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SOME BMO ESTIMATES FOR
VECTOR-VALUED MULTILINEAR OPERATORS

XIN-SHENG YUAN AND ZHI-GANG WANG

(Communicated by J. Pecari¢)

Abstract. In this paper, some BMO endpoint estimates for certain multilinear integral opera-
tors are obtained. The operators include Littlewood-Paley operator, Marcinkiewicz operator and
Bochner-Riesz operator.

1. Introduction and preliminaries

As the development of singular integral operators, the boundedness of their com-
mutators and multilinear operators have been well studied (see [2-8]). In [3-5], [7],
[8], the authors proved that the commutators and multilinear operators generated by the
singular integral operators and BMO functions are bounded on L”(R") for 1 < p < eo;
Chanillo (see [1]) proved a similar result when singular integral operators are replaced
by the fractional integral operators. In [2], [10], the boundedness properties of the
commutators and multilinear operators for the extreme values of p are obtained. The
main purpose of this paper is to establish the BMO endpoint estimates for some vector-
valued multilinear integral operators. The operators include Littlewood-Paley operator,
Marcinkiewicz operator and Bochner-Riesz operator.

First, let us introduce some notations (see [9], [20]). Throughout this paper, Q
will denote a cube of R" with sides parallel to the axes. For a cube Q and a lo-
cally integrable function f, let fo = |Q|™" [, f(x)dx, f(Q) = [, f(x)dx and f*(x) =
sup|Q|~! Jolf(y) — foldy. Moreover, for a non-negative weight function w, f is said
0>x

to belong to BMO(w) if f* € L™(w) and define ||f||gyow) = |1/*|l1=(w)- We also
define the central BMO space by CMO(w), which is the space of those functions
f € Liye(R") such that

fllewow = supw(@O. )| ™" [ 1) = folwly)dy < .
d>1 Q
It is well-known that
fllswiogw) = supinf w(Q(o.d)| ™! [ 17(x) = clwi)d.
d>0¢€C O(x0.d)
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We write that BMO(w) = BMO(R") and CMO(w) = CMO(R") if w= 1.

DEFINITION. (1). Let 0 < d <n and 1 < p <n/§. We shall call Bg(R") the
space of those functions f on R" such that

HfHB;S, = Sull’f"(l/pfa/"“\fXQ(o,d)HLP <o,
r>

(2). Let 1 < p < e and w be a non-negative weight functions on R". We shall
call B,(w) the space of those functions f on R" such that

A, ) = SHI?[W(Q(Oad))rl/p‘|f7CQ(0,d)HLI’(w) <o
>

2. Main results

In this paper, we will study a class of vector-valued multilinear integral operators,
whose definition are following.

Suppose m; are the positive integers (j =1,---,1), my+---+m;=m and A; are
the functions on R" (j=1,---,1). Let F;(x,y) be the function defined on R" x R" X
[0,4-c0). Set

(&)= | FExy)f»)dy
and .
Hj:l ij'+1 (Ajrxay)
c—y[™

F(Nw= [ F(x)f (0)dy

for every bounded and compactly supported function f, where

Royer(Ayixy) =As(0) = 3, DA, () (x— )"

[oc|<m

Let H be the Banach space H = {h : ||h|| < e} such that, for each fixed x € R",
F(f)(x) and FA(f)(x) may be viewed as a mapping from [0, o) to H. For 1 < r <
oo, the vector-valued multilinear operator related to F; is defined by

oo

1/r
INGISIE (Z(Té‘(ﬁ)(x»’) :

i=1
where
T3 () () = [I[FA () )],
and F, satisfies: for fixed € >0 and 6 >0,
173 (x,)]| < Clx—y["+0

and
15 (v.x) — F (z,%)|| < Cly — 2| — 2 "€ +0



SOME BMO ESTIMATES FOR VECTOR-VALUED MULTILINEAR OPERATORS 615

if 2ly—z| < |x—z|. Set T(f)(x) = ||F(f)(x)||, we also denote that

- 1/r - 1/r
Ts(f)x)|r = <2T5(fi)(x)r> and |f|, = <Zf,-(x)’> :
i=1

i=1

We write that Ts =T, |Ts|, = |T|, and |T{|, = |T*|, if § =0.

Note that when m =0, Tg‘ is just the multilinear commutators of 75 and A (see
[1], [10], [12]). It is well-known that multilinear operator, as a non-trivial extension
of commutator, is of great interest in harmonic analysis and have been widely studied
by many authors (see [2-6]). In [8], the weighted L? (p > 1)-boundedness of the
multilinear operator related to some singular integral operator are obtained. In [2],
the weak (H', L')-boundedness of the multilinear operator related to some singular
integral operator are obtained. In this paper, we will prove the BMO estimates for the
vector-valued multilinear operators |T£|, and |T4],.

Now we state our results as following.

