrete fractional integral operators, where 0 < o < 1.
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It is easy to check that

L (ala), o+ Fallah), ) < (Fallanh),
= (%a({gk}))n,l + (Wa({gk}))Hy

Let {uy }ncz be a positive (weight) sequence. In the sequel by I} (Z), 1 < p < oo,
will denote the class of all sequences {gy }rez for which

1/p
el = ( 3 losb) <

keZ

If uy is a constant sequence, then we denote I/, (Z) by I7(Z).

Sometimes we use the symbol T({gi})(n) instead of T({gx}), for a discrete
operator 7T .

Let (X, % ,u) and (Y,9%,Vv) be measure spaces with v being o - finite. Suppose
that k(x,y) is a non—negative real-valued % x 98— measurable function and that

K1) = [ ke f (<)du(e)
X

is the kernel operator.
Denote:

e (x):={yeY k(x,y) > A}, ex(v):={xeX 1 k(x,y) > A},
where A is a positive number;

M, (1)(y) :=sup A" (e2 (v)); Mo(v)(x) := supA°*v (e (x)),
A>0 A>0
where r and s are real numbers.
To prove the statements regarding fractional integrals we use the following state-
ment which is a corollary of part (ii) of Theorem A in [2].

THEOREM C. Suppose that 1 < p < q < oo, ; = I%—i— 1—r, where r > 0. If
M (u)(y) SA<eo forallyeY; My(v)(x) <B<eoforall x € X, then the operator K
is bounded from LP(X,u) to L4(Y,Vv), where LP(X,u) LY(Y,v) are Lebesgue spaces
defined with respect to the measures |L and v, respectively.

PROPOSITION 2.6. Suppose that p, q and o are constants satisfying the condi-
tions: 1 <p<q<e, 0< o <1/p. Then the following statements are equivalent:

(i) Z is bounded from 17 (Z) to I} (Z);

(ii) #4 is bounded from [P(Z) to I} (Z);

(iii) .# is bounded from [?(Z) to I} (Z)

@iv)

m+j l/q
B:= sup <ka> (j4+1)* VP < oo,

meZ,jeN \ k=m
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Proof. (iv) = (i). Suppose that X =Y =7, u is the counting measure on Z and
that dv(n) = v,du(n), where {v,},cz is the weight sequence. In our case the kernel
operator is given by

{%a{gm}}n = 2 k(m7n)gm7 nel,

where
k(man) = X{meZ:m<n} (l’l —m+ l)ail'

Let r= andletZ":Ig—kl—r.Thatiss:q(O&:ll/p) > 0. We have

supM,(u)(n) = sup A'u{meZ:m<n(n—m+1)*">2}
neZ A<1,nez
= sup Ar(ail)“{mEZIWZSn;n—m—kl<)L}
A=1,neZ

n
< sup k! 2 1<e.
keN,nez m=n—k

Further,

supMy(v)(m) = sup Av{n€Z:m<ni(n—m+1)*"' >}
meZ A<1,meZ

= sup AS(“_I)v{nEZ:mgn;n—m—i-l<7L}

A>1,meZ
m+k
< sup pla-1) 2 vy < cBY.
keN,meZ n=m

(i) = (iv). Let

(m)y _ lifm—j<k<m,
(B { 0 otherwise,

where m, j are positive integers such that j < m. Then we have

oo n (ﬁ(m))k o\ /4 m+j m 1 a\ /4
Er(Lak=)) » (8 (3 st
m+j 1/a
>C<Zvn> ]-oc.

Therefore, by the boundedness of %, we conclude that

m+j 1/q
Zvn j"“l/l’gq 1<j<m.

n=m
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(i) = (ii). Let
lifm—j<k<m
0 otherwise,

(B = {

where m € Z and j € Z. Then we have

" (B)), a\ /4 mtj m { a\ /4
(g&v" (kzm(n—k+1)1°‘>> g ,Z,‘nvn k:%j(n—kﬂ)lfa
m+j 1/q
26‘(2\%) J%.

n=m

Therefore, by the boundedness of %, we conclude that

m+j 1/a
(2\1”) jUr<e, mez, jez.

n=m
The remaining parts (ii) = (iv) and (iit) = (iv) follows similarly; therefore we
omit proofs. [

The next statement gives criteria guaranteeing the trace inequality for the discrete
potential operators in the diagonal case, i.e., when p = ¢g. Criteria are of Maz’ya-
Verbitsky [27] type.

PROPOSITION 2.7. Let 1 < p<eoandlet 0 < a <1/p.

