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Abstract. In this paper, we prove that the function x — log (x/sin,(x))/log (sinh,(x)/x) (p €
[2,00)) is strictly increasing on (0,7,/2), where m,/2 = fol (1—1P)~Pdr, and sin,(x) and
sinh,(x) denote the generalized trigonometric sine and generalized hyperbolic sine functions,
respectively. As application, a conjecture due to Klén, Vuorinen and Zhang [J. Math. Anal.
Appl. 409 (2014), 521-529] is proved, and the best positive constants o and 3 such that

<sinh;(x)>“ - sinj(x) - <sinh;(x)>ﬁ

are determined.

1. Introduction

It is well known from basic calculus that
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Since the function arcsin(x) is a differentiable function on [0,1] and t — 1/v1 —#2 is
strictly increasing on [0,1), we can define sin on [0,7/2] as the inverse function of

arcsin. By standard extension procedures we can define the sin function on (—eo, ).
For p > 1, let

and

arcsin(x <x< 1.

Fy(x) = /Ox(l — " Vrar, xelo,1],

T _ /1(1 —1P)"Vray,
2 0
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Then F), : [0,1] — [0,7,/2] is an increasing homeomorphism, denoted by arcsin,,. Thus
its inverse
sin, = F, !

is defined on the interval [0,7,/2]. By the similar extension as the sine function, we
can get a differentiable function sin, defined on R. We call sin, the generalized
trigonometric sine function.

Similarly, the generalized inverse hyperbolic sine function

F(1+1P)71P x € [0,00),
arcsinhy (x) = o ) (0, , p>1
—arcsinh, (—x), x € (—eo,0)

generalized the classical inverse hyperbolic sine function. The inverse of arcsinh, is
named the generalized hyperbolic sine function and denoted by sinh,,.

Recently, the generalized trigonometric and hyperbolic functions have been found
many important applications in differential equations, the theory of operator, approx-
imation theory and other related fields [5, 10, 12]. In particular, many remarkable
properties and inequalities can be found in the literatures [2-9, 11, 14].

Klén, Vuorinen and Zhang [9] generalized some classical inequalities for trigono-
metric and hyperbolic functions, such as Mitrinovié-Adamovié inequality and Lazare-
vi¢’s inequality. Moreover, they also raised the following conjecture.

CONJECTURE 1.1. For p € [2,00), the function

_ log(x/siny(x))
fx) = log(sinhp(fc)/x)

is strictly increasing on (0,1,/2).

The main purpose of this paper is to give a positive answer to the Conjecture 1.1.
Our main result is the following Theorem 1.1.

THEOREM 1.1. If p € [2,00), then the function

_ log(x/siny(x))
fx) = log(sinhp(ljc)/x)

is strictly increasing from (0,m,/2) onto (1,log(r,/2)/log[2sinh,(r,/2)/mp]). In

particular, inequality
<sinhp(x))a X (sinhp(x)>ﬁ (L
X sin, (x) X

holds for all x € (0,1, /2) with the best possible constants o« =1 and 3 =log(m,/2)/
log[2sinh,(7,/2)/m)).

REMARK 1.1. If p =2, then Theorem 1.1 reduces to Theorem 1.1 in [13].
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2. Lemmas

In order to establish our main results we need some basic knowledge and Lemmas,
which we present in this section.

The generalized cosine function cos,, generalized tangent function tan,, gener-
alized hyperbolic cosine function cosh;, and generalized hyperbolic tangent function
tanh,, are defined as

d . sin, (x)
cos,(x) = Esmp(x), tan,(x) = COSPW7 x€(0,m,/2),
P
d . sinh,, (x)
coshy,(x) = o sinh,(x), tanh,(x) = m7 x € [0,00),
P

respectively. And the following formulas can be found in [8, 9]:

cosp(x) = (1 —sin,(\)")/?, xe (0,7,/2),

d
- cosp(x) = —cos,(x)* Psin,(x)P",  x€(0,7,/2),
X

d
Etanp(x) =1+tany(x)?, xe(0,m,/2),

cosh, (x) = (1 4 sinh, (x)")/?, x € [0,),

d
o cosh, (x) = cosh, (x)* Psinh,(x)”"!,  x€[0,),

d
Etanhp(x) =1—tanh,(x)’, x€[0,).