THEOREM 1. Let 1 <r<eo, 0< 8 <n, 1 <p<n/§ and D*Aj € BMO(R")
for all o with |at| =mj and j=1,---,1. Suppose that |Ts|, is bounded from L’ (R")
to L1(R") forany p,q € (1,+e0| with 1 <p<n/8 and 1/q=1/p— 6/n. Then

(@). |T{|, is bounded from L"/3(R") to BMO(R"), that is

T8 (Hlrllsyo < CUIF s
(b). |T|, is bounded from Bg (R") to CMO(R"), that is

T2 (F)Irllemo < Cl|If 1| gs-
P

THEOREM 2. Let 1 <r <eo, 1 <p <oo, we€ Ay and D*Aj € BMO(R") for all
o with |ot| =mj and j=1,---,1. Suppose that |T|, is bounded on LF(w) for any
l<p<oeoand weA;. Then
(). |TA|, is bounded from L*(w) to BMO(w), that is
Tl smogw) < CIHIF e
(ii). |T%|, is bounded from B,(w) to CMO(w), that is

T llemoowy < CHIF 1l u) -
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3. Proofs of Theorems

To prove the theorems, we need the following lemma.

LEMMA 2. (see [S5]) Let A be a function on R" and DPA € L1(R") for |at| = m
and some g > n. Then

1 1/q
Ru(Asxy)| <Cle—y" (W /, )D“A(zwdz) ,
) Xy

[ =m

where Q(x,y) is the cube centered at x and having side length 5+/n|x —y|.

Proof of Theorem 1(a). Itis only to prove that there exists a constant Cp such that

57 L I8 = Colas <L e

holds for any cube Q. Without loss of generality, we may assume / = 2. Fix a
cube O = Q(xo,d). Let 0 =5y/nQ and A;(x) =A;j(x) = ¥ 27;(DYA;)5x*, then

|orf=m;
Rin; (Aj3x,y) = Ry, (Aj;x,y) and D¥A; = D*A; — (DO‘AJ-)Q. for |a| = mj;. We split
f=g+h={gi} +{hi} for gi= fixs and hj = fixpn ;. Write

2 (Aex
R

e — y|™

15 Ry 1(Aj5x,y)
= L B (e, y)hi(v)dy

R |x — y|™
H2=1Rm(A/’x7y)
+ T R s )y
1 [ Ruy(Apx,y)(x=y)* 4 =
- 2 53 - m DA (y)F (x,y)gi(v)dy
ot | =my O R v~y
1 [ R (Aix,y)(x—y)% . -
Dl Y DA (v)Fi(x,)gi()dy
sl 02 IR x|
1 (x—y)t2D% A, (y)D®A,(y)
F ()dy,
+‘0‘1‘:’”1~ 061!(12! /n |x_y|m z(x,y)g (y) Yy
[0 |[=myp

then, by the Minkowski’ inequality,
— T

1/r
<@ /( > ITa(f) (x Tg(hf><xo>|’> dx

dx
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H?:l ij (A~/7x7y)

cwl(z

Tah(z].2

2
o (
(

3.z

>
i=1

ol
o o (El

=hL+L+L+1L+1s.

|ory [=my,

e — y|™

\051\ ml

|| —'nz

|0 |[=my

)(¥) = T3 () (x0)

Rm2 (Azix,y) (x —y)™

F(x,)gi(y)dy

~ L/r
) dx

D" A (y)F; (x,y)gi(y)dy

jox — y[™

nu(fil;x,y)(x—y)"‘2

x — y|™

(x — )1 T2DY A (y)D®2 A (y)

DA, ()F,(x,y)gi(y)dy

e — ™

1/r
) dx

F(x,y)gi(y)dy

617

Now, let us estimate Iy, I, Iz, Iy and Is, respectively. First, for x € Q and y € 0, by

Lemma 1, we get

ij(Aj;xay)

<Cle—y™ 3, [ID%Ajllsmo,

|oej|=m;

thus, by the (L"/%, L) -boundedness of |T}|,, we get

2
L <cl]

=1

~.

N
a
e

~.
Il
_

<C

~.
Il S
-

>, [ID%Aj|smo

lojl=m;

Y. ID%Aj||mo

\ocﬂ:m_,-

Y. ID%Aj||mo

\ocﬂ:m_,-

‘Q|/ 15 (2) (x)] dx

175 (g)l ]z

1| s -

For I, by the (L?,L9)-boundedness of Ts for 1/g=1/p—6/n, n/6>p>1 and

Holder’ inequality, we get

L<C 3 |ID%Aslpmo Y,

|on|=m;

<C Y [ID%Adlsmo Y

o |=my

<C Y, |ID%Aslsmo Y, |0I” ta

|on|=m;

0

o [=my

oy [=my

o [=my

L L1507 A1) o)

%I/R 'T6<D°"A1g><x>|;fdx)1/q

(/o diwe (x)fdx)l/p
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1 1/q
<C Y |ID%Aslswo Y, (a/éﬂ)a'fh(x)—(DalAl)Q“Wx) A1 s

o |=my |y |=my

2
<CII{ X ID%Allsuo | IIIf1lIpws-

7=1 \ |oj|=m;

For I3, similar to the proof of I, we get

2
LCIT| X ID%Ajllsumo | If1]ps-

J=1\lejl=m;

Similarly, for Iy, choose 1 < p <n/d and q,s1,s, > 1 suchthat 1/g=1/p—5/n and
1/s1+1/sy+ pd/n =1, we obtain, by Holder’ inequality,

L<c Y 0l / |Ts(DM A1 D% Azg)(x) | dx

oy |=my,
o |=my

1/q
<c 3 (g [l mo i @)
Rn

oy |=my,
o |=my

<c 3 tor ([ pawpe wscorrar) |

oy |=my,
o |=my

¢ 3 (o fmmiema) " (L omaopsad)
< — | |D x) [P tdx —/ D x)|PS x) Alon
(1@ o Gl Firlus

oy |=my,
o |=my

<C > |ID%A; 8o | F Ikl pass-

|otj|=m;

—.