(1) The inequality
Foo » =,
% ) i < ; 23
i;w( o8j iV Cizmgl (2.3)
holds for all non-negative sequences {g;}; if and only if {#v;}; < oo forall i € Z and
{Halbar)'} <e{Wav} . 2.4)
1 1
(ii) The inequality
oo » oo
Y (Yagi) vi<e X4l 2.5)
j=—o0 ! i=—o0
holds for all non-negative sequences {g;}; if and only if {Zqv;}; < oo forall i € Z and
{%a[%a‘)j}p,}_ < C{%(xvl'}_. (2.6)

To prove Proposition 2.7 we need some auxiliary statements.

PROPOSITION C. Let 1 < p < oo, andlet 0 < o < 1/p. If %y is bounded from
IP(N) to I}(N) then there exist a positive constant ¢ such that

m-+h
> vi<ch'm* (2.7)

i=m

holds for all m € Z and h € N.
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Proposition C follows just in the same way as in the proof of the implication (i) =
(iv) of Proposition 2.6; therefore it is omitted.

We will prove the first part of Proposition 2.7. The second part follows analo-
gously.

Proof of (i) of Proposition 2.7. Let us first show that, from (2.3) it follows that
{ Wit < oo forall k € Z. By the duality arguments (2.3) is equivalent to the inequal-
ity

D (Wagjx <cy gl vil_pl. (2.8)
i=1

i=1

Let vEl) = ViX{i:m<i<m+2n}, and vgz) = ViX{i:i<morizm+2n} » Where m € Z and h € N.
Note that for k > m+2h—1 and m <i<m-+h, we have that k —m+ 1 < 2(k—
i+ 1). Further, by using (2.7), we arrive to the estimates:

=3

HodPti< Y wbk—it1)* ' <e Y mlk—m+ 1)@

k=m-+2h—1 k=m+h
oo oo oo Jj+m—1
co—2 co0—2

SCEVk(EJ><cZJ (Zm)

k=m-+h Jj=k—m+1 Jj=h+1 k=m
< co0—2 1—ap
S C ] J < oo,

j=h+1

Therefore (Wavf))i < oo. The fact that (Wavy))i < oo is obvious. Thus, (Wavj)i
< oo forevery i € Z because m and h are taken arbitrarily.
Now we prove that (2.3) yields (2.4). For this we need the next lemmas.

LEMMA D. Let 0 < o < 1. Then there are positive constants chl) and cfx) de-
pending only on o such that for all m € 7Z the inequality

m+j—1

(HaBrhn 2 (2 ) <eld abaln

holds, where B, >0

Proof. The proof follows easily if we observe that there are positive constants bg)

and bg ) independent of k£ and m such that

=

Y b k-mr ) <oy Y
Jj=k—m+1 j=k—m+1

It remains to change the order of summation. [J
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.. 1
COROLLARY A. Let 0 < o < 1, B, = 0. Then there are positive constants CSx)

and cg ) such that for all m € 7Z the inequality

m+j—1

{Wa[Waﬂm } Ex 2 < Z {WaBn}? ><C&){Wa[Waﬁm} }m

holds.

2)

Let vl(l) and vg be defined as above. Then by using (2.8) we have that

m+h 4 m+h

2(Wav ) ch,

Thus, by Corollary A we conclude that

o i+2(j—1)

< cha72< 2 vk> < C{Wa[Wavi]}i.

! j=1 k=i

Drarar)

For the estimate of {Wa [Wavl@)]l’/ } we need some auxiliary statements.
L

LEMMA E. Let 0 < o < 1. Then there is a positive constant ¢ such that for all

natural numbers m,k and an integer j satisfying the condition m < k < m—+ j—1, the

inequality
m+s—1
Vt>

{Wav } <c2s°‘ 2( Z

t=m

holds.

Proof. We recall that v,(cz) = ViX{k:k<mork=m+2j}- Using the arguments of the
proof of Lemma D and the fact that

(Wavﬁz)% = i V(s —k4+1)%!

s=m+2j

we have

<Wav§2)>k <c i vs(s—m+ 1)1

s=m+2j
fd e oo m+t—1
<c Z Vs Z ta_zchto‘_z( Z v5>. O
s=m+2j t=s—m+1 t=j s=m

LEMMA F. Let 0 < a0 < 1. Then there is a positive constant ¢ such that for all

meZ
' m+s—1 /

{Wa[Wav } Eto‘ 1<2s°‘ 2( 2 vj)>p.

j=m
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Proof. Using Lemma E in Corollary A we have that

m+t—1

{%[%v } <02t0‘ 2( Y {%vk}l”)

=
m+t—1 m+s—1 /
th“ 2 2 (2Sa 2 2 Ve)
k=m s=t
(the inner sum does not depend on k)
m+s—1 P m+t—1
_Czta2<za2 2 Vg) (Z 1)
k=m
m+s—1 /

tha 2<2s°‘ 2 2 Vg>

E=m

LEMMA G. Let 0 < o0 < 1. Then there is a positive constant ¢ such that for all
meZ,

