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WEIGHTED TURAN TYPE INEQUALITY FOR
RATIONAL FUNCTIONS WITH PRESCRIBED POLES

DEJUN ZHAO, SONGPING ZHOU, DANSHENG YU* AND JIANLI WANG

(Communicated by I. Rasa)

Abstract. Firstly, we introduce a new type of weight functions named as N-doubling weights,
which is an essential generalization of the well known doubling weights. Secondly, we establish
a weighted Turdn type inequality with N-doubling weights and a Nikolskii-Turdn type inequality
for rational functions with prescribed poles. Our results generalize some known Turdn type
inequality both for polynomials and rational functions.

1. Introduction

It is well know that Bernstein’s inequality for trigonometric polynomials and Mar-
kov’s inequality for algebraic polynomials play an important role in establishing the
converse results in approximation theory. There are many natural and important gen-
eralizations and improvements on Bernstein’s inequality and Markov’s inequality. For
example, one of the most important recent progress on this direction can be found in
[4], where the authors established some important Bernstein’s type inequalities with
doubling weights and A* weights.

In 1939, Turdn [7] established an inequality which was later referred as Turdn’s
inequality. Let H,, be the class of real algebraic polynomials of degree n, whose zeros
all lie in the interval [—1,1]. Then Turdn’s inequality can be stated as follows:

1l = CVa| fll--

forall f € H,, where ||f||.. is the usual supremum norm of f.

Turdn’s inequality have attracted attention of many mathematicians and a lot of
generalizations were achieved. For examples, It was generalized to L, spaces for 0 <
p < oo (see [8]-[10], [15]-[18]), the optimal constants were estimated (see [1]—[3],
[51, [8]-[10]), the weighted Turdn’s inequality ([11], [12], [14]) and Nikol’skii type
inequalities ([16]-[18]) were considered as well.

Itis natural to ask if one can generalize Turdn type inequality to the rational system
R,={p/q: p,q €1l,} with restricted zeros and poles. Min [6] in 1999 made such an
attempt to establish the following results:

Mathematics subject classification (2010): 41A17, 26D10.

Keywords and phrases: Weighted Turdn type inequality, generalized doubling weights, rational func-
tions with prescribed poles.

Research of the first author is supported by NSF of China (11271248/A010603), Research of the third author is
supported by NSF of China (10901044) and Program for excellent Young Teachers in HZNU

*The corresponding author.

© depay, Zagreb 251

Paper IMI-08-17


http://dx.doi.org/10.7153/jmi-08-17

252 D. ZHAO, S. ZHOU, D. YU AND J. WANG
THEOREM 1. Let the nonreal elements in {ay};_, C C\[—1,1] be paired by com-

plex conjugation, and let {a} satisfy that |a| — 1> p for some p >2 and all k =
1,2,---,n. Then, for f € 2, (a1,aa, - ,a,) with all zeros in [—1,1], we have

Vpr—4
171l > ¥ == vl

2
for n > max { 9(::22) , p42P_4}, where
P(x)

@n(al,azwnan) = {m

,PEH,,}.

THEOREM 2. Let the nonreal elements in {a;};_,; C C\|—1,1] be paired by com-
plex conjugation, and let {a} satisfy that |a| — 1> p for some p >2 and all k =
1,2,---,n. Then, for f € P (ay,az,---,an) with all zeros in [—1,1], we have

where

and ||f||, is the L* norm of f, that is,

£l = ( [ f(x)|2dx>1/ "

Yu and Zhou [15] generalized the Min’s results to the general space L, for 1 <
p < o while removing the unpleasant restriction p > 2 in Theorem 1.