Il
—

J
For I5, we write
F{A (i) (x) = F () (x0)
_ Rn(E(xJ) F(x0,y )ﬁRm, (Ao ) hi(y)dy

" o) M

+/Rn (Rm, (A1:x,y) = Rin, (Ar:x0,))

+/1;n (Rmz(A~2;x7y) _Rmz(A~2;x07y)) E(x07y)hl(y)dy

- > L/ [Rmz(fiz;x,w(x—y)mFt(x7y)—Rmz(Az;xo’Y)(xo—Y)“‘

o! x — y|m xo — y|™

Fi(xo,y)

o [=my
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xD* A1 (y)hi(y)dy
1 R (Apsx,y) (x —y)®
-3 4L

! x— |

[25)

le (AI;Xan)(XO _y)
[xo — y[™

F(x,y) — F}(XOJ)]

lon|=m;

xD®A5(y)hi(y)dy

1 (x—y)u+e (xo—y)*1+®
F(x,y)— 2 F(x,
2 al!%!/Rn{ x — y|m H(x.7) lxo — y|™ (x0.)

oy |=my,
o |=my

x D" Ay (y)D®2 A, (y)hi(y)dy
R R

By Lemma 1 and the following inequality (see [20])
Ibo, — bo,| < Clog(|Q2[/101)[?[amo for Q1 C 02,
we know that, for x € Q and y € 2¢t10\ 2¢0,

Ry (Ajix,9)] < Cle—y" 3 (ID*Ajllamo +1(D*Aj) () — (DA)) )

|oe|=m;
< Cklx—y™ Y |ID*Aj||smo-

|oe|=m;

Note that |x —y| ~ |xo —y| for x € Q and y € R"\ O, we obtain, by the condition on
E 2

2
(1) |x — xol |x — xo|® v _
0 < ¢ [ (s ) T (o
2
<C Y. ID%Aj||mo
J=1\lejl=m;

& X — xo| |x — xol¢
x K | + (y)|dy,
2 g <|xo—y|"+15 o —yrres ) Oy

thus, by the Minkowski’ inequality,

- 1/r
(2 |I§”|’>
i=1

2
<CII X ID%Ajllsmo
=1

|oej|=m;

> X — xo| |x —xo¢
x K | + d
2 g (xo—y"Hé o —yprres ) /Oy
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2 oo
<CII{ X Ip%Ajllsmo | 22 +27IIf 1|

=1 |oc_,-|=mj k=1

~.

<C >, D% A |smo | IF1] -

1 |o¢j|:mj

=,

J

For 15(2) , by the formula (see [5]):
Rm_,' (A~j’x7y) - Rm_,' (Ajsx()ay) = Z ERmflﬁ‘ (DﬁAJ’xaxo)(x_y)ﬁ
IBl<m "~

and Lemma 1, we have

Ry (Aj3%,3) = R (Ajsx0,0) <C X % o= Plle—y| Pl DA o,

Iﬁ‘<mj |0£\=m_,-

thus

- 1/r ) -

2)pr o ‘X—X()‘

) <c DAl | 3 [ k)

(gl ’ /1:[1 |a\§m,- ' kgz) 210\ [o—y["+! 0
2
<CIT{ X 1ID%Allsmo | [[1F1rl]s-

Similarly,

- 1/r 2
3 r ;
<2|15“|) <CTI{ X 1ID%A |lmmo | 11f1r]] s

i=1 Jj=1 |O¢j|:mj

For 15(4), taking s > 1 such that 1/s+8/n=1, then

- 1/r
(2 |I§“)|f>
i=1

<c2/ (—y)ME(xy)  (0—y)" Fi(xo,y
Jaty |=my” B e=y[™ o —y|™

)| H(xo—y)o‘lF,(xo,y)

H Ry (R 5,) D% &y ()11 ) |y

4CY, [ R (r) R (0. L, )1y

ot |=mi lxo—y[™
oo 1/s
< CY [ID®As|lgmo Y, D k(274275 niay ) Sl s
loey|=my Jory [=my k=1 ‘sz‘
2

<CH 2 HDajAjHBMO |Hf|rHLn/5~

=1\ leyl=m;
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Similarly,

- 1/r 2
5)pr :
(zuéH) <CTI{ X 1ID%A |lmmo | 11F1r]] s

i=1 Jj=1 |0‘j|=mj

For 15(6), taking s1,s52 > 1 suchthat 6/n+1/s1+1/sp = 1, then

- 1/r
6)(1r
(2 1)) )
=1

<c Y /R (x = )2 F (x,y) (xO—y)"”*“th(me)H

oy |=my, "x_y‘m ‘xo_y‘m
oy [=my

x|DU A (y)||D®A2(y)||h(y)]| dy
<C Y Y27 I)A e

oy [=my . k=1
o [=my

1 N 1/51 1 N
X | ——= DA Sid — D*2A 2q
(sz| L, P o) (|2kQ [, PRy

2
<CII( X D% lsmo | If1rllms-

J=1\lejl=m;

l/S2

Thus

2
<CIT| X ID%Ajllsmo | [I11]]vs-

J=1\ lojl=m;

