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UNCERTAINTY PRINCIPLE FOR THE SPHERICAL MEAN OPERATOR

RADOUAN DAHER, ABDELMAJID KHADARI AND SLIM OMRI

(Communicated by S. Koumandos)

Abstract. The LP — L7 version of Miyachi’s theorem is proved for the Fourier transform associ-
ated with the spherical mean operator.

1. Introduction

In the classical case, Miyachi’s uncertainty principle [4] states that if f is a mea-
surable function on R satisfying

e f e LNdu)+L™(dy),

and N ,
bx
/ log™ 7‘]0()%'6 dx < oo,
R

1
for some positive constants a,b,6 such that ab = 7 where L!'(du) and L™ (du) de-

note the standard Lebesgue spaces, then f is a multiple constant of a gaussian function.
Recently, Miyachi’s theorem has been proved by Daher, for Jacobi-Dunkl transform
[1]. The spherical mean operator % is defined, for a function f on R x R”, even with
respect to the first variable, by [5]

A 0x) = [ 10ma+rE)do,(n.E), (ry) ER X

where S” is the unit sphere of R"*! and do, is the surface measure on S" normalized
to have total measure one. The operator &% has many important physical applications,
namely in image processing of so-called synthetic aperture radar (SAR) data [3], or
in the linearized inverse scattering problem in acoustics [2]. Many harmonic analysis
result related to the spherical mean operator and its Fourier transform have already
been proved notably by Nessibi, Rachdi, Omri and Trimeche [5, 6]. Our purpose in this
work is to establish an L” — L7 version of Miyachi’s theorem for the Fourier transform
associated with the spherical mean operator. This paper is organized as follows, in
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the second section we prove some useful properties relates to the Bessel operator and
the Hankel transform, the third section is devoted to recall and show some harmonic
analysis results related to the sphercial mean operator % and its Fourier transform .% ,
and finally in the last section we prove the main result of this paper that is, the L — L9
version of Miyachi’s theorem for the Fourier transform .% .

2. The Bessel operator and The Hankel transform

In this section we shall show some useful properties related to the Bessel oper-

1 92
ator. For every o > —5 the Bessel operator is defined on 0, +eo[, by £¢ =

or?
200+1 0 . .
—, and it is well known that for every nonnegative real number s, the func-
,

,
tion ju(s.), is the unique infinitely differentiable function on [0, o[ satisfying the
following Cauchy problem

+

lou = —su,
uW'(0)=0,
u(0) =1,

where j, is the modified Bessel function defined by [§]

Lo vz 2n
VzeC, ja(Z):r(aJFl)Ebl"((a%(i)l)n!'

(2.1)
The modified Bessel function j, has the following integral representation

VzeC, julz) = % /01(1 —tz)af% cos(zt)dt.

In particular, we have

VzeC, peN,

j((xp) (Z)‘ < e\lm(z)|' (2.2)

In the following we denote by

r2a+1
T 20T(a+1)
e L7(dty) the Lebesgue spaces of measurable functions on [0, o[ satisfying

1

oo g
Wl = ([P asatn) " <ot pe1he,
® [[fllee,zo €58 supf(r)| < 400, If p = eo.

r€[0,+oo|

e &,(R) the space of even functions, infinitely differentiable on R.
e S.(R) the subspace of the schwartz class S(R), formed by the even functions.
® %o (R) the space of continuous even functions on R satisfying liror(} f(rn=0

e d7, the measure defined on [0, 4o, by d7y(r) dr.
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DEFINITION 2.1. The Hankel transform /%, is defined on L!(d1y) according to
Schwartz [7], by

Vo€ 0ol Aa()0) = [ FDalrs)dzalr)

Then it is known that the Hankel transform is a bounded linear operator from
L'(d7y) into 6p.(IR). Moreover, for every f € S,(R), we have the following inversion
formula

[ = (H(])), (23)

and for every m € N we have
Vs € [0, oo, Ao ((Id —La)™ (f)) (5) = (1+5°)" Ao (f)(5)- (2.4)

PROPOSITION 2.2. For every nonnegative integer k, we have

2

& (e—f~2) (s) = (—41)*KILE (152)e ™™ 2.5)
where LY denote the classical Laguerre polynomial [8].