THEOREM 3. Let the nonreal elements in {ay};_, C C\[—1,1] be paired by com-
plex conjugation, and let {a;} satisfy that |a| — 1> p for some p >0 and all k =
1,2,---,n. Then, for f € 2, (a1,aa, - ,an) with all zeros in [—1,1], we have

1A N, = Clp)Valfllp, 1< p<e. (1.1)

In this paper, we will generalize (1.1) to the weighted cases and establish the
Nikol’skii type inequality. The paper is organized as follows: In section 2, we in-
troduce a new type of weight functions named as N-doubling weights, which is an
essential generalization of the well known doubling weights. We give some properties
of N-doubling weights and the main results (Theorem 4 and Theorem 5). In section 3,
we give some auxiliary lemmas. The proofs of the results are given in section 4.
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2. The main results

We say an integrable nonnegative function W (x) is a doubling weight if it satisfies
the so-called doubling condition (see [4], for example)

W(2I) < IW(I)

for all intervals I, where L is a constant independent of /, 2/ is the interval twice the
length of 7 and with midpoint at the midpoint of I (note that parts of 2/ may lie outside
[—1,1], where we set W (x) =0), and

W(I) = /1 W (u)dd

for any measurable set I C [—1,1].
As we know, doubling condition has been applied widely in Fourier analysis and
harmonic analysis. Now, we further extend the doubling condition as follows:

DEFINITION 1. An integrable nonnegative function W (x) is said to be an N-
doubling weight function if W (x) is defined in the interval [—1,1], and there is a
constant L > 1 such that

W (21) < LW (21\])
holds for any 21 C [—1,1], where L is independent of 7,2I\] = {x|x € 2[,x ¢ I}.

The following proposition means that the N-doubling condition is an essential
generalization of the doubling condition.

PROPOSITION 1. A doubling weight function is an N-doubling weight function,
but the converse is not true.

To consider the weighted Turdn inequality, Wang and Zhou [1 1] introduced a class
of weight functions named as Generalized Jacobi Weight functions (GJW), that is, one
says W (x) € GIW,if W(x) >0, [}, W(x)dx < oo and W (x;) ~ W (x,) forany —1 <
X1 <xp<0and |x; —x;| < 14x; orforany 0 <xp <x; <1 and |x; —x| <1—x,
where W (x;) ~ W (x,) means that there is a constant M > 1 (M depends on W (x))
such that M~'W (x1) < W(x2) < MW (x1).

Wei and Yu [14] pointed out that it is still an open problem whether any W (x) €
GJW must be a doubling weight. However, we have

PROPOSITION 2. Any W (x) € GIW must be an N-doubling weight.

Proposition 2 shows that N-doubling condition is also a generalization of the con-
dition GJW.
Now, we can state our main results as follows:
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THEOREM 4. Let the nonreal elements in {ay};_, C C\[—1,1] be paired by com-
plex conjugation, and let {a} satisfy that |ay|— 1> p for some p >0 and all k =
1,2,---,n. Then, for f € 2, (a1,aa, - ,a,) with all zeros in [—1,1], we have

HprW CpL\/—Hf”p,Wa (2-1)

where |||, is the weighted LP norm, that is,

1 1/p
= ([ orwias) . 0<p<e

Letting the poles tend to infinity, we have

COROLLARY 1. Let W (x) be an N-doubling weight. If f € H,, then for any
0 < p < oo, we have

Hf/Hp.,W > CL\/ﬁHf”pW'

THEOREM 5. Let the nonreal elements in {a;};_,; C C\|—1,1] be paired by com-
plex conjugation, and let {a;} satisfy that |a| — 1> p for some p >0 and all k =
1,2,--+,n. Supposethat 0 < p < qg<oo, 1 —1/p+1/q>0. Then, forany f € P,(ay,
az,---,ay) withall its zeros in [—1,1], we have

1£/1lp = Co (V) =214 £l (2.2)

In this paper, we always use Cy to indicate a positive constant depending only upon
x, and C to indicate an absolute positive constant, which may take different values at
different situations. We also point out that the constants Cp; in Theorem 4, Cp in
Corollary 1, and C, in Theorem 2 may also depend on p when 0 < p < 1.