(b). It suffices to prove that there exists a constant Cyp such that

157 [ 1T~ Coldx < lifL 1y

holds for any cube Q = Q(0,d) with d > 1. Without loss of generality, we may assume
[ =2. Fix acube Q = Q(0,d) with d > 1. Let O and A;(x) be the same as the proof

of (a). Write, for f = g+h = {g:} +{hi} with gi = fixp and hi = fixpn g
‘Q|/ )‘ 8 ‘TA( )(0)‘r
1 oo U

i=1

1 - 15 R, (A}3x,y)
< — J AR
sh(E[ L

dx

F (y)d
oy 1(x,)8i(v)dy

N L/r
) dx
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/ Rmz (AZ;x7y)(x _y)al
R

N 1/r
|x —y|™ D™ A (y)F;(x,y)gi(y)dy ) dx

o [=my

/ Ry (Apsx,y)(x—y)®
R

N 1/r
e — yJm DAy (y)F;(x,y)gi(y)dy ) dx

|o|=m;

F (v)d
ey 1(x,)8i(v)dy

1/r
) dx

Similar to the proof of (a), we get, for 1/u=1/s—38/n, 1 <s<p, 1 <uj,up <o and
Vu+1/up+s/p=1,

i=1 || |oyg|=my,
|on|=m)

N L/r
c (i / (x—y)11 T2 D% A (y)D% A, (y) I
R’

(S e T
- (21 7)) — T4 (8i)0)

=N+ h+S+Ji+ s

1/q
S ID%A; oo (i / |T5(g)(x)|’r’dx)

e

Ji<C
=1\ o1, ol
2 5
<CII| X 1ID%Ajllsmo | "2~ flxgllr
J=1 A\ Jej[=m;

<CH 2 HDajAjHBMO H\f\rl\Bg;

J=U\leyl=m;

1 ~ 1/u
pec 3 D%almo 3 (i [ 110" G0 )

o |=my |y |=my

<C Y ID%Allsmo Y, |0 |[[D"A gl ||es

|oi|=m lo[=my
1 . (p=5)/(ps)
< 3 I=lmo 3 (g [ImAm o)
o |=m3 o |=my Q1 Jo

X101 VP I f g e

N
a
e

> 11D llgwo | 1111153

|otj|=m;

~.
Il
_

J3 > 11D llgwo | 1111153

|otj|=m;

\
I
iR

N
- a
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1 B B 1/q
VDY (a/R" T5(D°‘1A1D°‘2A2f1)(x)‘,1dx)

|org |=my .,
oy [=my
l/s
<c 3o ( [ DA DA
[ty |[=m
oy =y
1/suy 1 1/suy
<C 2 ( /‘DOQAI( )|‘Yuldx) 2 ( /|DOQA ( )mzdx)
|t [=m) 0] o |=my 0l
|01/ P 2l
2
<CIT| X [Ip%Ajllsvo | lIf1lgy;
j=1 |O¢j\:mj
For Js, we write, for x € Q,
F (i) (x) = F/ (h:)(0)
F(xy) F(0.y )
= - Ry, (Aj;x,y)hi(y)dy
(x_ym ‘y‘m H J\T ) ( )
~ ~ Ry, (Ayix,y
+/Rn (R (A132,7) =Ry (41:0,)) %E(Om)hi(y)dy
i ~ Ar;0,y
+~/R" (RmZ(AZ’xay) _Rmz(AZ’OLY)) %F}(O y)h ( )dy
1 (R, (Ag;x,y) (x — )™ R, (A2;0, 1
— Z _' 2( 2 y)(m y) F}(XJ)— 2( 2| |r.):l)( ) E(O,y)
o |=m; 017 R L =yl Yy ]
x D" Ay (y)hi(y)dy
L [Roy (Arsx,y) (x—y)® Ry, (A1;0, % 1
. 2 ? ) ml( lx_y)(m y) E(x,y)— ml( 1| |i)( y) E(O,y)
o |=my 27 R L y Yy ]
xD® A (y)hi(y)dy
1 (x—y)a1+a2 (_y)alJraz
F(xy)— L F(0
+ = op'lon! /n |: |X—y|’“ t(x,)’) |y|m t( 7)’)
oy |=my

x D" Ay (y)D*2 A, (y)hi(y)dy
=1+ 1P+ 0+ 10 110+ 1.

Similar to the proof of Theorem 1, we get, for 1 <s1,50 <eoand 1/s;+1/so+1/p=1,

: v g M\
1 ~
(2 H‘IS( )|r> S C/RH <|y|m+n+16 + |y|m+n+£5) H [Ron, (A j3x,9)|[A(y) | dy
i=1 Jj=1
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N
a
o [

oo i
DYA, / i ( LI ) d
Y. ID%Ajllsmo ]ZE) gt \ppei=s | ppees |f(v)[rdy

|otj[=m;

~.
I
—_

k(27K 275k (2ka) =0 | £l xe 1o

N
a

e

M

>, 1ID%Aj|smo

|oj|=m; k=1

~.
I
—_

N
a
o [

2 ID%A llsmo | [11f1155:

|oej|=m;

