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SOME HARDY TYPE INEQUALITIES WITH “BROKEN” EXPONENT p

JAMES A. OGUNTUASE, LARS-ERIK PERSSON AND NATASHA SAMKO

(Communicated by S. Abramovich)

Abstract. Some new Hardy-type inequalities, where the parameter p is permitted to take differ-
ent values in different intervals, are proved and discussed. The parameter can even be negative
in one interval and greater than one in another. Moreover, a similar result is derived for a multi-
dimensional case.

1. Introduction

Hardy’s original inequality reads: If f is a non-negative and p-integrable on

(0,20), then
/1 [* P p P oo
/0 (E/of(t)‘”) dx<<lﬁ) /0 fPx)dx,  p>1. (1.1)

This result was stated in [4] and finally proved in [5]. One remarkable fact is that

1 1
(1.1) in fact, via the substitution f(x) = g(xl_F )x 7, is equivalent to the inequality
= (1 fx Pd = o
/ (—/ g(t)dr) T ew S pot (12)
0 X Jo X 0 X

(a) the inequality (1.2) is just a simple consequence of Jensen’s inequality (convexity)
and Fubini’s theorem.

‘We note that

(b) (1.2) holds also for p =1 (but (1.1) does not) and p < 0 and, thus, also (1.1) holds
for p <O0.

p—1l-a 1

(c) By using the more general substitution f(x) =g(x » )x 7 ’ we find that (1.2)
is equivalent to also the following weighted version of (1.1): If f is anonnegative
measurable function on (0,e°), then

/()oo(i/oxf(t)dt)pxadx<< g )/fp Wedr,  (13)

whenever p> 1, a <p—1lor p<0, o >p—1.
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For the case 0 < p < 1 (1.3) holds in the reversed direction with the same argu-
ment. See [22], where an even more general case was considered.

(d) Note that (1.3) was the first generalization of (1.1), which was also proved by Hardy
himself (see [6]).

(e) Obviously Hardy himself did not discover this way to handle his inequalities in
[4]-[6] via convexity. In fact, Jensen’s inequality is from 1905 (see [8]-[9]) and
was well-known to Hardy since he used it in many other situations.

(f) In fact, (1.2) and (1.3) are equivalent for all p > 1 and p < 0. They are also
equivalent to the following “dual” version of (1.3):

/Om<§/xwf(t)dt)pxadx§<a+l_ ) / £P(x)x%dx (1.4)

whenever p> 1, a >p—1lor p<0,0 <p—1.

(g) This equivalence theorem was recently proved in [22] (see also [21]) in the more
general case where the interval (0,e) is replaced with the interval (0,1), 0 <[ <
oo, In this case (1.3) and (1.4) can be formulated in a little more precise way. E.g.
(1.3) reads

p—op—1

[ (o) mane (g [ 1= () s

(1.5)
whenever p > 1, og <p—1or p<O0, o9 > p—1 (for the case p <0, we
require that f is strlctly positive). In this case, the basic inequality (1.2) reads

/(/ (df> —<1/g 1—— dx, (1.6)

which holds whenever p > 1 or p <0 (for the case [ =0, 1 —7 =1 and a
similar identification is used in (1.5)).

The main aim of this paper is to improve the basic inequality (1.6). We continue
the research initiated in [22] by proving a new variant of (1.6) where the Welght ~is
replaced by a weight x ~B where B > 0. We even consider the more general case w1th
“broken” exponent, i.e. when p is replaced by p(x) which can take different values in
different intervals (see Theorem 2.1).