D'}

Proof. We will deduce the discrete case from the continuous case. Let v(x) =v;,

j<x<j+1. Then [ jj i v(x)dx = v;. Hence, by using lemmas proved above and
integration by parts, we find that

m+2j /

(riraf¥), < 0 (£ (5
o ntl o Tl m+y '
ScE/xal(Z/ya2 vk dy)pdx
n=1" i=2n k=m
< cl/xa_1<x/ya_2<?:vk>dy>pldx
([T [ e (B

< cl/ocxa<x/oo~~->pllxa2<gvk>dx

k



MAXIMAL OPERATORS IN VEAS 135

m+n-+1

o k1 m+k+l V-1
Z /ka 2 vl>dy> no‘_z( D vk>
k=n k=m

n:
m+n+1

oo m+k+1 p—1
Er(Ee () (S, o
n=1 k= i=m k=m
Now necessity of Proposition 2.7 follows easily because of Proposition C. Indeed
by using Proposition C we have that
-1

{Wa[Wav } <CZ (Zko‘ 2 k—|—2)1 ap) (no‘_2 Z vk>

k=m

k=n
m+n+1

< cEn 2 v < {Wavm}
n=1

In the last inequality we used Lemma D, in particular, the right-hand side inequality.

Necessity of Proposition 2.7 is proved.
Now we prove sufficiency of Proposition 2.7. We need some auxiliary statements

LEMMA H. Let 1 < p <o and 0 < o < 1. Then there exists a positive constant ¢
such that for all non-negative sequences {g;}icz and all i € Z, the following inequality

holds
(2.9)

{Zagi}] < c{Ra [%agk}f_lgm}ﬁ

Proof. First we assume that {Vogi}i := {%o|Zagi)’'g;}i and

{Vagjti < {%ag)}?-

Otherwise (2.9) is obvious for ¢ = 1. Now let us assume that 1 < p < 2. Then we have

{RBogi}! = i (i—k+1)“*1gk( i (i—j—|—1)a71gj>p71

k=—o0 j=—o0
i . k . p—1
< Y (i—k+1)* gk( Y (i—j+1)* gj)
[ — oo
i i p—1
+ Y k) (Y- ) =,
koo =k

It is obvious that if j <k <i,then k—j+ 1 <i— j+ 1. Consequently,

k

; ~1
W<y (i—k+1)°‘*1gk( S (k—j+1)“718,f>p = {Vagi}i

k=—oco j=—o
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1 1
p=1°2-p
du(k) = (i—k+1)*grdu.(k) (here u. is the counting measure on Z). We have

Now we use Holder’s inequality with respect to the exponents and measure

Ii(2) < ( i (i—k+1)°“1gk>2_p( i <zi‘(i_j+l)a—lgj>(i—k+1)a_lgk>p_l

k=—oco k=—oo " j=k
= {%agi}iz_p(-]i)IFH
where
i i
J,‘E 2 <E(i—j+l)ailg.,)(i—k-i-l)ailgk.

k=—co  j=k
Using Fubini’s Theorem we have
i J
Ji= X =) (X -k 1) ).
J=—ee k=—eo
Further, it is obvious that the following simple inequality
J J

S k1l < (3 (k) )" {Fun))

k=—oo k= —oo
—1 2—
g{%agj}f {Zasgi}; !
holds, where j < i. Taking into account the last estimate, we obtain
Lo _ - 2-p -
Ji < ( > (i—j+ 1) g {Rag}y 1) {%gi}. = {Vogiti{ Zagi}i "

j=_°<’
Thus,
2 - 2-p)(p—1 _ 2— _
1 < (Fagi)] M) Ve = (R} Vel
Combining the estimate for I(!) and 1?) we derive
(Ragi}! < {Vagiti+ {Zagi} ! (Vagi}l .
As we have assumed that {Vog;}i < {Zagi}! . we obtain
_ _ _ 2
{Vagiti= (Vagi}y Vot ™" < Vot {(Fagi}l®".

Hence

(Zagi}! < Vo) {Ragi}?" " + (Vogi}! ™ {Ragi}?7 7
= 2{Vagi}! { Zagi}? 7.
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Applying the fact (Zag;), < e we find that

L
{%chl}f, X -1 {Vagl}l
Now we shall deal with the case p > 2. Let us assume again that
{Vagjti <{Zag;}i-

Since p > 2 we have
i i p—1
{%ag,-}f:ZZ—k—Fl (21—]—1—1 )

k p—1
2plzl—k+l Lo X (- i+ 1) g;)

k=1 j=1

yor- 121—k+1 gk<il—]—|—1 )’H
Jj=k

k=1

N

=201 oy,

It is clear that if j <k <i, then (i—j+1)%"! < (k— j+1)*"!. Therefore Il-(l) <
{Vugi}i. Now we estimate Ii(z) . We obtain

(Sremte) = (S o) (S see)