3. Auxiliary lemmas

Denote by —1 < x; <xp < --- <xy < | all the distinct zeros of f € &, (ay,az, -,
a,) and by [; the multiplicity of x;, 1 < k < s. Take a positive number ¢ satisfying

l<ol<1+p,say, G:ﬁp/z,andlet

(1—0ox?)f'(x) _ 2 L(1—ox*) Z 1-ox*

mG(X) o f(x) =1 XXk

The function mq (x) will play very important roles in proving our results. By using
the compression factor 1 — ¢x?, we can prove Turdn’s inequality for rational functions
with prescribed poles as convenient as that for polynomials.

LEMMA 1. Let aj = o +1iy;, j=1,2,---,n. Then

S ”Ga—l

|m0 2 (x— )ZXk 2 3.1

k=1 j=1 (x—aj)?
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s h(l-ox)  olal-1 3 2(1—0x?)y;
g Z +2 Al

(xx — xz )2 ~ |x—aj]? =

(3.2)

Proof. Firstly, (3.1) can be proved in the same way as Lemma 2 in [15].
To prove (3.2), we only need to prove the following equality:

n olaP-1 & 2(1-0x?)y
Z = a) =Xt X -
j=1 J

j=1

b —ajl*

In fact, by noting that any nonreal element in {a j}?:l is paired by complex conjugation,
we have

((5\51]-\2 - 1)()c2 —2x0+|aj|?) +2(1 - ze)sz'

1 ‘x_“j|4

2
_ ia\aj\2—1+ r 2(1—ox )7,2-. -

j=1 o — ajf*

LEMMA 2. There is a unique point B, € (xy,x4+1),v = 1,2,--- s — 1, such that
mg(By) = 0. In other words, f['(x) keeps the same sign as mg(x) in (x,,B,) and
(Bv,xv+1), respectively.

Proof. The proof can be done exactly in the same way as that of Lemma 3 in [15].
We omit the details here. [J
For x € [—1,1], it is easy to show that

> I—ka) > 1—0'
kg‘l (x —x¢)? g‘ (x—xz)? g "

and for x € [-0~!,67!], by Lemma 1, we have

Zaa, —1

(x—aj)? ‘ Jx—ayf?

o|a.,»\2—1 - i ola;*—1
S (1 +ptaj))?

M:

/2 1+p> l_»p

A1+p)? ~al+prt (3-3)

Thus, for x € [—1,1], we have

/ l-o p
il > (524 )
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l1-o
)| > s, 1<k<
|m6(‘x>| (X_Xk)z, S,
/ G‘aj‘z_l .
WG(XM}W, I<j<n
Set
dJ:|m/G(ﬁj)‘_l7 j:1727"'»s_17
and take

0= mm{\/— o(1+p)— }

Then, we have

Vd, < min {ﬁv;xk|,ﬁv;a’j|,cpnl/2}, v=1,2,---,n. (3.4)

1<k<s, 1< j<n

In the sequel, we always assume that all inequalities hold for sufficiently large n
if not specified.

LEMMA 3. If x € [x,, B, — 5\/ UﬁV—I— 2\/dy,x,11], then

16 &
Ime (x )|/625\/_ (3.5)
Ifx€[By—3v/dy, Bu+ $/d)), then
128 §
< ————. )
Proof. For x € [B,— 8\/dy, B, +8\/d,), k=1,2,---,5, by (3.4), we have
4] 5
2k Bl < e Bl — 3V < bkl < [l + 5V <
which leads to
16 & k(1 —ox3) L(l—o0x}) 16 & L(1—o0x?)
=Dy <), T S =, a5 3.7
52’1 By —xi)? kg’l (x —2xx)2 9,2‘1 (By —xi)? 3-7)

For j=1,2,---,n, we have

3 1) 5
4| —aj| < [By— a1|__\/ v < r—aj] < ‘Bv_aj|+z\/dvgz‘ﬁv_aj|~

Thus,

16 & olaj|* —1 <io\aj\2—1 Zc;|a,\2—1 3.8)

