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SOME NEW OSTROWSKI-TYPE BOUNDS FOR
THE CEBYSEV FUNCTIONAL AND APPLICATIONS

P. CERONE AND S. S. DRAGOMIR

(Communicated by J. Pecaric)

Abstract. Some new inequalities of Ostowski-type for the Cebysev functional and applications
for Taylor’s expansion and generalised trapezoid formula are pointed out.

1. Introduction

For two Lebesgue integrable functions f,g : [a,b] — R, consider the Cebysev
functional:

(,.b_/f dt——/f dtba/g (1.1)

In 1934, G. Griiss [4] showed that

1
T(f,8)| < 3 (M—m)(N=n), (12)
provided m,M,n,N are real numbers with the property
—o<mL <M< oo, —o<n< g<N <o ae.on |a,b]. (1.3)

The constant % is best possible in (1.2) in the sense that it cannot be replaced by a
smaller one. Less known appears to be another inequality for 7 (f,g) derived in 1882
by Ceby3ev [3] under the assumptions that f’, g’ exist and are continuous in [a,b],

7091 < 35 17l (b —aP, (14)

where ||f'[|.. := sup [f"(z)].

t€la,b]
The constant ﬁ cannot be improved in the general case.
Cebysev’s inequality (1.4) also holds if f,g: [a,b] — R are assumed to be abso-
lutely continuous and f’,g" € L. [a,b].
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In 1970, A. M. Ostrowski [1 1] proved amongst others the following result that is
somehow a mixture of the CebySev and Griiss results

1
T(f.e)l < gb—a)M—m)¢].., (1.5)

provided f is Lebesgue integrable on [a,b] and satisfying (1.3) while g : [a,b] — R is
absolutely continuous and g’ € Le. [a,b]. The constant % in (1.5) is also sharp.

In 1973, [7], A. Lupas pointed out another inequality in terms of the Euclidean
norms of f/, g

1
T (f8)l < (b=a) [ £l ll¢]], (1.6)

1
where || /||, := (ff |/ (t)\zdt> ’ , provided f, g are absolutely continuous and f’,g’ €

L, [a,b]. The quantity # is best possible in the sense that it cannot be replaced by a
smaller constant.

For some recent results concerning the Cebyéev functional, see [6], [10], [12]-
[16], [17], [18], [19] and the references therein.

In this paper, some other inequalities in terms of the derivatives of f,g are pointed
out. Applications for Taylor’s expansion and the generalised trapezoid formula are also
provided.

2. Some bounds for the éebyéev functional
The following lemma holds.

LEMMA 1. If ¢ : [a,b] — R is an absolutely continuous function with

(—a)(b—-)(¢')* €Lla,b],

then we have the inequality

b
< —a)(b—x) [¢' (x)] dx. .
T(0.9)< 55 ). - b-0g' ] ax .1
The constant % is best possible.

Proof. By Korkine’s identity represented by (see [9, p. 242]),

T = S / [ @)@ gy @2)

T(p,0)= ba// (s))* dtds.

we have
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The same identity applied for £ (x) = x, g an integrable function, produces

T(lg)= x—y)(g(x) —g(v))dxdy. (2.3)
2(b—a) //

Sonin’s identity given by (see [9, p. 246]),

T =5 [ (105, [ 10D e - Dax yer

produces
b a+b
Tt =y [ (x-457) et

Integrating by parts, we have

[ (=52 stte= [ a0 was

to give (see also [11, p. 366])

b
T(0,g) = / (x—a) (b—x)g' (x) dx. (2.4)

2(b—a)

Since ¢ is absolutely continuous, ¢ (1) — ¢ (s) = [/ ¢’ (u)du, and by the Cauchy-
Schwarz inequality, we have from (2.2)

T(90)= 00 // 2(“’ )dtds

:W//(I 2<fst"; (1) du )dtds
T // (1—s)? i/t du)dtds

:w/a/ao—s (/ )dtds

(by(2.3)and(2.4)f0rg() /u [<p’(u)]2du)

i | -0 )

