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NOTE ON SOME UPPER BOUNDS FOR THE CONDITION NUMBER

GUANGHUI CHENG

(Communicated by N. Elezovic)

Abstract. In this letter, some lower bounds for the smallest singular value of the nonsingular ma-
trix are established. In addition, we also proposed some upper bounds on the condition number
of a matrix which are the better than the bound proposed by Guggenheimer et al. [College Math.
J.26(1) (1995) 2-5]. To illustrate our bounds, some examples are also given.

1. Introduction

Denote by ., the set of all n x n nonsingular complex matrices. Let o; (i =
L,---,n) be the singular values of A € .#,, and assume that 6y > 6, > -+ > 0,1 >
0, > 0. The condition number of A € ., is defined by

=2

The Frobenius norm of A = (a;;) € .4, is defined by

JAllr = (2 |aij2).

=1

By the relationship between the Frobenius norm and singular value, we have
2N 2
Al = 2 o; -
i=1

Recently, some lower bounds for the smallest singular value of nonsingular matrix
have been proposed [2-8], as well as some upper bounds for the condition number of
the nonsingular matrix. Yu and Gu [7] established the following lower bound:

n—1
n—1Y\ 2
F
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Inequality (1) is also seen in [5]. Zou [9] obtained a lower bound based on (1) as

follows: B

n—1 e
> |detd|( s ) >0,
1A]l7

2)

n—1
1\ 7
where [ = |detA] ( AR ) . Apparently, the bound of [9] is better than one of [7].

Guggenheimer et al. [1] gave the following upper bound:

INAEAY:
A
H(A) < |detA| ( n

In this paper, we propose some lower bounds for the smallest singular value o,

and some upper bounds for the condition number of the nonsingular matrix.

2. Main results
To prove our main results, firstly we will give a lemma.

LEMMA 1. IfA € #,(n>2), then

% 1 2 n+1
|detA< ) [1+—<%) detA2< ”2> ]
|AlI% n\ 2 A%

n

2

and moreover,

where 1 <k<n—1.

Proof. Let
2 <2
O, O,
Pk 9k
where

1 1
—+—=1,pr >0, g > 0.
Pk 4k

Applying the arithmetic-geometric mean inequality to (5) and (6), we get

ln—l n HA||2—62 n
Y’g_ 02 :#7
(ze) - (H52)
1 1 1
2 f—<—+—=1,
Pr4k Pk qk

and

3)

)

®)

(6)

(7

®)
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respectively.
By |detA|?> = 6703 --- 07, we have

Gk

Y=-24_—|ded’, 1<k<n—1. 9)
Oy Pk
Hence, by (7), (8) and (9),
2 Gk ( n ) 2
or > — | |detA (10)
"7 pear \ || AlI7 - et "
It follows that
2 n
2 Gk( n ) 2
0, > —| —5—— | |detA]
" 22 \JAllF o
2 n n
() () een?
= & detA|
2\l ) \1= 2,
All%
2 n 2 n
o n o
> —k|detA2<—> <1+—") .
22 IA]17 IA]I7
Moreover,
O no\2 62 \?
o, > —|detA|<—> (1—1— n ) (11)
"2 1Al 1Al
%deual (- 2x )%
> —|detA . (12)
2\

Using (12) into (11), we have

2 2 n+1q %
2 1 Gk 2 n 2
HAll2 n\2 A7

and since n > 2, it is easy to see that

% 1 2 n+1
|detA| 1= (2 jdeealP(-20) | 1<k<n—t
HAHF n\?2 IA[7

In order to obtain a better lower bound, let Xk =1 in (3) and (4).

THEOREM 1. If A € #,(n >2), then

n

5 1 O_])Z 2( n >n+l:|
o, detA 1+ (2 |deta : 13
'GQMF) { n<z 4eA T 1

and moreover,

n

(o] n 2
o >—|detA(—> : (14)
) A7
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THEOREM 2. If A € #,(n >2), then

H(A) < —2 (A”%)g ! (15)
|detA| \  n 1+ 1(2)2|detA P (2y )yt
n Al 7
and moreover, .,
2 (lAlE)?
H (A . 16
@ < g (1 (16)

REMARK 1. Since
2 (IIA%>7 1 < 2 <AII}‘%)7
detd]\ /) 1+ (F2|detdP (i)t Ided[\ n

it is easy to show that the upper bound (15) of the condition number of A is better than
the upper bound (16) of [1] from Theorem 2.

THEOREM 3. If A = (a;j) € Mp(n > 2), then

n

(o] n 2
oy > —detA<7) 7 (17)
T2 A[|7 -2
where | = G- |detA|(—~ AT )3,
Proof. From (4) and (10), for 1 <k <n—1, we have
2 n
o2 1]
0> () e > () e
prax \ ||Al|7 — o7 prdi \||A|lz —1
where [ = St|detA|( - T )3,

In order to obtain a better lower bound of the smallest singular value, let k=1 and
p1 = q1 = 2 in the above inequality, we can get

2 n

2 < 91 ( n ) 2

0> L[ ——— ) |deta]”.
22\ |lAllz - 12

(63} n 7
G > —dem<7) .
2 A7 — 12

THEOREM 4. If A € #,(n >2), then

2 (AIE-12\?
%(A)<detA|< - . (18)

Hence,

where | = G-|detA|(

n
2.
\AHF)
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REMARK 2. Evidently, the lower bounds (17) and (18) are sharper than the lower
bounds (14) and (16), respectively. From the above proof, we note that we can get the
better bound inequalities than (17) and (18) if we repeat the above procedure using the
new lower bounds in the proof.

3. Examples
In this section, we will consider two simple examples for validating our results.

EXAMPLE 1. [3] Consider a 3 x 3 matrix as follows:

101 2
A=12203
20 1 10

By direct calculation, we have 63 =2.4909 and ¥ (A) = 10.1870.
1. By Theorem 2 in [3], we have 03 > 0.6227.
. By Theorem 3.1 in [8], we have o3 > 2.0694.
. By Theorem 2.1 in [9], we have o3 > 2.3961.
. By (14) in this paper, we have o3 > 2.4604.

2

3

4

5. By (17) in this paper, we have o3 > 2.4825.

6. By (16) in this paper (see also [1]), we have £ (A) < 10.3131.
7

. By (18) in this paper, we have J# (A) < 10.2214.

EXAMPLE 2. [3] Consider a 3 x 3 matrix as follows:

0.750.50.4
A=1]05 1 0.6
0 051

By direct calculation, we have 03 = 0.2977 and % (A) = 6.0610.
1. By Theorem 2 in [3], we have o3 > 0.0560.
. By Theorem 3.1 in [8], we have 03 > 0.1547.
. By Theorem 2.1 in [9], we have o3 > 0.1977.
. By (14) in this paper, we have o3 > 0.2343.

2

3

4

5. By (17) in this paper, we have o3 > 0.2395.

6. By (16) in this paper (see also [1]), we have ¢ (A) < 7.7009.
7

. By (18) in this paper, we have ¢ (A) < 7.5359.
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