In order to prove our multidimensional result in Section 3 (see Theorem 3.1) we
even need to prove a more general case of this result, namely when also the parameter
B is “broken” in a similar way (see Theorem 2.3). Also some dual versions of these
results are proved (see Theorems 2.5 and 3.3, respectively). Finally, some concluding
remarks can be found in Section 4.
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2. The one-dimensional case

First we state the following slight improvement of a result stated (but not proved)
in [22, Theorem 3.6]:

THEOREM 2.1. Let b >0, B >0, 0 <[ < e and

_ Jpo, 0<x<b,
p(x>_{pl7 x>b7

where po,p1 € R\{0}. If f is nonnegative and measurable, then

/Oz (%/()xf(t)dt)p(X)x_ﬁdxg é/ol (F()P ) P (1 B <;>ﬁ> "
ﬂLK/Ol((f(X))”1 — (f(x))P)dx, (2.1)

K=0 iflgbandKzé(b_ﬁ—l_ﬁ) if | > b, whenever po >1, p1 =1 or po > 1,
p1<0orp =1, po<0or pyg<0, p; <0 (for the case with negative parameters,
we assume that the function f is strictly positive on the corresponding interval). If 0 <
p(x) <1, then (2.1) holds in the reversed direction (for the case | =oo, 1— (’7‘)13()() =1
and 7P =0).

REMARK 2.2. Forthe case b=1=0o0 (pg=p;=p) and B =1, (2.1) coincides
with (1.2), which as we have motivated in fact is equivalent with all variants (1.1),
(1.3) and (1.4) of Hardy’s inequality. Hence, (2.1) is more general than all inequalities
mentioned in the introduction.

In order to be able to prove our announced multidimensional version of Hardy’s
inequality with “broken” exponent, we in fact need the following improvement of The-
orem 2.1, where also the parameter 3 is broken in a similar way.

THEOREM 2.3. Let b,l and p(x) be defined as in Theorem 2.1 and, in addition,
let

Bo, 0 <x < b,
mm={g,x>h

where By, B1 € R\ {0}. If f is nonnegative and measurable and (x) > 0, then

1 1 X p(x)
1 B
/0 (x /0 f(t)dt) By

< /Ol ﬁ ()P B0 (1 _ (;—C)M> dx+1o, (2.2)
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where I =0 if | < b (so that B(x) = Po and p(x) = po) and

= (9= [ (s

1

_ ﬁi (b*ﬁo _ l*ﬁo) /Oh (f(x))P dx,

0

if 1 >b. If 0 < p(x) < 1, then (2.2) holds in the reversed direction (for the case | = oo,

- ()Tc)ﬁ(x) =land P =1"Pr=0).

Note that for the case Sy = B; Theorem 2.1 coincides with Theorem 2.3, so it is
sufficient to prove this Theorem.

Proof. Let I < b, | < eo. Then, by Jensen’s inequality and the Fubini theorem,

1 /] p(x) L /1 px Po
Z ~B() gy — Z —Bo
/0 <X/0 f(t)dt) X dx—/o <X/0 f(t)dt) x Podx

< [ [ aymanch-ta
= /Ol (f(2))P (/tlxﬁ"ldx> dt
- i/l (o) (P~ 1) ar

Bo Jo
= [ g vt (1= (5" ) a

Now let [y < I < e. By again using Jensen’s inequality and the Fubini theorem we find
that

/0 ' f(t)dt)pox_ﬁodx—l— /b l G /0 ' f(t)dt)m Py
g/ob /Ox(f(t))podt)x_ﬁo_ldx—k/bl (/Ob(f(z))l”ldz>x—ﬁl—1dx

L[ /b NOL dt) X Py

— Oh ))Po (/tbxﬁoldx) dt+/01 (f()" dt/blx’ﬁl’ldx

+ hl (f(e))" (/tlxﬁlldx> d

|
—
-
foun)
-~
~—
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= b%(f(t))ﬁo (fﬁo I~ ﬁo) dt+ﬁ <b Bi _ - ﬁl)/ob (f(1))"" dr
+/Zl Pt ar
=, E(f( ))/30( I l30 dt+/ )131 ( B —l_m)dt—i—lo

= /Ol ﬁ (f()PV B0 (1 _ (;)ﬁ( )) dr + Io.

