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OPTIMAL BOUNDS FOR NEUMAN-SANDOR MEAN IN TERMS
OF THE CONVEX COMBINATION OF LOGARITHMIC
AND QUADRATIC OR CONTRA-HARMONIC MEANS

YUMING CHU, TIEHONG ZHAO AND BAOYU LIU

(Communicated by J. Pecari¢)

Abstract. In this article, we present the least values ¢ , o, and the greatest values f, B, such
that the double inequalities

oy L(a,b)+ (1—04)0(a,b) <M(a,b) < BiL(a,b)+ (1 —P1)0(a,b)

ouL(a,b) + (1 — 00)C(a,b) < M(a,b) < BL(a,b) + (1 — B2)C(a,b)

hold for all a,b > 0 with a # b, where L(a,b), M(a,b), Q(a,b) and C(a,b) are respectively
the logarithmic, Neuman-Sandor, quadratic and contra-harmonic means of a and b.

1. Introduction

For a,b > 0 with a # b the Neuman-Sdndor mean M(a,b) [1] is defined by

a—>b

M(ab)= ————
(a,0) 2sinh ™! (£2)’

(1.1)

where sinh™!(x) = log(x +v/x2 + 1) is the inverse hyperbolic sine function.

Recently, the Neuman-Sdndor mean has been the subject of intensive research. In
particular, many remarkable inequalities for the Neuman-Séndor mean M(a,b) can be
found in the literature [1, 2].

Let H(a,b) = 2ab/(a+b), G(a,b) = Vab, L(a,b) = (b—a)/(logh —loga),
P(a,b) = (a — b)/(4arctan/a/b — ), A(a,b) = (a+b)/2, T(a,b) = (a—b)/
[2arctan((a — b)/(a +b))], Q(a,b) = \/(a*+b*)/2 and C(a,b) = (a® +b*)/(a+
b) be the harmonic, geometric, logarithmic, first Seiffert, arithmetic, second Seiffert,
quadratic and contra-harmonic means of a and b, respectively. Then it is well-known
that the inequalities

H(a,b) < G(a,b) < L(a,b) < P(a,b) <A(a,b) <M(a,b) < T(a,b) < Q(a,b) <C(a,b)
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hold for a,b > 0 with a # b.
Neuman and Sandor [1, 2] proved that the inequalities

#T(a,b) < M(a,b) < M7

4log(1++/2) log(1++v/2)
*(a,b)
O(a,b)’
H(T(a,b),A(a,b)) < M(a,b) <L(A(a,b),Q(a,b)), T(a,b)>H(M(a,b),Q(a,b)),
A%(a,b) 2A(a,b) + Q(a,b)
P(a,b) 3 ’

VA(@,b)T(a.b) < M(a,b) < \/A(a,b) + T*(a,b).

Gbhy __ Lxy) Py
G(l—x,1—-y) L(l—x,1—y) P(l—x,1—y)

Avy) My o Tx)
Al—x,1—y) M1 —x,1—-y) T(1—-x1-y)

1 1 1 1 1 1
Al—x1-y) A(ny)  M-xi-y) M@xy T(-xl-y) T(xy)’
A, AL —x,1—y) <M, y)M(1 —x,1 —y) < T(x,y)T(l —x,1—y)

hold for all a,b >0 and x,y € (0,1/2] with a# b and x # y.

Lietal. [3] showed that the double inequality L, (a,b) < M(a,b) < L»(a,b) holds
for all @,b > 0 with a # b, where L,(a,b) = [(b?*! —a?™)/((p+1)(b—a))]"/?(p #
—1,0), Lo(a,b) = 1/e(b?/a®)"/*=9) and L_|(a,b) = (b—a)/(logh —loga) is the
p—th generalized logarithmic mean of a and b, and pg = 1.843--- is the unique solu-
tion of the equation (p + 1)/7 = 2log(1+v/2).