BEB-af & al TBo—alP
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and
256 & 2(1 —ox®) 2 1 2(1—0xB)y2 256 2 2(1 — ox?)y?
B oTn  $A ) B A
625 & By —ajl & lx—al 81 & By —ajl
For x € [B, — $\/d,, B, + $1/d,] and sufficiently large 7, we have
1
5(1-0B}) <1-0x <2(1-0py). (3.10)
By (3.9) and (3.10), we deduce that
128 2 2(1—o 7oL 2(-o)y; 5128 2(-0 ) y2
128 5. 20 ﬂv4 2 zng—zi( ﬁzyf. (3.11)
625 & |By—ajl S b—ajl 81 & B —ajl
Combining (3.7), (3.8), (3.11) and Lemma 1, we have
128 512
2 (B < iy ()] < 22 ()] 6.12)
In view of mq(f,) = 0, it follows that
m dx
G ﬁv '/L Zf\/z G
512
< g lm a(ﬁv)| \/_
128 0
<=9 3.13
81 Vi, (3.13)
and
+—=+/d,) / (x)d.
(Bt 2 V) 'M AT
16 6
> oL (BIS ﬁ/&w_ (3.14)

Now, by (3.13) and (3.14), noting that mg(x) is monotone in (x,,x,]), we have (3.5)
and (3.6) immediately. [

LEMMA 4. If x € [B,— S\/dy, By + $\/d)), then

|f(x) |£(By)]- (3.15)

‘/81

Proof. For x € B, — é\/cTV, B+ é\/cTV] , by (3.6), we deduce that

180~ 1B+ V)| = 1@ va =Sl e 2 va

o&;
Vd, 32
< 75 Ime(GIIIF Gl < g7 £ (B,
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where &, € [B, — $v/dy, B+ $Vd,].

Therefore, by using the monotonicity of f(x) in (x,,x,+1), we have

01 > [0 (£ V) | B

4. Proofs of results

4.1. Proof of Proposition 1

Assume that W (x) is a doubling weight function. For any 2/ = [a, a+21] C
[—1,1], we have

W(la, a+n]) < LW([a+n/4, a+3n/4]) <IW([a, a+3n/4])
< L3W([a, at (%)317]) <W(la, a+1/2)).
Similarly, we have
W(la+n, a+2n]) <L*W([a+3n/2, a+27)).
Therefore,
W(2I) = W([a, a+2n])
< LH{W([a, a+n/2))+W(la+3n/2, a+2n])} = LW(2I\I),

which shows that W (x) is an N-doubling weight.

Now, we prove the second assertion. We construct a weight function W (x) as
follows: | 1_8)U(s.1]

,xe|—1,—0o)U(o,1],
W)= {o, € [-5,3],

where 0 < § < 1/2. We shall verify that W (x) is an N-doubling weight function but
not a doubling weight function.

Let I =[—0,9], then 2] =[-2§,26] C [—1,1]. Then, W(I) =0, W(2I) =20 #
0. Therefore, W (x) is not a doubling weight function.

Now we show that W(x) is an N-doubling weight function by considering the
following four cases:

Case 1. If 2 C [—6,6], then W(2I) =W (2I\1)=0.

Case 2. If 21 = [a,b],and —8 < a < & < b (the argument for the case a < —8 <
b < 0 is similar), then W(2I) =b—a— §, and

W(2I\I) > min{(b—a)/4,b— &}.
Thus, W (21) <4W(2I\1).
Case 3. If 2 = [a,b],and a < —0 < 6 < b, then W(2I) =b—§, and
W(2I\1) > min{(b—a)/4,b— 8} +min{(b—a)/4,—8 —a}.
Thus, we also have W (2I) < 4W(2I\ ) in this case.

Case 4. If 21 = [a,b], and a > d,or b < =38, then W(2I) =b—a, W(2I\I) =
(b —a)/2. Thus, we still have W (2I) < 4W(2I\I) in this case.
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4.2. Proof of Proposition 2
Assume that W (x) € GJW . Let 21 = [a,b] C [—1,1], then

I— [3a:—b’a—|‘—‘3b] _ [3a:—b’a—;b} [a—zkb’a—ffb],

and

2\ = [a, 3a+b} g [a+3b’b}

4 4
We show that W (x) is an N-doubling weight function by considering the following

cases.