For the case 0 < p(x) < 1 (so that f(x) = uP0 and g(u) = uP! are concave func-
tions) the only inequality holds in the reversed direction so also this case is proved. The
proof of the case / = e only consists of obvious modifications of the proof above so
the proof is complete. [J

REMARK 2.4. By following the proof of Theorem 2.3 for the case py = p; =1
we find that the only inequality holds with equality sign so inequality (2.2) reduces to
an identity. This explains partly why the additional term I appears.

Next, we also state a dual version of Theorem 2.3, namely when the Hardy opera-

tor
1 X
— - t)dt
x/o f( )
is replaced by the dual Hardy operator

o f Hx/f

THEOREM 2.5. Let b > 0,0 <[ < oo, and

o-{mish o= {f

p1, x> b,

where po,p1, Bo,Bi1 € R\ {0}. Moreover, assume that po > 1, py =1 or po =1, p;1 <
0orpr =1, po <0 or pg <0, p1 <O (for the case with negative parameters, we
assume that the function f is strictly positive on the corresponding interval). If f is
nonnegative and measurable and B(x) > 0, then

/ (/f ) xﬁ()j?
</lmﬁ(f(x))l?(x)xl3(ﬂ (1_ (ﬁ)ﬁ(@) %—f—]o, (2.3)

where Ip =0 if l > b and

Iy= ﬁi <bl30 —lﬁ(’) /: (f(x))ﬁo d_;C 1 <bl31 _lﬁ1> /: (f(x))" d_;

0
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when 1 < b (for the case | =0, 1 — (%)ﬁ(x) =land P =1Pr=0) If0< p(x) <1,
then (2.3) holds in the reversed direction.

Proof. Let ] > b, | > 0. Then, by Jensen’s inequality and the Fubini theorem,

o0 oo (x) o oo 1
/ (x / f(t)rzdr)p s (x / f(t)tzdt>pxﬁ1§
- « d
</l x(/x (f(t))plt‘zdt>xﬁ1x—f
- [ora( [ a

- 14— 1 1 1
= | oy 2th(tﬁ b di

[ o Lo (- (2\") @
_~/l (f(t))p ﬂ(t)tﬁ() (1 (l‘) 127

Now, let 0 < I < b. Then, by again using Jensen’s inequality and the Fubini theo-

rem,
[ o) oo
(L) e ()
</X(/X (fa)re 2dt) po & +/ (/ (f(t))l’lt—2dt)xﬁlg
L)oo oo
(o) o
= [ Gy ( /1 Stan)ar [Ty [ bt
¥ / (o ( e
= [ e lﬁ°) o (o) [T )
+/ -0 G
_/ —tﬁ< <l—<§)ﬁ(t)>dz+10.
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The proof of the case 0 < p(x) < 1 is the same since the only inequality holds
in the reversed direction then. The proof of the case [ = 0 only consists of obvious
modifications of the proof above so the proof is complete. [J

REMARK 2.6. Also in this case it is clear from the proof that if pg = p; = 1, then
(2.3) reduces to an identity. This partly explains why the additional term Iy in (2.3)
appears.

3. The multidimensional case

Before we formulate our main results in this Section (Theorems 3.1 and 3.3) we
need some notations and to recall some well-known relations. We let n = 2,3,...,
X = (X1,...,%), dX=dx;...dx, and r > 0. Moreover, let V., denote the volume of
the sphere {x:|x| <r} and S,,_ denote the surface area of the same sphere. For
simplicity we also define V, = V;, and S,_1 = S1,—1. We also need the well-known

. Sp_ _
relations V,, = 2L and V,, , = [§S,— 1"~ 'du.