- 1/r 2 -
Al <c D%A / X d
<;| |> T( 2 1970 ) 3, [ g sl

~.
Il
-

2
<CIT{ X ID%Aillsuo | lI1f14|5g:

J=1 \ |oj|=m;

- 1/r 2
Hr ,
(Zlfs( | ) <CIT| X IP“A llsmo | [IIf1ll5s:

i=1 J=1 \ |oj|=m;

o 1/r
4
(2 [l )
i=1 |O£1\—ml

X Ry (A6, y)||DA Ay (9)[ | () |y

+C /\Rm2 A2;X,y) — Ry (A2;0,y)

Y)AE(x,y) (y)"“Ft(Qy)H
Ix v ly|™

MENTEO, pon £, (39 13ty

josl=m v
<Cc Y \|Da2A2|\BM02k2 +27 ) (2ka) =8| ke
|oo|=m3 k=1
> ( LT pegray)
—_— 5 D lAl y y)
log |=my ‘sz| 2kQ

2
<CIT| X Ip%Ajllemo | 111151

J=1 IO‘jl mj

(2 ) <cIT{ S 1% Asllawo | 1171l

J=L A\ Jaj|=m;

1 ~ ‘ 1/s1 1 . ' 1/sy
z (zk—@ Lo hoas) " 3 (g gt

oy [=my |on|=m;

—

27k 275Ky (2ka) /=0 £, xpe 1o

IIMg
T
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2
<CIT| X 1p“4;llmo | lIIF1lss:

|otj[=m;
2
Js<C[]

j=1

j=1

Thus
> |ID%Allzmo | IIIf] 1P

\ocﬂ:m_,-

O

This completes the proof of Theorem 1
Proof of Theorem 2(i). 1t is only to prove that there exists a constant Cp such that

=57 LTl = Colwixia < b=
holds for any cube Q. Without loss of generality, we may assume / = 2. Fix a cube
Let Q and Aj(x) be the same as the proof of Theorem 1. Write, for

fixg and hi = fixgn o

0 = Q(xo,d).
f=g+h={g}+{h} with g
g5 LTl 1750 o) s
1 - 1/r
< @/Q<;IITA(J€)( ) = Tx(hi)( o)’) w(x)dx
. = lRm/.(Aj;x,y) AN
<so bl f, D | ) wiads
- r\ 1/r
+@ /, (; P /2 A2|x”y|j,j D% 4 2, () )i ) )
X w(x)dx
- Ty ) ) r\ 1/r
“ah (z P , P I ey ) 1))y )
=1 ||[ap|=m
X w(x)dx
rn 1/r
9 S (x —y) M+ 2 DM A, (y)D® A (y) ,
+@/Q (lz{ al—ml‘/R” [y Fi(x,y)gi(y)dy
oy [=my
X w(x)dx
- ) ) , 1/r
il (2\ T (1) (x) T3 (1) () ) w(x)dx
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Similar to the proof of Theorem 1, by the L™ (w)-boundedness of |T|,, we get

2
Li<CII| X IIp%Ajllsmo / T (g)(x)|-w(x)dx

J=L A\ Jeyj|=m;

N
a
e

> 1%l | T (@)l

|oej|=m;

~.
Il
—

<C > 1ID%Ajllsmo | 112 (w)

J=1 \lejl=m;

=

For L,, since w € Ay, w satisfies the reverse of Holder’s inequality:

<%|/QW(X )1/1 IQ\/

for all cube Q and some 1 <[ < oo (see [9], [20]). Thus, by the L*(w)-boundedness of
|T|, for s > 1 and Holder’ inequality, we get

Ly <C Y |[ID®Azllsmo Y, @/Q\T(Dalﬁlg)(x)\rw(x)dx

o |=my |y |=my

1/s
< 3 =l 3 (g f IO D0 )

|on|=m; oy [=my

1/s
<C Z [|D*2A;||smo 2 (w Rn|Da1A1(x)g(x)|iw(x)dx>

o |=my |y |=my

/s’
<C Y [ID%Algwo Y, |Q‘/|D°"A1 (DalAl)Q|.Yldx>

|on|=m; oy [=my

1/sl
on(@) 10 (1 [wtfar) s

2
<CIT{ X 1IDYAjlsmo | If1rl]z=(w)

J=1\lejl=m;

2
Ly<CI{ X ID%Ajllmo | A=)

7=1 \ |oj|=m;

Similarly, for L4, choosing 1 < s,uj,up < oo such that 1/uy+ 1/up+ 1/l =1, we
obtain, by Holder’ inequality,

L<c 'y LQ) /Q IT(D% A, D% Aag) (x) |, w(x)dx

|org |=my,
[ |[=my
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. . l/s
< 3 (g o0 AP A w0 )

|org |=my,
[ |[=my

l/s
<Cc Y wo (/ D“lfil(x)D“zfiz(x)g(x)iw(x)dx)

|org |=my,
[ |[=my

1/suy 1 . 1/suy
<C / D™A( ””dx> (— / D™ A5 (x ‘”‘de>
5 (g fprdieo 01 )P

|org |=my,
[ |[=my

1/sl
o) ”‘Q'”(a / (x)ldx) 111 =

2
<CIT| X 1IP%Ajllsmo | [1If1rll=(w)