In [4], Neuman proved that the double inequalities

0Q(a,b)+ (1 —a)A(a,b) <M(a,b) < BO(a,b)+ (1 —B)A(a,b)

V27%(a,b) — Q¥(a.b) < M(a,b) <

M(a,b) < . AY3(a,b)0"3(a,b) < M(a,b) <

and
AC(a,b)+ (1 —A)A(a,b) < M(a,b) < uC(a,b)+ (1 —un)A(a,b)

hold for all @,b >0 with a # b if and only if o < [I —log(1++/2)]/[(vV2— 1)log(1+
V2)] =03249---, B> 1/3, A <[l —log(l+v/2)]/log(1+v/2) =0.1345--- and
p=1/6.

Very recently, inequalities for quotients involving the Neuman-Sdndor mean M (a, b)
were obtained in [5].

The main purpose of this paper is to find the least values o, oy and the greatest
values f;, B, such that the double inequalities

ouL(a,b)+ (1 —0a1)Q(a,b) <M(a,b) < PiL(a,b)+ (1 - p1)Q(a,b),
ouL(a,b) + (1 — 02)C(a,b) < M(a,b) < BsL(a,b) + (1 — B2)C(a,b)

hold for all a,b > 0 with a # b. All numerical computations are carried out using
MATHEMATICAL software.
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2. Lemmas
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In order to establish our main results we need several lemmas, which we present

in this section.

LEMMA 2.1. Let F(x) = x/V'1+x*. Then the double inequality

3 3 x3 xS

X x7 25
x—?<F(x)<x—E+§x <x—?+3

holds for all x € (0,1).

Proof. Inequality (2.1) follows easily from the inequalities

B\ x5
Fz(x)—< —;) :m(3—x2)>0

and

P 25 ’ 2 a0 2 4 6
X——=+=x | —F(x)= ————5-(5+65x"—24x"+16x") >0

2 5 ~100(1 4x2)

together with x —x*/2 > 0 forall x € (0,1). O

LEMMA 2.2. The inequality sinh™!(x) > x — x> /6 holds for all x € (0,1).

Proof. Let
3

w(x) = sinh ™! (x) —x+ %

Then simple computations lead to

w(0) =0,
W/(x)z wi(x)
V122

where wi(x) = 1 —v/1+x2+x*v/1+x2/2. Note that

353
WI(O):O, w/l(x):ﬁ>0

for x € (0,1).
Therefore, Lemma 2.2 follows easily from (2.2)—(2.5). U

2.1)

2.2)

(2.3)

2.4)

(2.5)

LEMMA 2.3. The inequality (30 +9x> — 68x*)sinh ™! (x) < 30x+4x> holds for

all x € (0,1).
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Proof. Let

n(x) = (304 9x% — 68x*) sinh ! (x) — 30x — 4x°.

Then simple computations lead to
n(0) =0,
n’(x) = Ny (x) +2x(9 — 136x%) sinh ! (x),

where osor est
ni(x) = W —-30— 12)(27
n1(0) =0,
/ x[12 4 263x% 4 204x* 424 (1 4 x2)3/2
m'(x) =— (20
forx € (0,1).

(2.6)

2.7)

(2.8)

(2.9)

(2.10)

<0 2.11)

We claim that n(x) < 0 for all x € (0,1). Therefore, Lemma 2.3 follows easily

from (2.6) and (2.7).

Indeed, if x € (3/(2/34),1), then from (2.8) and (2.10) together with (2.11) we

clearly see that n’(x) < 11(x) < 11(0) =0 for x € (0,1).

If x € (0,3/(2v/34)), then Lemma 2.1, (2.8) and (2.9) together with the fact that

30 +9x? — 68x* > 0 and sinh ™! (x) < x lead to the conclusion that

2 x4

' (x) < (30 + 9 —68x4)<1 Iy 7) —30 - 122+ 229 — 136:2)

2
4

- —%(659—77x2+68x4) <0
forxe (0,1). O
LEMMA 2.4. Let

X 1
Glx) = V1+x2(sinh~!(x))2 ~sinh (x)

Then G(x) is strictly decreasing on (0,1). Moreover, the double inequality

X x 178
—§<G(x)<—§+w

holds for all x € (0,1).

