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BARROW’S INEQUALITY AND SIGNED ANGLE BISECTORS

BRANKO MALESEVIC AND MAJA PETROVIC

(Communicated by J. Pecaric)

Abstract. In this paper we give one extension of BARROW’s type inequality in the plane of the
triangle AABC introduce signed angle bisectors.

1. Introduction

Let triangle AABC be given in Euclidean plane. Denote by R4, Rp and R¢ the
distances from the arbitrary point M in the plane of AABC to the vertices A, B and C
respectively, and denote by ¢, = [MA’|, ¢, = [MB'| and ¢, = |MC’| the length of angle
bisectors of Z/BMC, ZCMA and ZAMB from the point M respectively (Fig. 1).

Figure 1: Barrow’s inequality (point M into A\ABC)

Barrow’s inequality [2]:
Ry+Rp+Rc=22(ly+lp+ L) (1)

is true when M is arbitrary point in the interior of triangle AABC. The equality holds
iff triangle ABC is equilateral and point M is its circumcenter. In this paper we consider
a Barrow’s type inequality when M is arbitrary point in the plane of the triangle AABC
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introduce signed angle bisectors. Let us notice that inequalities with angle bisectors
recently are considered in papers [1], [6], [7], [15].
Inequality of Erdos-Mordell [4]:

RA+RB+Rc>2(Va+Vb+rC) 2)

is a consequence of inequality of Barrow, where r,, rp and r. are distances of interior
point M of triangle to the sides BC, CA and AB respectively.

Let us notice that topic of the Erdos-Mordell inequality is current, as it has been
shown in recent papers. V. Pambuccian proved that, in the plane of absolute geometry,
the Erdos-Mordell inequality is an equivalent to non-positive curvature [12]. In the
paper [11] is given an extension of the Erdds-Mordell inequality on the interior of the
Erdos-Mordell curve. In relation to the Erdos-Mordell inequality N. Dergiades in the
paper [3] proved one extension of the Erdds-Mordell type inequality

b b
Ry+Rs+Rc> (5 +° r;+(£+g>r2,+ 220 3)
b ¢ a ¢ b a

where r/,, r; and r, are signed distances of arbitrary point M in the plane triangle to

the sides BC, CA and AB respectively.

2. The main results

Proof of Barrow’s inequality in the paper of Z. Lu [10] is based on the next theo-
rem.

STATEMENT 1. Let p,q,r >0 and o+ B+ y= n. Then we have the inequality

p+q+r=2\/qrcoso +2./prcosfi +2,/pqcosy. 4

Peculiarity of Barrow’s and Lu’s proofs are, that is, primarily algebraic. In Lu’s

proof, Barrow’s inequality follows from positivity of quadratic function f (x) = x> —

2 (\/? cosfB+./q cos y) X+q-+r—2,/qr cosa in the point x = ,/p with an appropriate
geometric interpretation for p, ¢, r and o, B, ¥ (for details see [10]).

In this paper we also give one algebraic proof with geometric interpretation for
points outside of the triangle A ABC. The following theorems are true.

STATEMENT 2. Let p,q,r >0 and o, = B+ 7y. Then we have the inequality

p+q+r>=—2\/qrcoso +2./prcosf +2,/pqcosy. (5)

Proof. Let us consider the quadratic function

g(x) =x* =2 (/rcosB +/qcosy)x+q+r+2\/qrcosa. (6)
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Then a quarter of the discriminant is

%5:(\/l—fcosB-k\/c_]cosy)z—(q+r+2\/%cosa). (7)

Based on o = 3 + ¥ we have coso = cos (8 +7) = cos 3 cosy—sinf siny and hence

—8 = rcos® B +gcos® y+2,/7G cos fcosy—q —r—2,/F cos

= rcos® B+ gcos® y+2,/rq cos Bcosy—q—r—2,/rq cos (B +7)

= —rsin? B —gsin® y+ 2,/rq cos B cosy—2,/rq cos B cosy+2,/rq sin B siny.
Using previous identity we obtained
§=—4(\/rsinf— \/c_lsiny)2 <0,

hence g (x) > 0. Finally, letting x = ,/p we obtained (5). [

REMARK 1. Let us emphasize that for term A = p +q+r+2,/qr coso — 2, /pr
cosf3 —2,/pgcosy, when y= o — 3, follows inequality

= (\/?—\/l_acosﬂ+\/§cosa)2+(\/]—)sin[3 —\/ﬁsinoc)2 =0

analogously using the Lagrange’s complete square identity from [8], [9]. Therefore we
have second proof of inequality (5).