J=1 A\ lojl=m;
For Ls, similar to the proof of Theorem 1, we get
2
ILs|<CIT| X [ID%Ajllsmo | [f1rll=(w)
J=L\ Jeyj|=m;

(ii). It suffices to prove that there exists a constant Cp such that

/ ITA(f) ()] — Colwx)dx < CII[£1rl 3, ()

holds for any cube Q = 0(0,d) with d > 1. Without loss of generality, we may assume
[ =2. Fix acube Q = Q(0,d) with d > 1. Let O and A;(x) be the same as the proof
of Theorem 1. Write, for f =g+h={g} +{h;i} with g;= fix; and h; = JiXgm o

—g LT L= Irimo,

w(x)dx

N

oo 1/r
L/Q<.2sza<ﬁ><> TA(h)(O)’> W)

! 3 H2'=1R’".f(Aj§x»y) N
) W(Q)/Q<§I Jo RS R0 ) w(x)d
r 1/r
L x mz Azxy X — y) o 5 . '
X w(x)dx
A r\ 1/r
¢ 3 Ry (A, y)(x=y)* o % X,v)g;
mé(;{ |0¢2m2/1;n |x_y|m D Az(y)F,( ,y)g,(y)dy )
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rn 1/r
C s (x = y) DU A, (y) D2 A y) |
+m/Q g{ U‘lmlﬁ/Rn |x_y|m Ff(x’y>gl(y)dy
oy [=my
~ . 1/r
W)t — / (Z‘ T4 () (x) — T2 (i) 0) ) w(x)dx

= M1—|—M2+M3 +M4—|—M5.

Similar to the proof of Theorem 1, we get

2
M1<CH 2 [ID%Aj|Bmo (

=1\ |oj|=m;

1/p
X)[2w( )dx)

|

w(O) ™Il flrgllr )

~.

N
a
o [S

Y. 1ID%Aj||smo

|oej|=m;

~.
Il
-

<C

—.

Y. 1ID%Aj||smo

1 |o¢j|:mj

115,00

J

For M, and M3, taking s,u > 1 such that su < p and [ = (pu—su)/(p — su), then, by
the reverse of Holder’s inequality,

1/s
< 3 I=almo 3 (g f IO D0 )

o |=my |y |=my
<C Y |ID%Aslsmo Y, )" NDX A gl |5 o)
o |=my |y |=my

<C Y

ez |=my
<( [
2

Tl

Y. ID%Aj|lmo

|ID% A || yow(Q) 1/ Y

|og |=my

1/su
”dx)

7=1 \ |oj|=m;

‘Q|l/\u

~ , l/.\'u/
( JACEIE dy)

N GV >dx)l/p

W(QN)il/pH‘f‘VXQHU’(w)

H‘f‘rHBp(W)?
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2
My <CTT| X 1ID%Allsmo | [I1f1]5, 00

J=1 A\ lojl=m;

For My, taking s,u;,up,u3 > 1 such that 1/u;+1/up+ 1/uz =1, sus < p and [ =
(pus — su3)/(p — su3), then, by the reverse of Holder’s inequality,

~ ~ 1/s
< 3 (g T aDE A w0

oy [=my,
o |=my

l/s
<C 3w ( /. |D°"Al<x>D°‘2Az<x>g<x>iw(x)dx)

oy [=my,
1/suy
( / D% Ay )|‘”2dx)

|0y |=my

1/suy
<c Y (/ DA (x |‘”'dx)

|y |=my |og |=my

W)™ ( /Q f<x>|-;“3w<x>uadx> s

2
<CII( X ID%Allsmo | w@) " IIIf1-xollrw)

J=1 A\ Jaj[=m;

—.

<C > D% Ajlsmo | I1f1]15,00)

1 ‘aﬂ:mj

J

For M5, we write, for x € Q,

FA (ki) (x) — B () (0)

F(xy)  F(0.y )
= — Ry (Ajix,y)hi(y)dy
R (x—y’" NG H /A 7nh0)
_ ~ R, (As:x,
+/Rn (R, (A13x,y) = Ry (4150,)) %E(Ow)hi(y)dy

+/Rn (Rmz(“i%xa}’) —Rmz(Az;O,y)) TF[(O V)hi(y)dy

1 [Riny (Ag;x,y) (x—y)™ R, (A230,)(—) ]

= 3 o [T ) - PR RO

jonf=my 17 IR Y .
x D" Ay (y)hi(y)dy

1 (R, (A15x,y) (x — y)® R (A1;0,y)(—y)® |

— 2 ? ml( ‘ )(m ) F,(x,y)— ml( = F,(O,y)

o |=my %27 R L x =l Iyl |

x D% A5 (y)hi(y)dy
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_l’_
loeg [=my,
|0y [=my

x D" Ay (y)D®2 Az (y)hi(y)dy
=M+ M Ml .