Proof. Differentiating G(x) yields

2
(14 x2)3/2(sinh~! (x))3

G'(x)=— Gi(x),

(2.12)

(2.13)
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where 5
Gl(x):x\/1+x2—(1+%)sinh*1(x). (2.14)
It follows from (2.14) that
G1(0)=0, (2.15)
Gi(x)=x N nn ! (x)| > x[x —sinh ™' (x)] >0 (2.16)
! 2v1+x2

for x € (0,1).
The first statement follows easily from (2.13) and (2.15) together with (2.16).
To prove inequality (2.12), it suffices to show that inequalities

1
g1(x) :=x— /14 x2sinh ! (x) + 31V 1+x2(sinh ' (x))2 >0 (2.17)
and

2 (x) :=x— /14 x2sinh ! (x) + (%x— ;—Z)x3) V1422(sinh 1(x))2 <0 (2.18)

hold for x € (0,1).
We first prove inequality (2.17). From the expression of g;(x) we get

81(0) =0, (2.19)
, sinh~!(x) ,
X)) = — X 5 2.20
where
g5 (x) = =3x+2xV/1 +x2+ (1 +2x%) sinh ! (x). (2.21)

It follows from Lemma 2.2 and (2.21) one has

1 1
§i0) > =32+ (1429 (x— o) = (11 -22) >0 222
for x € (0,1).
Therefore, inequality (2.17) follows from (2.19) and (2.20) together with (2.22).
Next, we prove inequality (2.18). From the expression of g, (x) we have

£2(0) =0, (2.23)

, sinh~!(x)
= 7 2.24
g2('x> 90\/1_|_—x2g2(x)7 ( )

where

25 (x) = 2x[(30 — 17x%)V/1 4 x2 — 45] + (30 4 9x* — 68x*) sinh ! (x). (2.25)
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It follows from Lemma 2.3 and (2.25) together with /1 +x2 < 1 4 x? /2 that

2
gi(x) < 2x[(30 172) (1 + %) - 45} 4300 +4x° = —176° < 0 (2.26)

for x € (0,1).
Therefore, inequality (2.18) follows from (2.23) and (2.24) together with (2.26). [
LEMMA 2.5. Let

1 2x
T log[(1+x)/(1—x)]  (1—x2)log?[(1+x)/(1—x)]°

H(x)

Then H(x) is strictly decreasing on (0, 1). Moreover, the inequality

X X
H@) >3- (2.27)
holds for 0 < x < 3/4, and the inequality
H(x)<-2— a (2.28)
3 6
holds for all 0 < x < 1.
Proof. Differentiating H (x) gives
H'(x) = 4H () , (2.29)
(1—x2)2log’[(1+x)/(1 —x)]
where
Hi(x) = 2x — log (i fi) . (2.30)
From (2.30) one has
2x?
Hi(0)=0, H{(x)=-7—5<0 (2.31)

for x € (0,1).
Therefore, the first conclusion follows easily from (2.29) and (2.31).
To show inequalities (2.27) and (2.28), it suffices to prove that inequality

14+x 3

) i=(1 - (175 ) [0+ 5 + 5

3
1) (e Vo2 (L ~ o [ LX) -
=(1 x)<3+2)log< )—l—(l x)log(l_x) 2x>0 (2.32)

1—x
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holds for 0 < x < 3/4, and inequality

o) =1 =)o (125) [+ 5+

3
1) (e Vo2 (L ~ o [ LX) -
=(1 x)<3+6)10g <l—x)+(l x)log(l_x 2x<0 (2.33)

holds for 0 <x < 1.
We first prove inequality (2.32). From the expression of /;(x) one has

h1(0) =0, (2.34)
1 I4+xY\ .
1) = glog (m) 1(%), (2.35)
where
* 2 2 4 1+x
Ry (x) =4x(3x"— 1)+ (24 3x"— 15x") log T/ (2.36)
Equation (2.36) leads to
hi(0)=0, hj(3/4)=0.0025--->0, (2.37)
*/ 2x Kk
hi'(x) = l_xzhl (x), (2.38)