Proof. By a standard calculus we know that for every positive real number 7, we

have
2

—.2 e
Hole ™" )(s) = ot (2.6)
Let m be an integer, then by relations (2.3) and (2.4), we have
A (1427l )) () = = ta)" ()0
-V (- (s 2.7)
DAk ek (e
k=0
On the other hand by relation (2.6), we get
2ym 2 1 < ok [T k20t 2
Sy, <(l+. V" (e )) (s) = 2T a (g § l)kz()cm~/0 r e~ T jo(rs)dr,
and by change of variables u = 2L\/t_ , we deduce that
(14 22 (o1 _ 2 < Ck 92k k k42041 i 2ius)d
o | (L+ 5"y (e )(S)_l"(a—i-l)z’m t A u e " jo(2v/tus)du
k=0
1 o~ ka2 k [T ko v Vs
:mZCmZ t /0 Ve jo (2V ves?)dy
k=0
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Using now the integral representation of Laguerre polynomials [8], we obtain
Aoy ((1 + .2)’"%(e_t'2)> (5) = Y CE2MALE (152Kl (2.8)
k=0
Combining relations (2.7) and (2.8), we deduce that

m
2 Ch(—1 (e (s) = 3 CE2MA LY (52 ke ™,
k=0

and by the classical Pascal’s inversion formula, we conclude finally that for every inte-
ger k, and for every positive real number 7, we have

Vs € 0,4+, th (7)) = (=40 HILE(sD)e ™. T

3. The spherical mean operator

Nessibi et al. [5] showed that for every (s,y) € C x C", the function ¢ ;) defined
on R x R" by
9o (1) = 2 (cos(s.)e 01 ) (1), (.1

is the unique infinitely differentiable function on R x R”", even with respect to the first
variable, satisfying the following system

J
—u(r,xl,...,x,,) = —iyju(rxy,...x,), 1<j<n,
8)6]'
Anru(r, X1, Xn) = —s2u(r,x1, .., %),
2 (3.2)
u(0,...,0) = 1,
aan )=0 ( ) €R"
—(0,x1,...,x,) = X1,..0 X
3}’ sy ALy ey An ’ 1, sAn )

where A% =/ not = A and A denotes as usual the Laplacian operator given by A =
n 82
Z Ep 2 Now we consider the following notations.

Foreveryl:(ll, vy An), =1, ..., Wy) €C" and B= (B, ..., Bu) eN",
we denote by

1
n 2 n

o (Alu)= Z?L[Jl, A = (ZM”Z) and AP :Hliﬁi'
=1 i=1

o |B]= Eﬁi, ImA = (ImAy, ..., ImA,) and ReA = (ReA;, ..., Rely).
i=1
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In [5], the authors proved that the eigenfunction ¢, ,) defined by relation (3.1), is
explicitly given by

V(r,x) 6RXR"7 (Say> E(CXC"’ (p(s,y)(rax>:j%(r\/ +‘y‘ ) - y|x (3.3)
From relations (2.2) and (3.3), it follows that the function ¢ ,) satisfies
V(s,y) eCxC", (rx) e RxR", ’(p(s’y)(r,x)’ < ellrHD(tms|+my)

and therefore, ¢, ) is bounded on R x R", if and only if (s,y) belongs to the set T4}
defined by
o1 =RxR'U{(irx), (nx) e RxR", [r] < |x[}, (3.4)

and in this case

sup | @) (rx)| = 1. (3.5)
(rx)€[0,+oo[ xR

In the following we shall recall some properties related to the spherical mean op-
erator. For this we denote by