LEMMA 2.1. (See [1, Theorem 1.25]) For —eo <a <b <oo, let f,g: [a,b] = R
be continuous on [a,b], and be differentiable on (a,b), let g'(x) # 0 on (a,b). If
f'(x)/g (x) is increasing (decreasing) on (a,b), then so are

&) =fla) . fx)—[®)
g(x) —g(a) g(x)—g(b)’

If f'(x)/g'(x) is strictly monotone, then the monotonicity in the conclusion is also strict.

LEMMA 2.2. If p € [2,e0), then

(D) @) =[p+2-2(p+1)(p—2)x—(p+1)(p—2)x]/(p*+2p+2px) is strictly
decreasing in [0,0);

@) n(x) =[p+2+2(p+1)(p—2)x—(p+1)(p—2)x*|/(p* +2p—2px) is strictly
increasing in [0,1).

Proof. Parts (1) and (2) follows easily from

£ = 2p+2)(P*—p-D+ @+ D(p+2)(p—2)x+(p+ 1) (p—2)x
B p(p+2+2x)2

<0
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and
() = 2((p+2)(P*—p— 1)~ (p+ D(p+2)(p—2)x+ (p+1)(p —2)x%
p(p+2—2x)?2
S AP+ + (p+ (22
p(p+2—2x)2
>0. O

LEMMA 2.3. If p € [2,00), then inequality

log< s ) _ Sinp(x) —xcos, (x)

sin, (x) psin,(x)

holds for all x € (0,7,/2).
Proof. Let
sin,(x) —xcos,(x
(z)(x): P( ) P( )_10g<
psing(x)

then simple computation leads to

), x€ (0,m,/2), 2.1

sin, (x)

¢(07) =0, (2.2)

~ x€08,(x)? P sing, (x)P — cos, (x) sin (x) 4 xcos, (x)?
B psiny(x)?
sin, (x)? — xcos,(x) sin,, (x)
a xsinp(x)?

9'(x)

:x2 cosp(x)2[cos, (x) P sin, (x)P 4 1] — xcos, (x) sin, (x)

pxsing(x)?
N p(xcos,(x)sin, (x) — sin,(x)?)
pxsing(x)?
2

X €08, (x)>7P — xcos, (x) sin, (x) + plxcos,(x) sinp (x) — sin, (x)

’]

pxsing (x)?

(@) 5w &

o1 (x) = —%% (x) sin, (x) — sin,(x)? -

 xcosp(x)sin, (x) — x2cos, (x)2 P

where

Letting ¢p(x) = xcos,(x)’ sin,(x) — x2, @3(x) = xcos,(x)” " sin,(x) — sin,(x)*

cos, (x) 2, g4(x) = pPx+ 2ptan,(x), ¢s5(x) = p*x— (p—2)tan, ()" — (p+1)(p —
2)tan,(x). Then ¢y (x) = ¢3(x)/d2(x),

$(0) = ¢3(0) =0, (2.5)
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5 (x) = cos,(x)? " sin, (x) — (p — 1)xsing (x)” 4 xcos,, (x)? — 2x, (2.6)
05 (x) = — cos,(x)” " sin, (x) — (p — 1)xsin, (x)? + xcos, (x)?