where

1
R (x) =23x — 33x° +3(1 — 117+ 10x*) log ( +x)

1—x
23— 33,8 VIO |\ (V10 — )log [ LEX
=23x—33x +30< 10 x) ( 0 +x | (1—=x")log ) (2.39)
It is not difficulty to verify that
log (1) > 2x, x€(0,1),
(2.40)
log (12) < 2x+x%, x € (0,V/3/3).
We assert that
hi*(x) >0 (2.41)

forall 0 <x < 1/2.Infact,if 0 <x < \/E/IO, then (2.39) and (2.40) lead to h7*(x) >
23x — 33x3 + 6x(1 — 1122+ 10x*) = x(29 — 99x% + 60x*) > 0. If v/10/10 < x < 1/2,
then (2.39) and (2.40) imply that /27*(x) > 23x — 33x +3(1 — 11x* + 10x*) (2x + %) =
x(29 — 96x% +27x* +30x°) > 0.

From (2.39) and the monotonicity of log[(1 +x)/(1 —x)] we get

h*(1/2) =3.667--->0, hi*(3/4)=—848--- <0, (2.42)
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R (x) =29 — 159x% 4 6x(20x> — 11) log (1 +x> 29199 (ﬁ — 11) log7
1—x 4 2\ 4
—86+9log7
B 8
for 1/2 <x<3/4.
From (2.41)—(2.43) we clearly see that there exists xo € (1/2,3/4) such that
hi*(x) > 0 for x € (0,x0) and A{*(x) < 0 for x € (x0,3/4). Then (2.37) and (2.38)
lead to the conclusion that

<0 (2.43)

hi(x) >0 (2.44)
for x € [0,3/4].
Therefore, inequality (2.32) follows from (2.34) and (2.35) together with (2.44).
Next, we prove inequality (2.33). From the expression of A;(x) we obtain

hy(0) =0, (2.45)

1 1
thn) = goe (1 ) 50, (2.46)

where

R (x) =4x(x® — 1) + (2 — 3x* — 5x*) log (Hi)

=dx(* = 1)+ 52+ 1) (x + \/g)(\@—x)log (g) (2.47)

We announce that
h;(x) <0 (2.48)

for all x € (0,1). Indeed, if 0 < x < /3/3, then (2.40) and (2.47) lead to h}(x) <
4x(x> — 1)+ (2 =32 = 5xH (2x +23) = =X (13 +5x%) < 05 if V3/3 < x < +/2/5,
then from (2.40) and (2.47) together with the monotonicity of log[(1 +x) /(1 —x)] we
get 15 (x) <dx(x® — 1)+ (2—3x% —5x*) log[(v5+V2) / (V5 —V2)] = 4x +2log[(7
2v/10)/3] — 4x — 3log[(7 + 2v/10)/3]x* — Slog[(7 + 2/10)/3]x* < 4(,/2/5)°
2log[(7+2+/10)/3] —4v/3/3 —31og[(7+2+/10) /3] x (v/3/3)? 510g[(7+2\/_)/3] X
(v/3/3)* = 8/10/25+41og[(7+21/10)/3] /9 —4+/3/3 = —0.6348 --- < 0;if \/2/5<
x < 1, then (2.40) and (2.47) lead to /15 (x) < 4x(x? — 1) +2x(2 —3x% = 5x*) = — 23 (1 +
5x%) < 0.

Therefore, inequality (2.33) follows from (2.45) and (2.46) together with (2.48). [

_|_
_|_

LEMMA 2.6. Let A1 = 1 —1/[v2log(1 +v/2)] = 0.1977---, then the function
o(x) = (1 —A)F(x) + 24 H(x) is strictly decreasing on (3/4,1), where F(x) and
H(x) are defined as in Lemmas 2.1 and 2.5, respectively.