A (—y)tes

Fy ————F(0
or!lop! Jr |x — y|m 1(x,y) BE +(0,y)

Similar to the proof of Theorem 1 and notice that w € A| C A, we get

(smirr)”

N

c || x| Ron (A B
" ‘y‘m+n+l+‘y‘m+n+g H| m, sXRO)|-dy

=

2
<cII| X lIp%Ajllsuo Z (27 +27w(2'Q)
j=1

|otj[=m; k=1

(bt )dy> : <|zle ) :
(7

(r=1)/p
/(- 1>dy>

2kQ

N
a
:I\)

Y. D% Ajlsmo | 1£1]]8,0w):

J=1\ lejl=m;
1/r 2 - ‘ ‘
X
) <c D%allawo | 3, [ £y
(lzi 11:[1 |0‘_/|2=‘mj ! sz) 2+10\2k0 |y|n+1

N
a
e

Y. |ID%Aj|[smo 11118, (w3

|otj[=m;

~.
I
—_

N
a
e

Y. |ID%Aj|[smo 1 £111B, (w)

|otj[=m;

(lleM ! )m

For M5(4) and Ms, choose 1 < s < p,noticethat we A} CA

~.
I
—_

p/s» We get

. @) r o / x| [ )
M <C DA +
<i=zi| ’ |> 2 | QHBMOZ 2+10\240 (y"“ ly|"te

|on|=m;

x|DM AL (p)[| f ()] -dy
<C Z |ID* Az ||8mo Z ( dym+1 + (2kj’)n+£>

lo|=m;

l/s 1/s
K o7 §
(Lo lroar) ([, a0 as)
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2 oo
<CII| X ID%Aj|lsmo | 3 k(27 +27 ) w(2kQ)~1/P

J=1\|ej|=m; k=1

1/p 1 1/p
(L rowonr) " x (i wo)
(p=s)/ps

2
<CI_I 2 ID%A}|BMo |Hf|i"|Bp(w);

=1\ lejl=m;

- 1/r 2
<Z|M§5)|r> <CIT| X ID%Ajllsmo | 1I1£1:]15, 0
=1

=1\ lejl=m;

For Lg6), choose 1 < uj,up,u3 < oo such that us < p and 1/u;+ 1/up+1/uz =1,
notice that w e A} C A we get

- 1/r
(z |M§6>|f>
i=1

_ v\t o +0op
<c'y / (x—y) K(x,y) (-y) F(0,y)
Rn

oty |=my. x —y|™ ly|™
lon|=m)

x|D* Ay (y )Hh( Jlody

d&‘ 1/us
CZ ( de n+1 (zkd)nJrg) (/2k+1Q‘f(y)|¢3dy) dy
o 7 ; 1/uy - . 1/uy
2 ( L A0 ldy) z ( [, 000 Zdy)

2

pluz>

|20

lox |
2 o 1/p
<CIT{ 3 Ialano | T2y o ( [, ro)iwiois)

J=1\ lejl=m;
)1/17

(73

Cﬁ D, I[D%A, |BM0> 1118, 00

”3/(1”“3)dy

X

(p—u3)/pu3
240] Jio " )

J=1\ leyl=m;
Thus

Ms<C

:N

> 1ID%Alsmo | III£1- |18, (w)
1

J OCI =m;
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This completes the proof of Theorem 2. [

4. Applications

Now we give some applications of Theorems in this paper.

APPLICATION 1. Littlewood-Paley operator.

Fixed 0 < 0 <n and € > 0. Let y be a fixed function which satisfies the following
properties:

(1) fpo wx)dx =0,

@) [y <C(1L+[x])~ 19,

() [Wlr+) — wix)| < ClyfE (1 + )=+ when 2]y < Ja.

The Littlewood-Paley multilinear operator are defined by

dr\'?
W= ([ Imnwet)

H.ljzl ij+l (Aj’xay)
" e —y|™

where

RGN (v =) ()

and vy, (x) ="y (x/1) for t > 0. Set F,(f)(y) = f* w(y). We also define that

</ (f 2a’t)l/z
t 9

which are the Littlewood-Paley operator (see [21]). Let H be the space

H= {h Ihll = (/(fh(zﬁdz/r)l/z < oo},

then, for each fixed x € R", FA(f)(x) may be viewed as the mapping from [0, +0) to
H , and it is clear that

gy(N@) = ENOI, gy(f)x) = IEC) G-

It is easily to see that gy, satisfies the conditions of Theorems 1 and 2 (see [11], [13],
[15-17]), thus Theorems 1 and 2 hold for g‘{},

APPLICATION 2. Marcinkiewicz operator.
Fixed 0 <6 <nand 0 < y< 1. Let Q be homogeneous of degree zero on R" with
Jo1Q(¥)do(x') = 0. Assume that Q € Lip,(S"~!). The Marcinkiewicz multilinear

operators are defined by
- dr\'?
9= ([IEnwEs)
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where

FAUS) (x :/ ITo Ry 11(Aj3xy) Q(x—y)
! v—y|<r o — y|™ lx —y[r=1-96

f(y)dy.

Set

Ew=[ )

—yl<r Jx—y|1—1-9

) = ([ RS )

3
which are the Marcinkiewicz operator (see [22]). Let H be the space

H= {h: I1h]| = (/Ow h(z)2dt/z3> " oo}.

Then, it is clear that

pa () ) = IE (NI, ua(f) &) = [1ES) )]

It is easily to see that g satisfies the conditions of Theorems 1 and 2 (see [12—14],
[16], [17]), thus Theorems 1 and 2 hold for ,uf—‘z.

APPLICATION 3. Bochner-Riesz operator.
Let § > (n—1)/2, BY(f)(§) = (1 =*[&)3F(§) and BY(z) =1 "B%(z/1) for
t>0. Set

f(y)dy.