STATEMENT 3. Let p,q,r >0 and oo = B+ 7y. Then we have the inequality

p+q+r=2\/qrcoso —2\/prcosfi —2,/pqcos?y. (8)

Proof. Letus consider the term A = p+g+r—2,/qr coso.+2,/pr cos B +2,/pq
cosy, for y = o — . Notice that for the term A, by the Lagrange’s complete square
identity, the following two representations are true.

1° If — < o <, then cosa < 0, and therefore
:(\/;4—\/[_)cosﬂ+\/§cosa)2+(\/[—)sin[3—i-\/ﬁsina) —4,/qrcoso > 0. (9)
2°If0<a< g, then cosa > 0. From o = f3 + v follows cos 3 > 0, and therefore

= (Vr—y/pcosf— ﬁcosa) +(y/psinB+y/gsina)*+4/preosp > 0. (10)
]

Let us introduce the division of the plane of triangle AABC to following areas

%: (+a+7+)7 A‘1 = (_7+a+)’ A‘Zz (+7_a+)’ A‘3 = (+7+a_>’ 1‘4: (+7_a_>’
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As = (—,+,—), A¢ = (—,—,+), (Fig. 2), via signes of homogenous barycentric coor-
dinates of a point as given in the paper [14] (see also the Section 7.2 in [5]). Then Ay is
the interior area of the triangle AABC. Let us notice that (19 UA;) U (BC) is the inte-
rior area of the angle /A, and A4 is the interior area of the opposite angle. Analogously
(A UA2) U (AC) is the interior area of the angle /B, As is the interior area of the op-
posite angle and (A9 UA3) U (AB) is the interior area of the angle ZC, A¢ is the interior
area of the opposite angle.

Figure 2: The division of the plane by the sidelines of the triangle NABC

The following auxiliary statement is true.

LEMMA 0. Let B and C be fixed points in the plane and let M be arbitrary point
in the plane. For { length of angle bisector of ZBMC from point M following formulas

are true:
/= 2RBRC cos oy \/RBRC

~ Rp+Rc 2 Rp+Rc

where Rg = [MB|, Rc = |MC| and oy = ZBMC. Especially, for p line throughout
points B and C is true:

\/(Rs + Re)? — |BCP, (1)

0 : Me|BC],
= 2RpRc . (12)
R Re - M € p\[BC].

In further considerations let p = R4, ¢ = Rp, r = Rc. Then, Z. Lu, in the paper
[10], proved the following Barrow’s type inequality.

THEOREM 0. [10] In the area A the following inequality is true:

vVRc | VR VRc | VRa VRs VR

REMARK 2. Barrow’s inequality is a consequence of the previous inequality.

From previous Lemma follows next auxiliary statement.
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LEMMA 1. (i) If M =A, i.e. Ry =0 then:

VRe \/RB>
Rp+Re> (YEC 4 Y38 )y, 14
ke (Y + Vgt ()
(ii) If M =B, i.e. Rp =0 then:
VRe \/RA>
Ra+Re> (VA4 Y74 )y, 15
v (v 4
(iii) f M = C, i.e. Re =0 then:
Rz \/RA)
Ry+Rp> (YRB L VEA 16
e (e Ve o

Denote with cl closure of a plane set. The following theorem is true.

THEOREM 1. Inthe area cl (A1) \{B,C} the following inequality is true:

JRC | J/Rs N VEr Vs
RA+RB+RC2(\/R—B+\/R—C>(—€a)+<\/R—A+\/R—C)€b+<\/R—B+\/R—A)€C (17)

Proof. Let M cl (A1) \{B,C},then oy = By + yur i-e. Om _ ﬁ_M + M

=5+ (Fig.3).

Figure 3: Extension of the Barrow’s inequality for the point M € cl (A1) \{B,C}
Based on the Statement 2, the following inequality holds
o
Ra+Rs+Re > —2+/RgRe cos TM +2+/RaRe cos %M +2RARp cos %M (18)

Based on Lemma O from previous inequality we obtained
Rp+Rc Rs+Rc Rs+Rp

Rat Ryt Re> = rppe "t URake T VRaRs ¢ o)
_(vRc  VRp\ _ VRc | VRa VRa , VRg
‘<¢R—B+¢R—c>( fa>+(m+¢1e—c)€b+(m m)f“ o

Next two theorems are direct consequence of the Statement 2 by following cyclic
replacements ogy — Bus, By — Y, Y — Oy and Ry — R, Rg— Rc, Rc — Ry
respectively.