Proof. Differentiating (2.29) gives

U 88(x)
H"(x) = (1= 2) log"[(1+x)/(1—»)] (2.49)
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where

{(x) = —6x+3(1+x%)log (i—:“) —2xlog? (ii“) . (2.50)

—X

From (2.50) and log[(1 +x)/(1 —x)] > log7 = 1.945--- > 3/2 we get

9 75 3
C(3/4)=—§+Rlog7—ilog27:—1.0583---<07 (2.51)

¢'x) = _2x2 [6x2— (x+ 36 log (g) — (1= ) log? (1 ”ﬂ (2.52)

1—x

2
1—x
3[3—x2+5x(1—x)]

= A1) <0 (2.54)

<

- [6x2 — %(x—f— 3x°) — %(1 —xz)} (2.53)

for x € (3/4,1).
It follows from (2.49) and (2.51) together with (2.52) that H'(x) is strictly de-
creasing on (3/4,1). Then from (2.29) and (2.30) we have

-2 64
' :m +2MH'(x) < 55 (1= M) +2H'(3/4)
64 64 1024(2log7-3)],
T125 125 WOlogh7 |11 = 700893 <0

for x € (3/4,1). This completes the result. [J

LEMMA 2.7. Let H(x) be defined as in Lemma 2.5 and 2, =1 —1/[2log(1 +
V2)] =0.4327---, then the function ¢ (x) = 2(1 — Ay)x+2A2H(x) is strictly decreasing
on [4/5,1). Moreover, ¢(x) > 1/2 for x € [3/4,4/5].

Proof. From the proof of Lemma 2.6 we know that H’(x) is strictly decreasing on
(3/4,1). Then from (2.29) and (2.30) we get

¢ (x) =2(1 — A2) + 24,H' (x) < 2(1 — Aa) + 24,H' (4/5)
250(5log3 —4)

=2— |2+
81log*3

Ay =—0.369--- <0

for x € [4/5,1). This in turn implies that ¢ (x) is strictly decreasing on [4/5,1).
Moreover, it follows from ¢’(3/4) =2 —[1024(2log7 —3)/(4910g> 7) 4 2] A, =

0.04012---> 0 and ¢/ (4/5) = 2—[250(5log3 —4)/(811og> 3) +2]A2 = —0.369-- < 0

together with the monotonicity of H'(x) on (3/4,1) that there exists x; € (3/4,4/5),
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such that ¢'(x) >0 for x € [3/4,x;) and ¢'(x) < O for x € (x,4/5]. This implies that
¢(x) > min{¢(3/4),0(4/5)}
—min{3- (3+ et )25 (5 Ho ) )
= min{0.5120--,0.5048--} > %

for x € [3/4,4/5]. O

3. Main Results
THEOREM 3.1. The double inequality
alL(a7b) + (1 - al)Q(a7b) < M(a7b) < ﬂlL(aJ)) + (1 - ﬁl)Q(aab)

holds true for all a,b> 0 with a# b ifand onlyif oy >2/5 and By < 1—1/[v/2log(1+
V2)] =0.1977---.

Proof. Since L(a,b), M(a,b) and Q(a,b) are symmetric and homogenous of de-
gree 1. Without loss generality, we assume that a > b. Let x = (a —b)/(a+ D),
M =1-1/[V2log(1++/2)] =0.1977--- and p € (0,1). Then x € (0,1),

L(a,b) 2x M(a,b) x 0(a,b) -
Aa,b) ~ log[(1+x)/(1-x)]" A(a,b)  sinh~'(x) Ala,b) =V 1+ (3.1)

Q(a,b) — M(a,b) V1+x2—x/sinh~! (x)

O(a,b) — L(a,b) - \/l—i-—x2—2x/log[(1—|—x)/(1_x)}’ (3.2)
. V1+x2—x/sinh~!(x) 2

B TR 2 logl(1 +0/(1 =] 5 (33)

V1+x2—x/sinh!(x) o

e Y e ST Rkl

pL(a,b) + (1 —p)Q(a,b) _M(a’b)
A(a,b)

2 +1-pV1+2——2  =D,(x). (3.5

“Plog[(1+x)/(1—x)] sinh 1 (x)
Equation (3.5) leads to
1
D,(07) =0, D,(17) = V2(1-p) Dy (17)=0,  (3.6)