We also define that

H;:lijJrl (Ajsx7y)
" c—y[™

RN = | B (x— ) (1)
The maximal Bochner-Riesz multilinear operator are defined by

B3 .(f)(x) = sup B3, () (x)l-

We also define that
Bs.(f)(x) = sup |BY (f)(x)|

>0
which is the maximal Bochner-Riesz operator (see [18]). Let H be the space H = {h :
[|h|| = sup|h(r)| < e}, then
>0

B} ,.(f)(x) = 1B} ()@l BY(f)(x) = 1B (f)(0l-

It is easily to see that Bg.* satisfies the conditions of Theorems 1 and 2 (see [13, 16,
17), thus Theorems 1 and 2 hold for Bf _ .

Acknowledgements. The present investigation was supported by the National Nat-
ural Science Foundation under Grant nos. 11301008, 11226088 and 11101053, the
Foundation for Excellent Youth Teachers of Colleges and Universities of Henan Province
under Grant no. 2013GGJS-146, and the Natural Science Foundation of Educational
Committee of Henan Province under Grant 14B110012 of the People’s Republic of
China.



634

[1]
[2]

[3]
[4]
[5]
[6]
[7]
[8]
[9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]

[18]
[19]

[20]
[21]

[22]

XIN-SHENG YUAN AND ZHI-GANG WANG

REFERENCES

S. CHANILLO, A note on commutators, Indiana Univ. Math. J., 31 (1982), 7-16.

W. CHEN AND G. HU, Weak type (H', L") estimate for multilinear singular integral operator, Adv.
in Math. (China), 30 (2001), 63-69.

J. COHEN, A sharp estimate for a multilinear singular integral on R", Indiana Univ. Math. J., 30
(1981), 693-702.

J. COHEN AND J. GOSSELIN, On multilinear singular integral operators on R", Studia Math., 72
(1982), 199-223.

J. COHEN AND J. GOSSELIN, A BMO estimate for multilinear singular integral operators, Illinois J.
Math., 30 (1986), 445-465.

R. COIFMAN AND Y. MEYER, Wavelets, Calderon-Zygmund and multilinear operators, Cambridge
Studies in Advanced Math., 48, Cambridge University Press, Cambridge, 1997.

R. COIFMAN, R. ROCHBERG AND G. WEISS, Factorization theorems for Hardy spaces in several
variables, Ann. of Math., 103 (1976), 611-635.

Y. DING AND S. Z. LU, Weighted boundedness for a class rough multilinear operators, Acta Math.
Sinica, 17 (2001), 517-526.

J. GARCIA-CUERVA AND J. L. RUBIO DE FRANCIA, Weighted norm inequalities and related topics,
North-Holland Math., 116, Amsterdam, 1985.

E. HARBOURE, C. SEGOVIA AND J. L. TORREA, Boundedness of commutators of fractional and
singular integrals for the extreme values of p, Illinois J. Math., 41 (1997), 676-700.

L. Z. Liu, Weighted weak type (H 17L1) estimates for commutators of Littlewood-Paley operator,
Indian J. of Math., 45 (2003), 71-78.

L. Z. L1U, Endpoint estimates for multilinear Marcinkiewicz integral operators, East J. on Approxi-
mations, 9 (2003), 339-350.

L. Z. L1u, Weighted Herz spaces continuity of multilinear opeartos for the extreme cases, Siberia
Math. J., 45 (2004), 940-955.

L. Z. L1u, Weighted continuity of multilinear Marcinkiewicz operators for the extreme cases of p,
Commun. Korean Math. Soc., 19 (2004), 435-452.

L. Z. L1u, Weighted endpoint estimates for multilinear Littlewood-Paley operators, Acta Math. Univ.
Comenianae, 73 (2004), 55-67.

L. Z. L1u, Weighted boundedness of multilinear operators for the extreme cases, Taiwanese J. Math.,
10 (2006), 669-690.

L. Z. L1u, Endpoint estimates for multilinear operators of some sublinear operators on Herz and Herz
type Hardy spaces, Studia Sci. Math. Hungarica, 42 (2005), 131-151.

S.Z. LU, Four lectures on real HP spaces, World Scientific, River Edge, NI, 1995.

C. PEREZ AND R. TRUJILLO-GONZALEZ, Sharp weighted estimates for vector-valued singular inte-
gral operators and commutators, Tohoku Math. J., 55 (2003), 109-129.

E. M. STEIN, Harmonic analysis: real variable methods, orthogonality and oscillatory integrals,
Princeton Univ. Press, Princeton NJ, 1993.

A. TORCHINSKY, Real variable methods in harmonic analysis, Pure and Applied Math., 123, Aca-
demic Press, New York, 1986.

A. TORCHINSKY AND S. WANG, A note on the Marcinkiewicz integral, Colloq. Math., 60/61 (1990),
235-243.

(Received April 25, 2013) Xin-Sheng Yuan

School of Mathematics and Statistics
Anyang Normal University
Anyang 455002, Henan, P.R. China

Zhi-Gang Wang

School of Mathematics and Statistics
Anyang Normal University

Anyang 455002, Henan, P.R. China

e-mail: zhigangwang@foxmail.com

Journal of Mathematical Inequalities

v.ele-math.com

jmi@ele-math.com