Case 1. —1<a<b<O.Forx6[#,#},wehave

3a+b b 3a+b
a:— nga; gmin{O,l—F a;_ },
hence,
3a+b
W(x)zW( at )
4
While for x € [1452 34ED] we see that
7 7
a+b<x<3a+b<min{0,l+ a+b}’
8 4
hence,
Ta+b
W(x)zW( "; )
Therefore, we have
atb 3a+b
T 3a+b Ta+b 1
’ W(x)dx<L1W( at )<L2W< at )<L3/ T W(x)dx.
Similarly, we have
at3b b

)
/@ W(x)dx < Ly v W (x)dx.
Therefore, we have W(2I) < LW (2I\ 1) in this case.
Case 2. 0 <a<b<1. Ina similar way to case 1, we also have W (2I) <
LW(2I\I).
Case 3. —1 <a <0< b< 1. Without loss of generality, we assume that “%” <0.
Subcase 3.1. # <0< ’ﬁj . In this case, by the result of case 1, we have

w([F5 7]) <o ([ 25]),

and

w([32o]) < 2w (52 557)),
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While by the result of the case 2, we have

w([o=57]) <o ([*57))

Thus, we have W (21) < LW (2I\1).
Subcase 3.2. “tb < 4£3b < (. By the result of the subcase 3.1, we have

W<[a4;3b70D < LSW[<a+b7a+3bD

2 4
<[ (52 227]) (o227,

Thus, we also have W (2I) < LW (2I\I) in this case.

4.3. Proof of Theorem 4
(I) Forv=1,2,---,5— 1, it follows from (3.4) that

/&" e
X X)dax

Xy V+%\/d7\7

( ﬁv*%\/d_l Xy+1

L

Xy ﬁv"r%\/a

/ﬁvi\/d_}' /x I

= +

Xy ﬁv"r%f

16 6 P ﬁv*g\/d—v Xy+1

- P

(msvir) ([ [ ) e

/3\/—%\/7 Xy+1
>(cp>f’(\/ﬁ>ﬂ</xy .y / )If(X)”W(X)dX- @.1)

WV

) (1=0)" [ ()7 |mo (x)| "W (x)dx

(0)["W (x)dx

B+ /dy

By the definition of W(x) and the monotonicity of f(x), together with (3.4), (3.5) and
(3.15), we deduce that

B—8vd, BV, .
+ - w
/"_g dy ‘/ﬁ\"ré\/div ( ox ) ‘f ( )‘ (X) .
LT P oo wna
B ﬁv—g\/[?v ﬁ\/""%\/dj mG o * *
49 16 &\ B—3Va BV
>\ s Tr ik W (x)d
(81 625 \/d—v) ‘f(ﬂ )| (/ﬁv_gm +~//3V+%\/[TV (x) X

49 16 6 \* B+ 8 Vd,
> (2 p
> (g ) Wer [ Wi
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(49 16 § \P [Briva
>L (ﬁ'@\/_d—v) /ﬁv_%m FOIPW (x)dx
v ém
> LGy [ W 42

ﬁl’fg dv

Combining (4.1) with (4.2) gives
[ wrw@acs s Gremr [ w33

(2) If x; < 1, by noting m(x) is decreasing in (x;,6~"/2) and m(c—"/2) =0, and
taking T = ”%;m, then by (3.3), for any x € [x;, 1], there is a & € [x;,6~ /2] such
that

me (x)| = |me(7)| + [me(E)|lx— | > |7 — 1]|mg (&)
o 21 p
2 2 4(1+p)?

n:=Cpn. 4.4)
Therefore,
1 1
[ 1wy > [ 1=o)is () wxdx
1
= [ 1@ ma ) W ()
' 1
> (Con)? [ @I W (. @3)
Similarly, if x; > —1, we have

"X

| 1 7 WOPW s > ()7 [ 170w . (4.6)

With (4.3), (4.5) and (4.6), by summing over all v, we get (2.1).