- log(14+v/2)’
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/ _(1 —p)x X _ 1
Dplx) = V14 x2 * V1+2[sinh~ ! (x))2  sinh~!(x)
1 2x
P2 |ioglT 0/ 0] (1= log(1 +)/(1— )]
=(1—p)F(x)+G(x)+2pH(x), (3.7)

where F(x), G(x) and H(x) are defined as in Lemmas 2.1, 2.4 and 2.5, respectively.
From Lemmas 2.1, 2.4 and 2.5 together with (3.7) one has

3 4
Dlys(x) = SFE)+GO)+zHX)
1 ¥o2 117 4 11,
Z 4 Z _Z _ —4(= Z
<5[3(x 7 +50) +5(- 37 557) (3”6’6)}
3
_ Y ee 54,2
= =555 (3554 <0 (3.8)

forall x € (0,1).
It follows from (3.5) and (3.6) together with (3.8) we clearly see that

%L(a,b) + %Q(mb) <M(a,b). (3.9)
Next, we prove that
ML(a,b)+ (1 —A1)Q(a,b) > M(a,b). (3.10)

It follows from Lemmas 2.1, 2.4 and 2.5 together with (3.7) we clearly see that

(b)) S

22-5M)  /3\*| . (1+A)x
3(1+ A1) _<_) ] )

< (I+2A))x

> % 0.00045 >0 (3.11)

4

for x € (0,3/4).

From Lemmas 2.4 and 2.6 together with (3.7) we clearly see that Djll () is strictly
decreasingon x € (3/4,1), D) (17) = —coand D)) (3/4) = (1—A1)F(3/4)+G(3/4)+
20 H(3/4) = 3(1 = A1)/5+ (3 —510g2)/(510g*2) + (1410og7 — 48)A, /(Tlog?7) =
0.1326--- > 0. Hence, we know that there exists x, € (3/4,1) such that D/Al (x)>0
for x € [3/4,x2) and D’)Ll (x) <0 for x € (x2,1). This in conjunction with (3.11) leads
to that Dy (x) is strictly increasing on (0,x2] and strictly decreasing on [x2,1).

Therefore, inequality (3.10) follows from (3.5) and (3.6) together with the piece-
wise monotonicity of Dy, (x), and Theorem 3.1 follows from (3.9) and (3.10) in con-
junction with the following statements.

e If o) < 2/5, then equations (3.2) and (3.3) lead to the conclusion that there exists
0 < ) < 1 such that M(a,b) < oyL(a,b) + (1 —04)Q(a,b) for all a,b >0 with
(a—b)/(a+b)€(0,8)).
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e If By > Ay, then equations (3.2) and (3.4) lead to the conclusion that there exists
0 < 02 < 1 such that M(a,b) > BiL(a,b) + (1 — B1)Q(a,b) for all a,b >0 with
(a—b)/(a+b)e(l-8,1). O

THEOREM 3.2. The double inequality
oL(a,b)+ (1 —op)C(a,b) < M(a,b) < ByL(a,b)+ (1 —B)C(a,b)

holds true for all a,b >0 with a# b ifand only if 0p >5/8 and B, <1—1/[2log(1+
V2)] =0.4327---.

Proof. We will follow, to some extent, lines in the proof of Theorem 3.1. Since
L(a,b), M(a,b) and C(a,b) are symmetric and homogenous of degree 1. Without loss
generality, we assume that a > b. Let x= (a—b)/(a+b), Ay = 1—1/[2log(1++/2)] =
0.4327--- and g € (0,1). Then x € (0, 1), making use of (3.1) and C(a,b)/A(a,b) =
1+ x> we get