542 B. MALESEVIC AND M. PETROVIC

THEOREM 2. In the area cl (2;)\{A,C} the following inequality is true:

VR, VRs VRe VR, VRy  VRp
RA+RB+RC><\/R_B+\/IQ_C)€[1+<\/R_A+\/ITC)( Eb)—F(\/R—B—F\/R_A)EC. (20)

THEOREM 3. Inthe area cl(2A3)\{A,B} the following inequality is true:

VRc | VRp VRc | VR4 VR4 | VRp
RA+RB+RC><\/773+ﬁ>£a+<\/77+\/77c>£b+<\/773 ﬁ)(—fc) (21)

The following theorem is true.

THEOREM 4. In the area A4 the following inequality is true:

VRS VRs\, (VR R\ ., (YEa, VR,
RA+RB+RC><E+\/T7)€Q+<E+\/T7)( zb)+<\/ﬁ3+m)( ). (22)

o
Proof. Let M€ A4, then oy = By + Y €. TM = ﬂTM + 77M . Based on the State-

ment 3 the following inequality is true

Ra+Rg+Re > 2+/RgRe cos %M —2/RaRe cos %M — 2VRARp cos %M (23)

Substitutions RoR
oo
Uy =| MA" |=2—8"C cog M 24
o= MA =2 B cos B (24)
RsRc Bum
l,=|MB'|=2 == 25
b=l MB |= 2 20 cos S (5)
RsRp M
l.=|MC'|=2 — 26
e =] | Ra+Rp cos 5 (26)
in (23) give
R R R R R R
Ri+Ry+Re> B+ Rc A+ Rc A+ Rp

_ b — .
VRsRc “ \/RaRc VRARg ¢

27)
:<¢ITCL¢1TB>£+<%L¢ITA>(_£ )+<@ @)(_“
VRs VR ) T\VRi VR ) UT\VRs VRGO 4

Next two theorems are direct consequence of the Statement 3 by following cyclic
replacements 0y — By, Bu — Y, Yu — oy and Ry — Rp, Rp— Rc, Rc— Ry
respectively.

THEOREM 5. In the area As the following inequality is true:

VRc | VRp VRc | VRA VRs  \/Rp
RA+RB+RC>(\/TBJF\/ITC)(—EQ)JF<m+m)£b+<\@+m)(—&). (28)
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THEOREM 6. In the area Ag the following inequality is true:

VRe  VRs N\ yyi (VR VRa Ny (VRa VRE

Now, we give definition of the signed angle bisector for the point M in the plane of
the triangle AABC. Let be A fixed vertex and let p be line through vertices B and C.
Denote d=|MA,| distance of the point M to the line p and let £=|MA’| be length of
the bisector of the angle /BMC. If d’ be signed distance of the point M to the line
p related to the vertex A [13] (p. 308.), then d'=+d if M and A with same side of
line p, otherwise d'=—d. Let us define signed angle bisector ¢ analogously ¢ =+/
if M and A with same side of line p, otherwise ¢’ = —¢ (Fig. 4). In the case M €p
then d’=0 and then ¢’ given by formula (12).

A
A: A
da] /'z
M 7\,1
d, =+d, d, = —d, d, = +d,
U=+l O =—1, O, =+l,

Figure 4: Signed distances and signed angle bisectors

Let us denote uj=cl(A)\{B,C}, ta=cl(A)\{A,C}, uyz3=cl(A3)\{A,B}, a=
A4, Us=As and Ug=Ag. Then U,-6:1 uiU{A,B,C} is a complete division of the plane of
the triangle AABC. Finally, analogously to Dergiades extension of the Erdds-Mordell
inequality [3], from previous theorems, an extension of Barrow’s type inequality (13)
is obtained by the following theorem.

6
STATEMENT 4. For the point M € U Ui the following inequality is true:
i=1

VRc  VRg \,  (VRc VR« \,y  (VRa  VRs\,.
Rus e (Ve g Y (Vs Ve Jeoe (Y v e oo

otherwise for points M=A, M=B, M=C following inequalities (14), (15), (16) are
true respectively.
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