+ (p — 2)siny (x)"tan, (x), 2.7)
$3(0) = ¢3(0) =0 (2.8)
¢ﬁﬂ=—mwﬂﬂb+fw%m]7 (2.9)
ﬂw=>ﬂmAwPPﬂm;w—%p—mw%aV—%p+U@—24, (2.10)

¢ (x) _ 9s5(x) _ _
2//()6) - ¢4(x)’ ¢4(0)_¢5(0)_07 (2.1D

and

05(x) _ p+2-2(p+1)(p—2)tan,(x)” — (p+1)(p — 2)tan, (x)*" TS

04(x) p?+2p+ 2ptan, (x)”

It follows from (2.4)—(2.12) and Lemmas 2.1 and 2.2 (1) that ¢;(x) is strictly
decreasing in (0,7,/2). Then

$5(x) 1 (2.13)

@@<@W*1%Mw_n

From (2.3) and (2.13) we clearly see that ¢’(x) > 0, then from equation (2.2) one

has
¢(x) > 0. (2.14)

Therefore, Lemma 2.3 follows from (2.1) and (2.14). [

LEMMA 2.4. If p € [2,0), then inequality

X sinh,, (x) —xcosh,(x)
& ( sinh,, (x) ) psinh,(x)

holds for all x € (0,+o0).
Proof. Let

_ sinhp(x) —xcoshp(x) X -
o) = psinh,(x) log (sinhp(x)> X €0 4), 215

then simple computation leads to

@(07) =0, (2.16)
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_ —xcosh, (x)2 7 sinh, (x)? — cosh, (x) sinh,, (x) 4 xcosh, (x)*

o) = psinh,(x)?
sinh,(x)? — xcosh, (x) sinh, (x)
xsinh, (x)?
_ x*cosh, (x)[— cosh, (x) 7 sinh,, (x)” + 1] — xcosh, (x) sinh, (x)
pxsinh)(x)?

N p(xcosh,(x) sinh, (x) — sinh, (x)?)

pxsinhy(x)?
~ x?cosh,(x)277 — xcosh, (x) sinh,, (x) + p[xcosh, (x) sinh,, (x) — sinh,, (x)?]
B pxsinh, (x)?
1 X 1
L ) 2.17
e () 7 ) =

where

xcoshy, (x) sinh, (x) — sinh, (x)?
= . 2.1
o1(x) xcosh,(x) sinh,, (x) — x* cosh,, (x)>~? 2.18)

Letting @, (x) = xcosh,, (x)”~ " sinh,, (x) —x%, @3(x) = xcosh, (x)”~ " sinh,, (x) —sinh, (x)*

coshy(x)" 2, @4(x) = pPx+ 2ptanh, (x), @5(x) = pPx+ (p — 2)tanh, ()" — (p +
1)(p —2)tanh, (x). Then @1 (x) = @3(x)/@2(x),
$2(0) = ¢3(0) =0, (2.19)

@4 (x) = cosh,,(x)?~ sinh, (x) + (p — 1)xsinhy, (x)? 4 xcosh,, (x)? — 2x, (2.20)

@4 (x) = — cosh,,(x)? " sinh,, (x) + (p — 1)xsinh, (x)” 4 xcosh,, (x)”

— (p —2)sinh, (x)"tanh), (x), (2.21)
?(0) = 93(0) =0 (2.22)
91 (x) = sinhy (x)” [2p+p2 tan}icp (x)}, (2.23)

+ (p —2)tanh,(x)” — (p+ 1)(p—2)], (2.24)

04(0) = ¢5(0) =0, (2.25)
and

Qi) _ p+2+2(p+1)(p—2)tanh, (x)” — (p+1)(p — 2)tanhy, (x)*”
@} (x) p?+2p —2ptanh,(x)? ’

(2.26)
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It follows from (2.18)—(2.26) and Lemmas 2.1 and 2.2 (2) that @;(x) is strictly
increasing in (0,4-oo). Then
Ps5(x) 1

+\ 15 —
¢1(x) > @1 (07) = lim o) : (2.27)

T
From (2.17) and (2.27) we clearly see that ¢’(x) > 0, then from equation (2.16)
one has
o(x) > 0. (2.28)