C(a,b) —M(a,b) 1+ x> —x/sinh~ ! (x)
C(a,b) — L(a,b)  1+x2—2x/log[(1+x)/(1—x)]’ (3.12)
) 1+ x> —x/sinh~ ! (x) 5
S T = 2 Tog[(1+x)/ (=% 8’ (3.13)
. 14 x% —x/sinh~! (x) B
A A 2 o1+ 0/ (1=x)] (3.14)
qL(a,b)+ (1 —¢q)C(a,b) —M(a,b)
A(a,b)
2x X
TN +(1—g)(14x%) — ) 1= Ey(x). (3.15)
Equation (3.15) leads to
o I T o
E,(07)=0, E,(17)=v2(1—q) oLV E;,(17) =0, (3.16)
E'(x) =2(1 — g)x + a S
a0 = v V14 x2[sinh ! (x)]2  sinh~!(x)
1 2x
2 gl /(03] (1) lo[(1 +)/(1 —)
=2(1 —q)x+ G(x) +2qH (x), (3.17)

where G(x) and H(x) are defined as in Lemmas 2.4 and 2.5, respectively.
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From Lemmas 2.4 and 2.5 together with (3.17) one has

Elyg(x) = x4 Gx) + SH()

4
3 x 17x 5/x X3 7x3

SR L (T 1
<773 90 4<3+6> 360 < ° (3.18)

forall x € (0,1).
Equations (3.15) and (3.16) together with (3.18) lead to the conclusion that

%L(mb)—f— %C(a,b) < M(a,b). (3.19)
Next, we prove that
M L(a,b)+ (1 —2A)C(a,b) > M(a,b). (3.20)

From Lemmas 2.4, 2.5 and 2.7 together with (3.17) we have

X x X
E},(x) > 2(1 - Aa)x— 5~ 2 (5*7)

= lox w—ﬁ = Ax(1.1850--- —x*) > 0 (3.21)
30
for x € (0,3/4),
1 4 1 1 4 7
for x € [3/4,4/5),
8 4 4
4— /411 VAL 181og9 —
84— Vallog (& )+<80g92 80 §)M
5 VAT log? (441 9log*9 5
=0.3037--- >0, (3.23)

Ej,(17) = —ee, (3.24)

and E}Lz (x) is strictly decreasing on [4/5,1).

From (3.21)—(3.24) and the monotonicity of E/’12 (x) we know that there exists
x3 € (4/5,1) such that E; (x) is strictly increasing on (0,x3] and strictly decreasing
on [x3,1).

Therefore, inequality (3.20) follows from (3.15) and (3.16) together with the piece-
wise monotonicity of E;Lz (x), and Theorem 3.2 follows from (3.19) and (3.20) in con-
junction with the following statements.
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o If o, < 5/8, then equations (3.12) and (3.13) lead to the conclusion that there exists
0 < 03 < 1 such that M(a,b) < auL(a,b)+ (1 —a)C(a,b) for all a,b > 0 with
(a—b)/(a+b) € (0,8).

e If B, > A,, then equations (3.12) and (3.14) lead to the conclusion that there exists
0 < 64 < 1 such that M(a,b) > B2L(a,b)+ (1 — B2)C(a,b) for all a,b > 0 with
(a—b)/(a+b)e (1 —084,1). O

REMARK 3.3. The bounds in (3.9) and (3.19) are not comparable to each other.

In fact, if we let

J(a,b) = %L(a,b)+%C(a,b)} _ EL(a,bH—%Q(a,b) , (3.25)

then numerical computations show that

J(1,10) =0.0588--- >0, J(1,20)=0.0918--- >0, J(1,30)=0.0826--- >0,
J(1,40) = 0.0461--- >0, J(1,50) = —0.0095--- < 0, J(1,60) = —0.0798-- < 0,
J(1,70) = —0.1617--- < 0, J(1,80) = —0.2531--- <0, J(1,90) = —0.3526--- < 0.

More precisely, let @ > b and x = a/b > 1, then

J(a,b) = m [3(x2 )+ (5(x2+ 1) —4V2(x+ 1) VA2 + 1) logx}
(3.26)
_ 3
- 40(x+ l)logxf(x)’

f =M= 1)=f"1)=fD1)=0, fI1)=44v2, (3.27)
. . 1 1
1= {3 (- )

1 1 1
5<1+—2)—4\/§<1+—) 1+
X X X

— —oo0,

+

}x2 logx (3.28)

Equations (3.25)—(3.28) imply that there exist small enough 6 > 0 and large enough
X > 1 such that

5 3 2 3
gL(CLb) + gC(Chb) > gL(Ll,b) + gQ(CLb)

forall a/b e (1,1+6) and

5 3 2 3
gL(CLb) + gC(Chb) < gL(a,b) + gQ(CLb)

forall a/b € (X,+o).
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REMARK 3.4. The bound in (3.10) is better than that in (3.20).