2 drd
o dmy, ;| the measure defined on [0, +-oo[xR", by dny,1(r,x) =1/ = e
T (2m)2
o L7 (dmyy ) the space of measurable functions f on [0,+eo[xR", such that
oo 1
P .
Wl = ([ U017 dimaia(52)) 7 < ooy i p € 1l
[ llemr = esssup  [f(rx)] < ee, if p = +eo.
(r,x)€[0,+oo[ xR?

r"drdx
(m)#2r2T (14

© L7(dv,11), p € [1,4°0] the Lebesgue space of measurable functions f on
[0, +oo[xR", satisfying

e dv,, the measure defined on [0, +eo[xXR" by dV,;1(r,x) =

s = ([ [, 17000 an+1(rx)> < tenitp € [L4eo]

o, = esssup  [£(50)] < +eo it p = oo
(r,x)€[0,+oo[ xR"

oI, 1 the subset of ',y defined by
Daitr = [0, +eo[xR"U{(is,y) 5 (5,5) € [0, +eo[xR"; s < [y]}.

® Ar the ¢ -algebra defined on I’ 1 1 by

n+1,+
Br,1 =107 (B), B € Bpor([0,+oo[xR") },

where 6 is the bijective function defined on the set T',,.1 - by

0(s,y) = (/s> + %)
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e dY,+1 the measure defined on #r,,, . by

VBe Q%Fn+1ﬁ+7 Yn+l(B) = Vn+1(0(B))

o L7 (dy,11), p € [1,4o0] the space of measurable functions f on I,y 4, satis-
fying

p .
1Ay, = [f )P dYnia(s,y) ) < oo, if p € [1,+00[;
PsYa+1 rn+1~+

1flly,, = esSsup |f(s,9)] < 4o, if p = +oo.
(s.9)€Nnp 1.+

e %, (R x R"), the space of continuous functions on R x R”, even with respect to
the first variable.

e S, (R xR") the space of infinitely differentiable functions on R x R”, rapidly
decreasing together with all their derivatives and even with respect to the first variable.

o C, [X"*l}, the vector space of polynomials functions of n+ 1 variables, even
with respect to the first variable.

The dual of the spherical mean operator ‘% is defined according to [5] by

F ) = sy [0/ Ry 3:6)

whenever the integral of the right-hand side is well defined, where dy denotes the
Lebesgue measure on R”. As shown in [5] the spherical mean operator % and its dual
"% satisfy the following harmonic analysis results.

LEMMA 3.1. i) For every function f € L'(dV,1), the function ' Z(f) belongs to
L' (dmy, 1) and we have

IR mr < NNt vin- G.7)

ii) For every bounded function f € €,(R x R"), and for every function g € L' (d v, 1),
we have

Foo +oo
| [ a2 enstnavine = [ [ e @@ edmat,  G8)

The Fourier transform .% associated with the spherical mean operator is defined
for every measurable function f € L'(dv, 1), by [5]

o0
V(S,y) € rn-‘rla ﬁ(f)(s,y) = /0 RN f(rvx)(p(s,y) (r,x)dv,,+1(r,x), (3.9)
where I',; is the subset of C x C" given by relation (3.4).

PROPOSITION 3.2. i) For every nonnegative measurable function g on I'y1q 4,
we have

1
g, A)dpr (U, A) = —= ;
/rn+1,£ J ek 2) 27 (%) (2n)8

M 22yt
[ ] sl (AP - ) pdpdr).
R®JO

= 2 PN
([ [ ewaw>+2®)'s nauar
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ii) For every nonnegative measurable function f on [0,4oo[xR" (respectively inte-
grable on [0,+eo[XR" with respect to the measure dv, ), fo0 is a measurable non-
negative function on I'yi1 4, (respectively integrable on Ty 1  with respect to the
measure dy,1) and we have

o0
/ (foe)(u,k)dynﬂ(u,?t):/ /f(r,x)dvn+1(r,x). (3.10)
[ o Jre

From relation (3.10), we deduce that the Fourier transform .% defined by relation
(3.9) satisfies the following relation