4.4. Proof of Theorem 5

(1) Let
T
NV—{166\/CTV}7V—1727 s—1,

where [x] denotes the greatest integer not larger than x, and &,; = x, + £8/d,, i =
0,1,---,N,. Since

X+ (N~ 2) 18V < B <8V
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for 0 <i < N, —4, by applying Lemma 3, we get

év.i+2
é I () [Pdx

v,it-1
év.i+2 b ,
> [ - edyif (o
5ui+l
gv,i+2

= [f(0)[P|me (x)|Pdx

él i+1

166 \*
> (625\/—> 16\/7"]0 éVlJrl

166 \’ /6 1-r/q it rlq
> (625\/4Tv> (E\/JV) </€M f(x)|’1dx> . 4.7

Applying Lemma 4, we have

ﬁv - % dV ’
| @prax

_8./a,

1= 02)?|f (x) [Pdx

By

> ),

By—

By

=4_ F@)IP o (x) Pdx
( 49

>
1

> —
2

7
. N
(
m
|

166
@WJ 18| v,

49 166 \’ /6 I-p/a ; B, pla
(81 625\/_) ( JdT) (/ﬁv_émf(X)lqu L 48

I

Noting that

1
5ot (Mo 3) 2B > B o
0t =278V < o= 3V

by (4.7) and (4.8), we deduce that
é\ i+2 ﬁL K3 \/—
2 / X) [Pdx > / / X)|Pdx
é\ v,i+1
165 \7 1- p/qN\ it pla
> q
(625\F ) ( dv) ( , dx)

1 (49 168 )17( )1 p/f1< By rla
Slerane) (3va) ([, 1rwle
2\ 81 625v/4d, 4 SV,
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1749 168 \?/ § I=p/a s .B, rla
(2= Z./ q
g 2(81 625\/4Tv> (16 dv) </ 7l dx) '

By (3.4), we have

By By pla
[ @pa= g [Ciwra) @

In a similar way to (4.9) we have

Xy+1 , 1 “1-p/ Xy+1 2
[ ez y@r e ( [rpa) T @

v

(@) If x; < 1, taking By = 1, dy = |m5(By)| ™!, and copying the proof of (3.12), for
x € [1-8\/dj, 1], we have

128 512
< It Qe
e Iy ()] < g ()] < 2= (1),

thus in view of the monotonicity of mq(x), we get

S 1
‘mc<l—z\/d7s> /1_g\/d_sm'6(x)dx

Let

128 &

< |mo (1)

.11

df =min {d,, |m(1)|"'}.

For any x € [l—%z\/d;‘, 1], thereisa & € [1—572 d¥, 1] such that

82 52
r0-1(1- %) = @S vaE
(& 82
— @)V
l£ ()] 128 6§ -
< o <|mc(l)| +8_1ﬁ> Vi
209
< SOl
Thus,
52 115
@I = (1= V&) | = 355110
From (4.4), by using the same technique as that for (4.8), we obtain that
1=/ 1

1 p/q
L @ G e ( J s \/d?f(x)lqu> .
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Meanwhile, let N; = [M], and &;; = x,+ %662\/0’_?, then for i =0,1,---,N; — 4,

82\ /dy

by the same technique as that for (4.7), we get

Soit2 & il p/a
/5 () P > (Cy )P (/)P =1/ ( /5 |f/qu) |

5,041 S0

Notice that

1 5
xs+(Ns_3)R62\/d;k>l_Z d;k7

1, 52
XS+(NS—2)R5 d;k < l—§\/ds.

Therefore, by the same technique as that for (4.5), it yields that

/
[ paz georemr i ([iwia). @

Similarly, if x; > —1, we have

X

[ @rwwar = gcrevmr e [Mrwwd @)

By (4.9), (4.10), (4.12), (4.13), and summing over all v, we get (2.2).
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