THEOREM 3.1. Let p(x) be defined as in Theorem 2.3 with b =Ry and | =R,
0 < Rpy, R< oo, and where po =1, pyr>=1orpo=>1, pr<1orpy =20, po<0 or
po <0, p1 < 1. Moreover, let a(r) be defined by

- ap, 0 <r<Ry
a(r)—{ah r > Ry,

where ag,a; € R\ {0} and B(r) :=(n—1)(a(r)—1)+a(r) > 0.
If f = f(|x]) is a radially symmetric nonnegative function in R", n=2,3.4,...,

then
1/ LG
Fihar) D as
/\x\gR (Vr,n It/ <|x]

1 il PR
p(x)) pl) a1 (P
g/\x\@ﬁqan (f ()P x| (1 (R) dx+Jy, (3.1)

where Jy =0 if R< Ry and

if R> Ry with Bi:=(n—1)(pi—1)+a;, i=0,1.If0< p(x) <1, then (3.1) holds in

B(lx[)
the reversed direction (for the case R = oo, 1 — (%) =land R Po=R P =0,
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Proof. Let R < . By using the notations and information above we find that

1 (I p(lX\)‘ | (i)
Il::/ <_/ ffdt> x|~ dx

<R \ Vin Jlt|<x]

Re1 p(r)
:/ ( / f(u)S"lun_ld”> rans, " dr

1 p() |
/ (V r"/ Sl du) Spoyr gy
p(r)

_/ ( / 1dr) S, (= Dp(r)—ar)+n=1y,

Next we use Theorem 2.3 with B(r):= (n—1) (p(r) — 1)4a(r) and f(r) replaced
by nf(r)r"~! and find that

R r\B()
— p(r) [ (n=1)p(r) j=(n=1)p(r)—a(r)+n—1 (=
s [ g ()00 sn_l(l (%) )dr+zo,

where [ is defined in Theorem 2.3, so that, by again using general spherical coordi-

nates,
1 B x| B(lx])
I </ a5 (1)) [ —alsh 1_(_) dxtdo.
1 ‘XKRﬁ(LxD ( (| |)) | | R 0

The proof of the case 0 < p(x) < 1 follows in the same way. For the case R = o
the proof follows by making obvious modifications of the arguments above so the proof
is complete. [l

REMARK 3.2. Theorem 3.1 is very different from other known multidimensional
Hardy type inequalities in the literature (see e.g. the books [7], [14], [15] and the refer-
ences there) e.g. the exponent p can have different values which can even be negative
on one part of the ball and > 1 on another, also the power exponent a can take different
values in a similar way and the “error term” which appears can be 0, > 0 or < 0.

The dual version of Theorem 3.1 reads:

THEOREM 3.3. Let f(x) and p(x) be defined as in Theoren 3.1 with b = Ry and
I=R, 0K R<oo, where po =1, p1=1lorpyg>1, pr<0orp; =1, po<O0 or po,
p1 < 0. Moreover, let

ay, r =Ry,
where ag,a; € R\ {0} and B(r):=(n—1)(p(r)+1)+a(r)>0. Then

P(x)
dt allel) dx
[ e [ =" ) e 5
>R = (Vi) x|

1 R B(lx[) dx
g/ nP D (1) )PBD e [ 1 — (—) =, (3.2)
N T A P elad

a(r):{ao,0<r<Ro
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where J; =0 if Ry < R and

J1 [; (ROO _Rﬁ0> /R: (nf(r)rlfn)po ﬂ

_O o

(R R [y

1 r
if Ro >R with B;:=(n—1)(pi+1)+a;, i=0,1. If 0 < p(x) < 1, then (3.2) holds in
B(lx])
the reversed direction (For the case R = 0 we have (1 — <£> g ) =1 and RPo =

[x

RPr =0).

Proof. Let R > 0. By using notations and arguments as in the proof of Theorem
3.1 we obtain that

P)
dt allkl)y dx
b= [ Vaa [ A=) WD
>R [kl (Vi r) [

p(r)
© © du dr
n n—1 a(r) -1
= /R (Vn.r/r J(1)Sy—qu (Vnu”)2> S,

“ Sn717” “ —n—1 2l a(r 71dl"
=/R ( v Su)u du) r S, 2

o oo d p(r) d
:A (r‘/r nf(u)u—n+l_’;) Sn_lr(n—l)p(r)+a(r)+n—1_2’/‘.