Using Fubini’s theorem and the last estimate we have

i i

( {g@ag,}pi2 Z (i—k+1)% gkz i—j+1)%

b k=—co j=k
p—2 J
= {%’agi}i Y (i—j+D* “lg; Y, (i—k+1)*

j=—co k—=—oo

Due to Holder’s inequality with respect to the exponents { p— 1 } and the measure
du(j) = (i—j+1)*"'g;duc(j) (U is the counting measure on Z) we derive



138 A. MESKHI, M. A. ZAIGHUM

= (Fag) T Vag) T

Combining these estimates we obtain

rp 1
{%agi}f < Zpil{vagi}i*'zpil{%agi}i e {Vagi}ipil :
By virtue of the inequality {Vygij}i < {Zag;}’ it follows that

p—2 p2)

1 1
{Vagiti={Vag;}/ I{Vagj}zpl Vagit! l{%ag/} "

Hence

r(p=2) 1 p2)

1 1
{%agj}p 2P 1<{V06gj} l{%agj} I +{Vagj} l{%agj} " )
1 plp— 2)

—zp{vagj}p {Zag)} T

Further, from the last estimate we conclude that

{‘@O(gj}p < 217 {Vagj}la

where 2 < p <e. [

LEMMA L. Let 1 < p <eoo, 0 < & <1 and v; be a sequence of positive numbers
on 7. Let there exist a constant ¢ > 0 such that the inequality

|Zetgitln | 2) < et lsillny . (1) = (Favi)]

holds for all sequences g; € IP(Z). Then
H%a{gi}Hzg’i(Z) <@ HgiHZP(Z)» 8i €1°(Z),

1 /
where ¢y = cl/p cl/p,

Proof. Let g; > 0. Using Lemma H, Fubini’s theorem and Holder’s inequality we
derive the following chain of inequalities:

Z{%agk}k"k CZ Z {%agj}p gz( _H‘l)

keZ k€Zi=—oo

S — > 1/ fd 1/p'
R
i=1 i=1

i€Z
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71 -1
= CHgiHlp ||=%)agtHlP < C”giHlp(Z) Hgi”ﬁ(z)

l

~1
=i clsillp

Hence, )
S c}/p c!/r ngHw(Z) - b

[%a8ilig 2 <

LEMMAJ. Let 0 < o <1 and 1 < p < oo. Suppose that {#yvi}i < o and
{Wa[yﬂavi}p,}_ < C{Wavi}_

forall i € Z. Then we have

||<@a{gi}Hzl’(l)(N) <cllgillipz, i€lP(Z), (2.10)

where {vgl)},- = {Wavi}f,.

Proof. Let g; >0 and let g; be supported on the set E,,,; := {i:{ <i<m}, where
m,l €7Z. Let ti(rjl.) = X{j:j<i} min{(i—j—|— 1)*~!.n}, n € Z. Then using Lemma H
(which is true also for the kernel t ) Fubini’s theorem and Holder’s inequality we

obtain the following chain of 1nequal1t1es

Z (zi,tnga v} cz (Z (i;k) ) )vlgl)

et P =1
<o 5 u( 3 dn) (E07)
Jj=—oo =—o0 =]
< cllgillir(z (Jiw (i ) {%a [Zovi]P }j,> 1y

< clgillinz) (i (lgltj(n ) {‘%JO‘VJ}, )1/”.

Since ¥/, tj(._';c)gk <eoand {#'vj}; <eo forall j, therefore we have that

(Z(ZQ,&) Vi >/p C||gi||zp(N)

Passing now by to the limits as m and n to +eo, and by [ to —eo we derive (2.10). U

Combining these lemmas we have also sufficiency of Proposition 2.7. Proposition

2.7 is completely proved.
The next lemma will also be useful for us:
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LEMMA K. Let 1 < r,s < oo andlet g, be a non-negative sequence. Suppose that
u, be a positive sequence on 7.
(1) The following two inequalities are equivalent

n—1 r 1/r
(2[ 5 <n_m>a1gm] ) <aillgdln
neZ Lm=—eco

and

1/r
< > (%’agk)n]’unﬂ) <cillgulli),

nez

where the positive constant ¢; does depend on gy ;
(ii) The following two inequalities are equivalent

o0 r 1/r
<Z{ > (m—n)a_lgm} ”n) < e2lgellis(z)
neZ Lm=n+3

and

1/r
( 2 (%gk)n]’una) < a2llgellis ),

nez

where again the positive constant ¢, does depend on gy .

3. Boundedness on VEAS

This section is devoted to the boundedness of maximal operators in VEAS.