2
du,

and the inequality (2.1) is proved.
To prove the sharpness of the constant %7 assume that (2.1) holds with a constant
C > 0, namely,

< [ at-9e W]

2

T(¢,0) dx. (2.5)
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If we choose @ (x) = x, then we observe that

_(b—a)
T(¢,0) =7
—a2
bia/ub(x_‘”(bﬂ) (o' (0] 2dx = _ )

and by (2.5) we deduce C > % O

REMARK 1. The inequality (2.1) in an equivalent form, with ¢ =0 and b =1
was obtained by Ostrowski in [11, p. 372]. However, he did not consider the sharpness
of the constant %

The following Griiss type inequality holds.

THEOREM 1. Let f,g: [a,b] — R be two absolutely continuous functions on [a,b]
with (-—a) (b—")[f']*, (-—a)(b—"-)[g)* € L[a,b]. Then we have the inequality

1

1 l 1 b L2 2
St o= ([ w-ae-lfwlea)  eo
1

<soma ([ e-ab-n [ @)

([ -0 e-a¢ W) a)

T (f.8)l <

2

2

The constant % and % are best possible in (2.6).

The proof follows by (2.1) and by the fact that, using Korkine’s identity and
Cauchy-Schwartz’s inequality for double integrals,

(T(f,8)* <T(f,/)T (g:8)-

We omit the details.
The following inequality of Griiss type holds.

THEOREM 2. Assume that g : [a,b] — R is monotonic nondecreasing on [a,b]
and f : [a,b] — R is absolutely continuous with ' € L. [a,b]. Then we have the in-
equality

1 I
IT(f,8)| < 50 a) | ||°°/a (x—a)(b—x)dg(x). Q2.7)

The constant % is best possible.
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Proof. We have, by Korkine’s identity, that

IT(f,8)l= ) (g (x) — g (y))dxdy

) —f
x—y

< ﬁ I(x—y)(g(X)—g(y))ldxdy

||f/||oo //\x y)( —g(v))|dxdy

= Hf/”“’ // x—y)(g(x)—g(y))dxdy
ﬂVk

where £ (x) =x, x € [a,b].
Using the following identity obtained by Ostrowski in [11, p. 366] for the mono-
tonic function y : [a,b] — R

1

b
T = 55 | B0y,

that may easily be proved on applying the integration by parts formula for Stieltjes
integrals, we deduce (2.7).
Now for the sharpness. Assume that (2.7) holds with a constant D > 0, that is

b
T (f.8)l < b?a Hf/Hw/u (x—a)(b—x)dg(x). (2.8)

If we choose f(x) = g(x) =x, x € [a,b], then obviously

T(f.f) = 5 (b
1 b |
b—a/a (x_a)(b—x)dng(b_a)z

and so, by (2.8), we deduce D > % OJ

REMARK 2. If, in addition to the hypotheses of Theorem 2, we assume that the
function g is absolutely continuous on [a,b] and g’ € L. [a,b], then

b b
| 6= @-x)ds) = [ (x=a)(b-x)g (v)ax
b
< ||g’||w/a (x—a)(b—x)dx

1 ,
= Lol
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providing the following refinement of the Ceby3ev result (1.4)

781 < 5555 I / —a)(b—x)dg(v) (2.9)
—2Hf’HmHg’Hm<b—a>2

In (2.9) the constants % and 1—12 are best possible.

Another result of this type is incorporated in the following.

THEOREM 3. Assume that f,g: [a,b] — R are continuous on |a,b]| and differen-
tiable on [a,b] with g' (1) # 0 for each t € (a,b). Then we have the inequality

rroi<|L] T 2.10)
1 f/ b / 2
m ? w/a (x—a)(b—1x) [g (x)] dx.

The first inequality in (2.10) and the constant % in the second inequality are sharp.