Proof. Let a>b and x = (a—b)/(a+b) € (0,1), then

[AaL(a,b)+ (1 - A2)Cla,b)] — [MaL(a,b) + (1 - A1) 0(a,b)
2x
log(1+x) —log(l —x)

= [l —41)

Let

2x
log(1+x) —log(1 —x)

g(x) = (A2 —A)
— (— 2 2x

§100 = (2 - 1)log(l—i—x)—log(l—x)’

@) =1 =) (1+x3) — (1 =A)V1+2.

We claim that

2x x? 4
>1——=
log(1+x) —log(l —x) 3
for all x € (0,0.96). Indeed, let

2y 14+x
=2x—(1————)log——
o9 =20 (15 -5 Jrog
Then
0(0)=0, @(0.96)=0.0501--->0,
1N Xy ()
(P(x)_6(l_x2)7
where

1
@1(x) = —8x+ 3% + (4 +2x* — 6x*) log <l_+x> .
—Xx

Equation (3.37) leads to

26 20
@1(x) > —8x+3x° + (4 +2x° — 6x*) <2x—|— % + %)
3

- f—5(145 —136x — 48x* — 36x%)
3
> ’1“—5(145 — 136 % 0.8% — 48 x 0.8* — 36 x 0.8°)

3

X
X 0886250
15 ¢ -

215

+(1 =) +x) —(1-2A)V1 +x2} A(a,b)

(3.29)

+ (1 =) (1 +x%) — (1 =2V 1422,

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)
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for x € (0,0.8], and

¢1(0.8) =1.3374--->0, ¢{(0.96) = —2.11813--- <0, (3.39)
01 (x) = x2(x), (3.40)

where

@>(x) = 21x+ (4 — 2422 log (1 +x) ,

1—x
@(0.8) = —8.16047--- < 0, (3.41)
1 ) l+x
@} (x) = - {29—69x —48x(1 — )log< x)]

29— 69 x 0.82 15.16
<

_— 42
1 —x? l—x2<0 (3.42)

for x € (0.8,0.96).

From (3.38)—(3.42) we clearly see that there exists x; € (0.8,0.96) such that
¢01(x) >0 for x € (0,x1) and @;(x) <0 for x € (x1,0.96). Then (3.36) implies that
@(x) is strictly increasing on (0,x;] and strictly decreasing on [x,0.96).

Therefore, inequality (3.33) follows from (3.34) and (3.35) together with the piece-
wise monotonicity of @(x).

It follows from (3.30)—=(3.33) and v1+x2 < 1 +x2/2 that

)C2 )C4 x2
e > G- (1-5 -5 )+ - A+ - (1-20) (145
2
= 264104 — 1645 — 3(As — A1)x%]
122 (3.43)
> %[6+ 10A; — 1622 — 3(A — A1) x 0.967]
)C2
ZEXO.4O4282--->O
for x € (0,0.96), and
L (e )20 ) log(E) — 4
A T AP o
x V2
H(x) = 2— 3.45
) 2log(1++/2) ( H—x2>7 (3.45)
— 2y — log( 1
¢ = Sz A —loe()] (3.46)

(1—2)2[log(=)]?

for x € [0.96,1).
From (3.30)—(3.32) and (3.44), (3.45) together with (3.46) we clearly see that

g(x) =gl (x) + gh(x) < g1(0.96) + gh(1) = —0.0718--- < 0 (3.47)
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for x € [0.96,1).
Note that
limg(x) =0. (3.48)

x—1

Therefore, Remark 3.4 follows easily from (3.29), (3.30), (3.43), (3.47) and (3.48). [
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