3.1. General operators in VEAS
We begin this subsection by the following definition:

DEFINITION 3.1. ([4]) Let T be an operator defined on a set of real measurable
functions f on R. Define a sequence of local operators

(Tnf)(x) := T(fX(n—l,n+2))(x)7 x€(n—-1,n+2), neZ

Let us assume that there is a discrete operator T¢ satisfying the following condi-
tions:

(1) There exists a positive constant ¢ such that for all non-negative functions f, all
n€Z and all x € (n,n+ 1), the inequality

T+ St < ([ 1))

m—

holds.
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(ii) There is ¢ > 0 such that for all sequences {a;} of non-negative real numbers
and n € Z, the inequality

T4 ({ar})(n) < cTf(y)

holds for all y € (n,n+ 1) and all non-negative f, where [" | f =:ay, meZ. Itis
also assumed that T satisfies the conditions

Tf=T|fl, T@Af)=I|ATf, T(f+g) <Tf+Tg, Tf<Tg iff<g.

We will say that an operator T satisfying all the above— mentioned conditions is
admissible on R.

For example, Hardy operators, Hardy -Littlewood maximal operators, fractional
integral operators, fractional maximal operators are admissible on R (see [4]). C. Le-
brun, H. Heinig and S. Hofmann [7] established two weighted criteria for the Hardy
transform (2 f)(x) = [*_ f(t)dr in amalgam spaces defined on R (see also [30], [18]
for related topics). In [7] the authors derived one—weighted inequality for the Hardy-
Littlewood maximal operator. Y. Rakotondratsimba [31] characterized two—weighted
inequalities for the Hardy-Littlewood and fractional maximal operators and fractional
integrals in amalgam spaces defined on R. In the paper [3] the two—weight problem
for generalized Hardy—type kernel operators including the fractional integrals of order
greater than one (without singularity) was solved. Finally we mention that criteria for

the boundedness of the weighted kernel operator K, f(x) =v(x) [ k(x,y)f(y)dy from

(LP0)19) to (LP1),19) were derived in the recent paper [23]. In that paper the authors
studied also the compactness problem for K, in VEAS.
General type results for admissible operators read as follows:

THEOREM D. ([4]) Let 1 < p,p,q,q < o, and let v and w be weight functions
on R. Suppose that T is an admissible operator on R. Then the inequality

IVT fll 2o ®) 9y < clWfll (17 (m) 7)
holds for all measurable f if and only if

(i) T? is bounded from 17({w,}) to 19({v,}), where w, := (f:lwﬁ,> ,

q

P
va=( [y
() (a) sup 1Tl 712t ne1 gy S 2SO T < @< g <eo.

—Lfri<g<g<o.

s 1_1
Gl,wheres—q 7

(b) ||| (LD (n—1,n42)—L (n—1,n+2)]

Let X(R) be a Banach function space defined with respect to the Lebesgue mea-

sure on R (see [5], Chapter 1 for the definition and basic properties of a Banach function
space). We establish the statement similar to Theorem D for amalgam spaces defined
with respect to a Banach function space i.e., in the amalgam spaces, where instead of
the || - || 10 (r) Dorm is taken Banach function norm | - llx(®)- This general amalgam
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space will be denoted by (X(RR),19). Associate space of X(R) is denoted by X'(R).
In a Banach function spaces Holder’s inequality holds ([5], P. 9):

[178 <Uflxligli fex, gex: 3.1

Let, as before, T be an operator defined on a set of measurable functions on R
and let T;,,, be an operator defined by

Tywf =vT (wf),

where v and w are a.e. positive functions on R.

THEOREM 3.1. Let X(R) and Y(R) be Banach function spaces. Suppose that
q and q are constants satisfying 1 < q,q < o. Suppose that w and v are weight
functions on R and that T is an admissible operator on R. Then the inequality

TSNl r () a0 < €llf Nl (x(my 7) (3.2)

holds if _
() T¢ is bounded from 19({w,}) to 19({v,}) where w, := Hx(,,_lﬁn)(-)w(-)H;gR),

V= ||X(n,n+l)('>v(')H;{'(]R)'
(i) (a) sup H(Tn)v,W”[X(n—l,"+2)_’Y(n_17"+2)] < <><>f0}" I<g<g<oo.

X (1= 1,042) =Y (n—1,042)) € I* Wilh%Zé—%f0V1<61<67<°°-

() [[(Ta)uw

Conversely, let (3.2) hold. Then
1) conditions (ii) are satisfied;
2) condition (i) is satisfied for w = const .