I

By now using Theorem 2.5 with B(r) = (n—1)(p(r) 4+ 1) + a(r) we find that

o B(r)
1 R dr
< _ p(r) (1=n)p(r) (n=D)p(r)+a(r)+n—=1  _ [ 2 il
12\/R ﬂ(i’) (nf(r)) r Snflr (l ( ) ) r2 +Jla

r

so that, by again using spherical coordinates in R”,

1 R B(lxl) dx
! </ L e () gt (g (_) dx g
2 Juer B VDT EV A AFA

where J; =0 if Ry < R and

J = % <Rg() _Rﬁ0> /R: (nf(r)r—n+l)

ﬁl <R01 _Rﬁ1> /R: (nf(r)r‘”“)

1

ro dr
2
P dr

2
if Ry > R. The result for the case 0 < p(x) < 1 follows in the same way. For the case

R = oo the proof follows by making suitable modifications in the proof above so the
proof is complete. [
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4. Concluding remarks

REMARK 4.1. It seems to be Godunova (see [2] and [3]) who first discovered
the convexity technique to prove classical Hardy’s inequality in its original form (1.1).
However, this proof was not much noticed and it was only after Kaijser et al. [11]
rediscovered this technique of proof which was a great development of the area, see
e.g. [10], [11], [13], [16], [17], [18], [19], [20], [21], [22], and even the PhD thesis of
K. Krulic [12].

REMARK 4.2. The ideas and results in this paper were initiated in [22] and it
seems tempting to develop the theory in the standard way (see e.g. the books [14] and
[15]) in this direction. The idea to consider Hardy inequalities with “general” variable
exponent p = p(x) is considered before in a more general way (see e.g. [1]) but this
approach (for a special case) is new and give us possibility to consider even negative
values on p(x) and to have sharp constant (cf. [22]).

REMARK 4.3. Inspired by our investigations in [21], our original aim was to gen-
eralize Theorem 2.1 to a multidimensional situation, where the Hardy operator

H = H f(x) — }C /O " f)de

is replaced by a corresponding multidimensional operator

l X1 Xn
Hyt f(X1sen) — / / Flt1 oo t)dtr.dt.
-Xn JO 0

X1-

However, as expected from the general theory this leads to many difficulties even in the
two-dimensional case (cf. the result of Sawyer [23]). For the moment we leave this as
an open (probably difficult) question.

Finally we give the following example of our results in Theorem 3.1 and Theorem
3.3 with R = and R = 0, respectively, and pg = p; = p.

EXAMPLE 4.4. With the notations in Theorem 3.1 it yields that, for p > 1 and
p <0,

(a)

1 P nP 4
/n(vm /tgxlf(tl)dt> i [ GO R e @
where B :=(n—1)(p—1)+a>0,

(b)

P
1 dt g dx _n? o oa dx
/n (Vm /‘[‘>‘x‘f(|t\) (V|t.,n)2> x| 2 S By Jen (f (X)) x| ok (4.2)

where B :=(n—1)(p+1)+a> 0. For the case 0 < p < 1 both (4.1) and (4.2)
hold in the reversed direction.
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REMARK 4.5. For the one-dimensional case we obtain the inequalities

/Ooo (%/Oxf(t)dt>pxadx< l/ow (f(x))Px “dx 4.3)

o

/ON (x/:f(t)%t)pxazdx < é/om (f(x))? x*2dx

yielding for p > 1 and p <0, and o > 0.

As we have noted before, (4.3) even with o = 1 is equivalent with the first power

weighted forms (1.3) and (1.4) of Hardy’s inequality via the substitution pointed out in
(¢) in the introduction.
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