Y(s,9) €Tusts  F(f) (5,9) = Z(f) 0 0(s,y), 3.11)

where .Z is the integral transform defined on L!(dv,. ) by

— oo )
Vo) ERX RN F (1) (s = [ [ F0) s () O vy ()

On the other hand it is known by using in particular relation (3.5), that the Fourier
transform .% associated with the spherical mean operator, is a linear bounded operator
from L!(dV,1) into L= (dY,+1) and that for every f € L'(dVv,1), we have

[EACHI ESARESY Vi FRAE

Furthermore, the Fourier transform .7 satisfies the following inversion formula
and Plancherel theorem:

THEOREM 3.3. (Inversion formula) Let f € L' (dV, 1) suchthat  (f) € L' (dyp11),
then for almost every (r,x) € [0,+oo[xXR", we have

£ = [ FP ) (501 (53).

REMARK 3.4. The same inversion formula holds also for the transform Jg , In-
deed for every f € L'(dV,1), such that .% belongs to L!(dVv, ), we have for almost
every (r,x) € [0,4oo[xR",

f(rx) / / )(5.3) s (7)€ AV (5.7)-

THEOREM 3.5. (Plancherel) The Fourier transform F can be extended to an
isometric isomorphism from L*(d v, ) onto L*(dy,.1).

DEFINITION 3.6. Forevery ¢ > 0, the Gauss kernel g;, associated with the spher-
ical mean operator, is defined on R x R", by

r HY\Z

e
(2 n+2

oo _
:/ / e HbP) Ja (rs)e'™W dv, 1 (s, ). (3.12)
0 n

gi(rx) = / (2P o G X d e (5,7)
n+l+
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PROPOSITION 3.7. Let t be a positive real number, and let R be a polynomial

Sunction even with respect to the first variable, given by R(r,x) = Z akprzkxp .

(k,p)ENxN!
k+|pl<m

Then, for every (s,y) € Rx R", we have

. 2k+ o=l 2 2
FRe)sy) = Y arpi?d kLT (12 4 y2)) Hy (Viy)e 62D,
e

where LkT is the Laguerre polynomial and H), is the Hermite polynomial of n vari-
ables.

Proof. We know that the function Rg; belongs to the space S, (R x R"), hence

Z (Rg;) is well defined. Let (k,p) € N x N, then by relations (2.5) and (3.2), we have
forevery (s,y) € R xR",

éfQ%ﬂkﬂ(xy%=(—UW—0wfﬁ1<Q%§%@>(&”

Therefore by relation (3.11), we get

. 2k+p| , 5L 2 2

FRe) ()= Y api? @ VLT (124 [y[2)) Hy(Viy)e 020,
(k,p)eNxN1
k+|p|<m

|
4. Miyachi’s theorem associated with the spherical mean operator
According to relation (3.6), we establish the following lemma
LEMMA 4.1. Forevery b > 0, we have
—b(r2+ ﬁ)
V(rx) eERxR", ' % (e—b‘('~>‘2) ()= —— . @.1)
(2v5)

LEMMA 4.2. Let h be an entire function on C x C". If f satisfies
|h(z0,2)| < CeB((ReZO)ZH(R”)Z), and / log™ |A(r,x)|drdx < oo,
RxR”

for some positive constants C and B, then h is constant.
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Proof. The proof is identical to the proof givenin [4]. [

LEMMA 4.3. Let p € [1,+e] and let a be a positive real number. Then for every
2
nction g € Vut1), the function e S e 2g elongs to the space
uncti L7(d h ion ¢+ )12 (=P g pel h

LP(dmy1), and there is a positive constant C, such that for every g € LP(dvyy1), we
have

ey (el

< C||g||P7Vn+l' (42)

JZULTER

Proof. e If p €]1,+e[. Let ¢ be the conjugate component of p, then by relations
(3.6), (3.7), (3.8) and (4.1) and by using Holder’s inequality we get