Proof. Let (i) and (ii) hold. We have

1/q
VT Al rgyany < {znwa cen )+ X2, >>]v<->||‘;(n,n+1>}

nez

1/q
+c{ N VT (fw)lIT Y(nnt1) } =181 +5,.

nez

Let a, := [, | fw. By the hypothesis and Holder’s inequality (see (3.1)) we have
that

1/q
1< ef BT Uan) 0 s i}

nez

1/q
{ZanHXn 1nWHXln Ln } gc”fH(X(R)l‘i)

nez
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Let us estimate S>. Suppose that 1 < g < g < e. Since the operators (T;),, are
uniformly bounded we find that

1/q 1/q
S U inen | <o SMMprrrin |

nez nez

< cllfllx(ry 9

If 1 < g < g < o, then by using Holder’s inequality (see (3.1)) we find that

1/q
{ Z H ] X(nl,n+2)f||;1((R)}

= [ —1n+2)—Y(n—1,n+2)

E

99 % Va
<c[{2<rn>v,w||w} {zxnlmfx H < el fllqsn

nez nez

Conversely, let (3.2) holds. Suppose that n € Z and f is a non-negative function
supported in (n— 1,n+2). Then

11 ey aay < 3 Xn-1002) [l x(®)

On the other hand,
| Tow 1l (v (r) VX(n—1042)T (fw )”Y(R)

|
IV (W) lly ()

WV \\/

By the two—weight inequality we conclude that (a) of (ii) holds. Let us now show
thatif 1 < g < g < oo, then (b) of (ii) is satisfied.

Since ||(Tn)vwllix(®)—y(®)] = sup  |VT,(fw)lly(w) we have that for each n,

{£: A llxwy=1}

there exists a non-negative measurable function f;,, with the supportin (n—1,n+42)
and with ([ 2u—1n+2)fnllx(r) = 1, such that [[(T)vllx@)—y®) < VT (faw)lly @) +
2‘,1‘ So it is sufficient to prove that |V, (fuw)|lx®) €1
Let {a,} be a sequence of non-negative real numbers and f =Y a,f,. For each

n€Z, f(x) > anfon(x) and then v(x)T(fw)(x) = ayv(x)T,(frw)(x) nfor all x € (n—
I,n+2).
Thus,

1/q
VFase i) {zca XTI }

nez

_ c{ N, @l fuw) H;I/(R)}

nez

1/q
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Hence, the two— weight inequality yields that

l/q 1/
{Sabnmlie} <o 3l mniie |

nez nez

1/q .
{Zanxn1n+2fnllx } =c{Y al}.

nez nez

Finally, by Lemma B we see that (b) of (ii) holds.
Now let us prove that (i) holds when w = const. If {an} is a sequence of non-

negative real numbers and if f:= ¥ @nX(n—1m),then f f=am,and || x(ns1)f Hx
meZ m—1

=d| A(nn+1) [ X®) = al. By the properties of T we have,

1/q
Ty 0y = { 3 s Tl }

nez
m 1/‘1
> { Z ||X(n,n+1)VTd</ f) ?/(R)}
nez m—1
1/q
{EZT an) 1) X1V } 9T {am()} 1
ne

Applying the two-weight inequality we have that

1/d N1/a
17T am(m)} o < {zxnn+1f||x } =c{2az} — lanl.

nez nez
Hence (i) holds. [

Theorem 3.1 implies the following statement:

THEOREM 3.2. Let p(-), p(-) be measurable functions on R satisfying 1 <
P-(R) < p4(R) < oo, 1 <p_(R) < p.(R) <oo. Suppose that q and q are con-
stants satisfying 1 < q,q < eo. Suppose that w and v are weight functions on R and
that T is an admissible operator on R. Then the inequality

HVTfH(LP(‘)(R)Jq) < C”Wf”(Lﬁ(-)(R)ﬂ) (3.3)
holds if )
(i) T4 is bounded from 19({w,}) to 19({v,,}) where w, := Hx(n,m)(-)w’l(-)H;Ig,(_),
= X+ 1) Ol
(11) (a) sup IZall ;7 n_17n+2)_>L5<->(n_17n+2)] <oofor 1< q<q<eoe.
(b) HT I L2V (n—1.n+2)— L2 (n—1.n+2)] €1 with % - é_ % for 1 <q<g<e.
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Conversely, let (3.3) hold. Then

1) conditions (ii) are satisfied;

2) condition (i) is satisfied for w = const or for p and p being constant outside
some large interval [—mg,mg)], mgy € Z.

Proof. Proof follows from Theorem 3.1. We only need to show that if (3.3) holds,
then condition (i) is satisfied for p and p being constant outside some large interval
[—mo,mo} , mg € 7.