Proof. Applying Cauchy’s mean value theorem, for any ¢,s € [a,b], with ¢ # s,
there is an 1 between ¢ and s such that

and thus
‘f(t)—f(S) r
gt)—g@) | 1&gl
forany t,s € [a,b] with 1 # 5.
Using Korkine’s identity (2.2), we deduce
R / / O~ F ) (80 ~g()]drds
=— (s) —g(s))*drds
s L8 (w0 g ara
1 f 2
T ,w/a/Q<g<t>—g<s>> drds
—‘Jgi, T(g8),

and the first inequality in (2.10) follows.

The second inequality is obvious by Lemma 1.

The sharpness of the inequalities may be proved in a similar way as in Theorem 2
and we omit the details. [
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3. Applications for Taylor’s expansion

Let I C R be aclosed interval, let a € I and let n be a positive integer. If f:/ — R
is such that f () g absolutely continuous, then for each x € 1

f(x):Tn (f;avx)+Rn (f;arx)v (31)

where T, (f;a,x) is Taylor’s polynomial, i.e.,

T, (f;a,x) Z
(note that f ©) = f and 0! = 1), and the remainder is given by

Ru(fsa,x) = %/ﬂx (c—0)" " (1) dr. (3.3)

We note that, many authors have considered recently different perturbations for
Taylor’s formula and pointed out bounds for the remainders that are, some times, better
than the ones provided in the classical case. The reader may consult for example [8],
[1] and the references therein. This motivates our interest to apply the Griiss type
inequalities obtained before in pointing out different bounds for the remainder in the
perturbed Taylor’s formula below.

Using Theorem 1, we may point out the following perturbation of the Taylor’s
expansion.

9 (a) (32)

THEOREM 4. Let f: 1 — R be such that f(”H) is absolutely continuous and
a € 1. Then we have the perturbed Taylor’s formula:
(.XI o a)n+l
(n+1)!

and the remainder G, (f;a,x) satisfies the estimation

f () =T (frax) + [£:a,x] +Gu (2, (3.4)

: Lot _ (n+2) :
Golfza0)] < - ot beal ™ [ a0 [0 0] @l 63
forany x € I, where
) (x) — )
[f(");a,x]:f (x))c_i (a)’
is the divided difference.
Proof. If we apply Theorem 1 for f — (x—-)", g — f (+1) we deduce
1 X 1 x
- _ ) £(nt1) - - (n+1)
x_a/a (x=0)"f (¢)dt ). (x— dt /f t)dt (3.6)
1 1 1 X 2
_— Z3 (=) _ _ (n+2)
< ST, >>vm/Q<t a)(x=1)[f (r)} d
1
1 n 1| (X 2 |2
- _ g2 _ _ (n+2)
= ba [ -0 [P 0] @
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since
T (=), (x—)") = xia/:(x—t)zndt— {xia/ax(x—z)"dz]n
n2
G

Using (3.1) and (3.6), we deduce the representation (3.4) and the bound (3.5). U

The following result also holds.

THEOREM 5. Let f:1 — R be such that "V is absolutely continuous and
fOtY) >0 on 1. If a € I, then we have the representation (3.4) and the remainder
G, (f;a,x) satisfies the bound

—al® (n) (n)
|Gy (fia,x)| < |):l al {f o +f (a)—{f("l);a,x}}, (3.7)

2

forany x € 1.

Proof. We apply Theorem 2 for f — (x—-)" and g — f"*1) to get

: /ax(x—t)”f(”“)(t)df— : /ax(x—t)"df' : /axf(””(t)dt

X—a X—a X—a

(3.8)

nlx—al"! =K.

/ (=) (x—1) £ (1)t

< —
S 2[x—d

Since
/ (t—a) (x—1) £ (1) dt = / "D (1) (21 — (a-0)] i
= (x=a) [f" () +£) (@)] =2 (£~ ()~ (@)

(n) (n)
K:n|x_a|nl{f (X)+f (a)_ |:f(nl);a,x:|}.

then

2
Using the representation (3.1) and the inequality (3.8), we deduce (3.7). U
Finally, we may point out the following result as well.