/0 +°° / ,1 ap(P+ ) t%(e—a\(w)\zg)(nx)‘pdanH(r,x)
— (2;)% /()+w/neu17(r2+72) /n efa(r2+\xfy|2+|y|2)g(m’y)dy r
< (2;)% /()*“’/neap(r%r#) (/Rn |g(\/m,y)|”dy)

< (2 (e,m,,(_,_),Z) (1) (1)

o0
e )L (LR srray ) dmeati)
20 Dt (ag) B :

and therefore

Foe 2 I
/ / eap(r +5-)
0 n

dm,,+1(r,X)

1'% (18]”)

H 1,my 41

P
[%(e*al(q-)lzg)(r’x)‘ dmn-‘,-l(r’x) = p
2"(1771)(616]) 2q

18117,v, 1
D 2"(["1)((1(]) %

Hence, the function ¢ a2+ ‘T )t g ( _“|("')|2g> belongs to the space L?(dmy,+), and we
have

1
< n ”g”lhvn ‘
e If p =1, then by the same way, we get

+oo 2

/ / AP+ ’%(e*ﬂ(-v-)lzg)(r,x))dm,,+1(r,x)

0 n

1 oo —alyy2— X2

7 [T e g(m,y>dy|dmn+l(r,x>
~+oo

/ /(/ \/m,y)’dy>dmn+1(r,x)

= H % |g| (rvx)| Ly X ”g”LVnH'

ey (eel07g

\ 3
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Hence,
(2+—H2)f —d|(.,.)]?
e\ %(6“"' g)

Lmy iy

o If p = oo, then for every (r,x) € [0,+eo[xR", we have

\X\

AP+ %< —a|(.)]2 g> (1,x)
a(r +M )
_e —a(r ey [y?) 2 1y 2
2n)? /ne P e (y/r? + [x =yl ,y)dy'

||g||°°vﬂ/ awz-2P o 18l
< = e d = Al
en)t Jun 2ya)

Hence,

181,

<
0, My 4] (2\/5)’1

LEMMA 4.4. Let p,q € [1,+<0], and let a be a positive real number. If f is a
measurable function on R x R", even with respect to the first variable satisfying

)1 (e7el-P)

eal(-v-)lzf c Lp(dvn+1) +Lq(dvn+1)7

then Z (f) is well defined and entire on C x C". Moreover, there is a positive constant
C such that, for every (s,y) € Cx C", we have

\1ms\2+2\1my\2

| F(f)(s,y)| <Ce . (4.3)
Proof. Let fi € LP(dVv,11) and f; € L9(dV,+1) such that

FoedltIP g 4 pmalCP g,

and let p’ and ¢ be respectively the conjugate components of p and g, then by
Holder’s inequality, we get

/OJFM /Rn |f(r,x)|d Vi1 (r,x)

< /oer /,, (£ (1r,2) [+ (7))l Vi1 (1)

(/ /n —ap'|(rx)] dvn+1(rx)> £ poviess

L
7

2 aql0P
+</0 /He aq'|(rx dvn+1(r,x)) 221l gvs

< oo,
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Then, the function f belongs to the space L'(dV, 1) and .Z(f) is well defined.
According to relation (2.1), we know that for every (r,x) € R x R", the function
(s,y) — j% (rs)e ™01 is entire on C x C". Let K be a compact set of C x C" and

let b be a positive real number such that for every (s,y) € K, we have |(s,y)| <b. Then
for every (s,y) € K and by using relation (2.2), we have

F(rx) s (1) 000 | < st )
e3P HP) g2 (ImsPHIP) (| £, (1 3)| 4| fo (1, %))
Ce S (|11 () [+ | (o))

Since, the function (r,x) — e 5 (k) (If1(r,x)|+ | f2(r,x)|) is integrable over R x