Suppose now that w is a general weight and there is a positive integer mg such
that p, p are constants outside [—myq,mg]. Taking

1= 5, ) ( / WO <y>dy) s In

m
it is easy to see that [ f = a,,. Moreover, by Proposition A and the fact that

m—1

m mO
/W‘ﬁl(”(y)dyé /w‘5'<y)(y)dy<°°, [m—1,m] C [—mg,my),
m—1 —mg

we have for m <mgy+1,

“1
w7 0) <y>dy) ot s

—z

it Foll 0 = (

m

1
<cam< / W_ﬁ,(y)(y)dy
—1

m

b

)1/ﬁ+([m17m))

where the positive constant ¢ depends on my. Since

HVTfH(LI’(')(R)Jq) = CH Vn(Td{am})(”)”l‘h

using again Proposition A we find that

_ 1/q
150 a0l < €[ -1 |

m

_ _ =q/p+(m=1,m))y1/q
ce[sa( [w o) ]

m—1

= ||amequ. U
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3.2. Maximal operators in amalgams (L”()(R),1%)

In this section we establish criteria for the boundedness of maximal operators in
variable exponent amalgam spaces.
Recall the E. Sawyer [35] result for the discrete fractional maximal operator

1 k
M? =sup ———— Nal, 0O<a<1.
“an)() = swp G pya 2l

which is a consequence of more general result regarding two-weight criteria for maxi-
mal operators defined on spaces of homogeneous type (see [36]).

THEOREM E. Let r and s be constants satisfying the condition 1 <r < s < oo
and let oy, B, be positive sequences on 7. Then the two—weight inequality

1/s 1/r

(S (o) <o Sals)

nez nez

holds if and only if there is a positive constant c¢ such that for all r,k € 7 with r < k,
& Rl s 1/\ £\

(3 @ ) ) <o X7

j:r ./ r

COROLLARY B. Let 1 < r < s <eo and let o, be a positive sequences on 7.
Then the weighted inequality

( ) <Mz<{an}>);an) Ve ( ¥ |an|r) v o)

nez nez
holds if and only if
k 1/s
sup (2%-) (k—r+1)*"Vr<e, (3.5)
kireZyr<k \ j

where the positive constant c is independent of {a,}.

THEOREM F. ([39]) Let s and r be constants satisfying the condition 1 <s <r <
oo and let 0y be a positive sequence on Z. We set hj = sup,<;; m 21 PO

Then the inequality (3.4) holds if and only if {h;} € l&j °.

Now we formulate our result regarding variable exponent amalgam spaces.

THEOREM 3.3. Let p be continuous function defined on R satisfying the condi-
tions 1 < p_(R) < p(x) < p1(R) < oo. Suppose that p € WL(R). If
(@) w € Apy([n— 1,n+2)) uniformly with respect to n;
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(b) the pair of discrete weights ({w,},{v,}) satisfies the condition: there is a
positive constant ¢ such that for all r,k € Z with r <k,

k k
X (MG o)) v < e Ywy (3.6)

j=r j=r

where
Wy = ”)C(n—l,n)(')w_l(')H;,:{(.)(R)v Vp 1= ||X(n,n+l)(')w(')HZp()

Then M®) is bounded in (Lﬁ(')(]R),l‘i).

Conversely, let M®) be bounded in (L{f,m (R),19). Then (a) holds. If, in addition,
there is a large positive integer mg such that p is constant outside [—mq,my], then
condition (D) is also satisfied.

Proof. Observe that the Hardy-Littlewood maximal operator M (®) is admissible
(see [31]) and associated discrete operator is given by

M (@) () = sup 7 +12| al.

r<j<

Also, (M®) f), = (MI=172) £)(x), x € [n—1,n+2).
Now by Theorems E, 3.2 and Proposition 2.1 we have the desired result. [J

THEOREM 3.4. Let p be a continuous function defined on R satisfying the condi-
tion 1 < p_(R) < p+(R) <oo. Let 0 < o < 1. Suppose that v, w are weight functions

on R and that dv(x) := w(x) 7' @dx belongs to DC([n— 1,n+2)) uniformly with re-

spect to n. Suppose also that p € WL(R). Then the operator M((x )

(L (R),19) 10 (LX) (R),19) if
(i) there is a positive constant ¢ such that for all n and all intervals I C [n—1,n+
2) the inequality

is bounded from

SO OME 2 ()7 () v < [w W < oo

1 1
holds;
(ii) there is a positive constant ¢ such that for all r,k € Z with r <k,
& d 1-q q L 1-q
z ((MOC) ({Wn_q }%[r,k])) (.]) ‘7j < CZ Wj ! ) (3.7
Jj=r j=r

where

= 12 am O O T s = ey OV
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Conversely, let M be bounded from r (()) (R),19) to (L! ((")) (R),19). Then (i)
holds. If, in addition, there is a large positive integer my such that p is constant outside
[—mg,mo|, then condition (ii) is also satisfied.

Proof. Tt is known (see [31]) that the operator M§ is admissible and that its dis-
crete analog is M.

By Proposition 2.2 and Theorems E, 3.2 we have the desired result.