THEOREM 6. Let f:1 — R be such that f(”H) is absolutely continuous. If a,x €
I and there exists a constant M (x) such that

)f<"+2> (r)) <M ) |x—t""" for 1 €a,x] ([x.d]), (3.9

then we have the representation (3.4) and the remainder G, (f;a,x) satisfies the esti-
mate

|G, (fra,x)| < M (x)|x— a1 (3.10)

n+l (n+1)
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Proof. We apply Theorem 3 for g — (x—-)" and f — f"*1 to get

(3.11)

L[ e @ar- L [eiran L e gar

<M ey )

_ME) e
oo (n+1)2( )

giving the desired result (3.9). O

4. Applications for the generalised trapezoid formula
for n-time differentiable functions

Let f : [a,b] — R be a function such that the derivative f"~1) (n > 1) is abso-
lutely continuous on [a,b]. In [2], the authors have obtained the following generalisa-
tion of the trapezoid formula:

n—1
/ bf(t)dt=kzo o [ O @+ (1 o Y )

1 b
+— | - )" £ (1)dt. (4.1)

The following perturbed version of (4.1) holds.

THEOREM 7. Let f: [a,b] — R be such that f") is absolutely continuous on
[a,b]. Then we have the representation

1
[ro S Gy (60 M @+ (0 -9 )]

n+1 n n+l1

where the remainder S, (f,x) satisfies the estimate

(/ah (t—a)(b—1) [f<"+1) (;)} 2dt> . (43)

Nl—

81 (£0] < 5+ VB alB ()

and By, (x) is defined by

B,(x) =

(b_x)2n+l+(x_a)2n+l (b_x)n+l+(_1)n (x_a)n+l 2
(b—a)(2n+1) _[ (n+1)(b—a) ] @4

forany x € [a,b].
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Proof. 1f we apply Theorem 1 for f — (x—-)" and g — £, we obtain

‘bia/ab(x—t)"f(n) (t)dt — bia/ab(x—t)ndt' ﬁ/abf(n) (r)d @.5)
< % T ((x—)", (x— )n)ﬁ bl_a (/ah (t—a) (b—) [f(n+1) (t)rdt> 3
Since

2

T((x—)",(x=)")= bia/ah(x—z)z"dz— (bia/ah(x—t)ndt> =B, (x),

then, by (4.1) and (4.5) we deduce the representation (4.2) and the bound (4.3).
We omit the details. [

It is natural to consider the following particular case.

COROLLARY 1. With the assumptions in Theorem 7, we have
b n—1 1 b > k+1
di=y — ([~ (k) —1)k £®) (p
[roa=3 i (550) @)

+ (b;a)" [l(j;i_ll))!n] [f(n_l);“’b] T5u(f) o

and the remainder S, (f) satisfies the bound:

(S

1
1 (b—a)""2
|Sn(f)‘<m 2n+%

L[4+
2n+1 (n—|—1)2

x (/h (t—a)(b—1) [+ (t)rdt> - @4.7)

The following result also holds.

THEOREM 8. Assume that ") (n>2) is absolutely continuous and f"*+1) >0
on |a,b]. Then we have the representation (4.2) and the remainder S, (f,x) satisfies
the estimate

1 1 a+b n—1
I e A R |
(b { f(nfl)(a)—; £ (p) {f(“);b,a}} ws)

forany x € [a,b].
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Proof. 1f we use in Theorem 2 for f — (x—-)" and g — "), we get

(4.9)

1

‘b—a
1

2(b—a)

b 1 b 1 b
/Q(x—t)"f(")(t)dt—b_a/a (x—t)"dt-b_a/a £ (1) dr

< n[max(x—a,b—x)]"il/h (t—a)(b—1) f" (1) dr

_ﬁfrlﬂ“mwﬂ”w_vw>

:nB(b—a)—l—'x :

5 ;b,a}

Using (4.1) and (4.9) we deduce (4.8). U

COROLLARY 2. With the assumptions in Theorem 8, we have the representation

(4.6). The remainder S, (f) satisfies the bound

(n—1) (n—1)
0] < g (b—ay | LIS IO (o2 o L o)

(n—1)! 2
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