VAS/AN

R" with respect to the measure dV,,, this shows that % (f) is analytic on C x C",

moreover since é‘v( f) is even with respect to the first variable then .% (f) is also ana-
lyticon C x C".
Let (s,y) € C x C", then by relations (3.1), (3.8) and (3.9), we have

F (s = | I / e cos(s.>e—f<y">) (v (79
-

x)cos(sr)e ™ 1 dmy, , | (r,x)

n

S /0 / () x| el P dm, o ()

Hence by a basic calculus, we get
[ Z(f)(s,y)]

\1ma\2+2\1mv\2 oo \x\ (Sar—lmslye o alx]  Jimy] o
s¢ / [ D i e VR e A e ()
n

2 2
[Ims|+2|Imy]| 2 \x\
Y 7 ea(r +5)
n

o0
(\/ar_M)Z (ﬁ\x\_w 2

xe Wal e NV dmyy o (rx)

< De

DM

"% (efu‘("')‘zf,) (r,x))

i=1

And finally by relation (4.2), we deduce that for every (s,y) € C x C",

. \Imr\ +2\1m)\
[ Z(f)(s,y)] < Ce (Iillp v + 1152

’ |Ims| +2\Imy\2
<Ce 4a .

‘17Vn+l)

THEOREM 4.5. (Miyachi for .%) Let a,b and & be positive real numbers and
let p,q € [1,+e]. Let f be a measurable function on R x R" even with respect to the
first variable satisfying

I £ e LP (V) + L9(dVprr), (4.4)
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and

s b(r?+2[x?)
/ log* |7 )(r’xg'e drdx < +o. 4.5)
RxR"

Then
i) If ab > Alf, then f =0 almost everywhere.
ii) If ab = %, then f = Cgp with |C| < 8, where g, is the Gauss kernel given in
definition 3.6.
1
iii) If ab < %, then for every ¢ €]b, 4—[ and for every polynomial function R on
a

R x R" even with respect to the first variable, the function f = Rgs satisfies relations
(4.4) and (4.5).

Proof. i) Suppose that ab > 4 and let & be the function defined on C x C", by

<H62“> N(z0,2),

then by Lemma 4.4, it follows that & is analytic on C x C", and by relation (4.3), we
deduce that there is a positive constant C such that

it

hZ(), —e

(Rezo)2+2\Rez\2
4a .

V(z0,z) € Cx C", |h(z0,2)| < Ce

Now, by using the fact that for every positive real numbers x,y, we have log™ (xy) <
log™ (x) +y, we deduce that

/ log™ |(r,x)|drdx
RxR"

x2
- log™ | Z (1) (r.x)le — 5 drax
RxR"

b(r2+2x
= 10g+ <|ﬂ(f)(r7x)6|e A )e(ﬁ_b)(rz'ﬂxz)a) drdx
RxR"

a b(r2+2\x\2)
< [t ZUNEIE drdx 45 [ DR gy
RxR” 1) RxR"

Since ab > 1, then / log® |h(r,x)|drdx < +eo, and therefore h satisfies the as-
RxR"

sumptions of Lemma 4.2. Hence, & is constant on C x C", which means that there is a
constant C such that

r2+2\x\2

V(rx) e RxR", Z(f)(r,x) =Ce 4 |

but in this case, relation (4.5) holds only whenever C = 0, and the result follows then
by Theorem 3.3.
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ii) Suppose that ab = }P then as showed in the previous case, there is a constant
C such that s
V(r,x) € RXR", .Z(f)(r,x) = Ce P27

and similarly, relation (4.5) holds only whenever |C| < 0, and by combining relation
(3.12) with Theorem 3.3 we get the desired result.
1
iii) Finally suppose that ab < %. Let o €]b, 4—[
a
some polynomial function R € C,[X"*!], then by Proposition 3.7, there is a polynomial
function Q € C.[X""!], such that

and suppose that f = Rgs for

7 (Rgo) = Qe o110,

and it is easy to verify, that in this case, f and .Z(f) satisfy relations (4.4) and
“5). O
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