O
THEOREM 3.5. Let p be a continuous function defined on R satisfying the con-
dition 1 < p_(R) < p(x) < p+(R) < eo. Assumed that 0 < o < 1. Suppose that v is
a weight function on R. Suppose also that p € WL(R). Then the operator M
bounded from (L") (R),19) to (L,I;(')(]R),lq) if and only if
(i)inthecase 1 < g < g < oo,

o IS
1
sup o~ / (v())P@ || %P 0 dx < oo
nez ‘I|
Ic(n—1n+2) 1
and
k
sup <2v,-> (k—r+ 1%L, (3.8)
kor€Zr<k \ j=r
where v, = Hx[n,n+l)VHZp()(R);

(ii) in the case 1 < g < g < e, {J,} €[°, where 1
where

1
q
Jy =

sup

praart
%, and {H;} € L,
1
—/(v(x))l’(x)|l|°‘1’(x)dx7
nez ‘I|
Ic(n—1n+2) 1

1
H;:= sup

k
- - v — ()14
reick (k—r41)1-0q i:er’ V3= e (1 )”L”(')(R)

Theorems 3.2, F and Corollary 2.1.

Proof. Part (i) follows in the same way as Theorem 3.4 was proved. We observe
that in this case we use Corollary B. The proof of Part (ii) is similar by applying

O

THEOREM 3.6. Let p be a measurable function on R such that 1 < p_(R)
p+(R) < eo. Let p, q, q and o be constants satisfying the condition 1 < p < p_,

<
l<g<g<o, 0<a< 1. Suppose that wP e RD(R). Then the My is bounded
from (LE(R),19) 1o (L) (R),19) if and only if
() . 1
sup vl % e o W 5y < 00
e e PP e e
IC[n—1,n+2)

(3.9)
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(ii)
k

k - 1/q . 1/q
(Z (M (w0 Y o)) () ‘7,/') < c(z ;! ) : (3.10)

Jj=r
where

Wy 1= ||%(n71,n)(')w71(')”;,?/(R)v V= 1ty WO -

Theorem 3.6 is a direct consequence of Proposition 2.4 and Theorems E, 3.2.

3.3. Fractional integrals: trace inequality

In this subsection we discuss trace inequality criteria for the fractional integrals
operators Iy, Ry and Wy, in weighted VEAS defined on R. In particular, we show that
the following statement holds.

LEMMA L. (see the proof of Theorem 3.1 in [31]) The following equivalences hold:

n—1

Taf X(—eon—1)) (x) & _Z (n—m)*~'G(m); (3.11)
Uaf Xni2e)X) Y (m—n)*"'% (m) (3.12)
m=n+3

where x € n,n+1) and 4 (m) = [}" | f(y)dy.

THEOREM 3.7. Let p be a measurable function on R such that 1 < p_(R) <
p+(R) <eo. Let p, q, q and o be constants satisfying the condition 1 < p < p_(R),
I<g<g<e, 0<oa<min{l/p,1/q}. Then the following statements are equivalent:

(i) I, is bounded from (LP(R),19) to (L2")(R),19);

(ii) (a) .
o=1/p _ .

sup (1l g M7 < o (3.13)

ICln—1,n42)

(b)
m+j 1/q _

sup [ Y| (D<o, (3.14)

meZ,jeN \ k=m

where v, := IIX[n7n+1)(-)IIZ,7(.>(R)-

THEOREM 3.8. Let p be a measurable function on R such that 1 < p_(R) <
p+(R) < eo. Let p, q and o be constants satisfying the condition 1 < p < p_(R),
I <g<oo, 0<o<min{l/p,1/q}. Then the following statements are equivalent:

(i) I, is bounded from (LP(R),19) to LI (R)),19);
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(i) (a) s
3 %P < oo
IC[n—1,n+2)
(b) {#yvi}i < oo forall i € Z and there is a positive constant ¢ such that

{%[%(@)]q’}k<C{Wa(ﬁj)}k (3.15)

forall k € Z, where v, is the same as in Theorem 3.7;
{Zavi}i <o forall i € Z and there is a positive constant ¢ such that

AT e = )
{#al a5V} <e{Fali)]}, (3.16)
forall k € Z, where v, is defined in Theorem 3.7.

Proof of Theorem 3.7. First observe that

——=—dt, xc|n—1,n+2).
L e x€n—1,n+2)

Due to Proposition 2.5, uniform boundedness of (Iy), is equivalent to (3.13).
Further, it is easy to check that condition (3.14) is equivalent to each of the following
two conditions:

m+j 1/q B
sup [ 0] (V<o i=12, (3.17)
meZ,jeN \ k=m
where \7,(:) = Vit \7,({2) = Vi_3.
Since (see [31])
() (ahm~ Y % § @ (3.18)
¢ / T k—m)te T (k—n 1)1 '

by Theorem 3.2, Lemma L, Lemma K and Proposition 2.6 we have the desired re-
sult. O

Proof of Theorem 3.8. Follows similarly by applying Proposition 2.5, Proposition
2.7, Lemma L, Lemma K and Theorem 3.2. [l
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