Therefore, Lemma 2.4 follows from (2.15) and (2.28). [l

3. Proof of Theorem 1.1

Proof of Theorem 1.1. Let fi(x) = log(x/sin,(x)) and f>(x) = log (sinh,(x)/x).
Then simple computations lead to
_sinj(x) —xcosp(x) _ xcosh,(x) — sinh, (x)

filx) = , fx) =

xsing (x)

xsinhy, (x)

and

xfo(x)2f (x) _siny(x) —xcosy(x) log (sinhp(x))

p psing(x) X
xcosh, (x) — sinh, (x) X
B psinh,(x) log ( siny (x) ) ' G-

It follows from Lemmas 2.3 and 2.4 together with (3.1) that f’(x) > 0 for x €
(0,7,/2). This implies

o = lim f(x) < f(x) < f (%) _ loe(m/2)  _ g

~ log[2sinhy(m,/2) /)

By I’'Hoptial’s rule we have ¢ = 1, and the remaining results are clear. [

REFERENCES

[1] G. D. ANDERSON, M. K. VAMANAMURTHY, M. VUORINEN, Conformal Invariants, Inequalities,
and Quasiconformal Maps, John Wiley & Sons, New York, 1997.

[2] G.D. ANDERSON, M. VUORINEN, AND X.-H. ZHANG, Topics on special function III, in: Analytic
Number Theory, Approximation Theory, and Special Functions (G. V. Milovanovi¢, M. Th. Rassias
eds.), 297-346, Springer, New York, 2014.

[3] B. A. BHAYO AND M. VUORINEN, On generalized trigonometric functions with two parameters, J.
Approx. Theory 164 (2012), 1415-1426.

[4] B. A. BHAYO AND M. VUORINEN, Inequalities for eigenfunctions of the p-Laplacian, Probl. Anal.
Issues Anal. 2 (20) (2013), 14-37.

[5] R.J. BIEZUNER, G. ERCOLE, E. M. MARTINS, Computing the first eigenvalue of the p-Laplacian
via the inverse power method, J. Funct. Anal. 257 (2009), 243-270.



642 Y.-Q. SONG, Y.-M. CHU, B.-Y. L1U AND M.-K. WANG

[6] P.J. BUSHELL AND D. E. EDMUNDS, Remarks on generalized trigonometric functions, Rocky Moun-

tain J. Math. 42 (2012), 25-57.

[7] P. DRABEK, R. MANASEVICH, On the closed solution to some nonhomogenous eigenvalue problems
with p-Laplacian, Difterential Integral Equations 12 (1999), 773-788.
[8] D. E. EDMUNDS, P. GURKA AND J. LANG, Properties of generalized trigonometric functions, J.

Approx. Theory 164 (2012), 47-56.

[9] R. KLEN, M. VUORINEN AND X.-H. ZHANG, Inequalities for the generalized trigonometric and
hyperbolic functions, J. Math. Anal. Appl. 409 (2014), 521-529.
[10] J. LANG, D. E. EDMUNDS, Eigenvalues, Embeddings and Generalized Trigonometric Functions, in:
Lecture Notes in Mathematics 2016, Springer-Verlag, Heidelberg, 2011.
[11] P. LINDQVIST, Some remarkable sine and cosine functions, Ric. Mat. 44 (1995), 269-290.
[12] P. LINDQVIST AND J. PEETRE, p-arclength of the q-circle, Math. Student 72 (2003), 139-145.
[13] J. SANDOR, Two sharp inequalities for trigonometric and hyperbolic functions, Math. Inequal. Appl.

15 (2012), 409-413.

[14] S. TAKEUCHI, Generalized Jacobian elliptic functions and their applications to bifurcation problems
associated with p-Laplacian, J. Math. Anal. Appl. 385 (2012), 24-35.

(Received May 6, 2013)

Journal of Mathematical Inequalities
www.ele-math.com
jmi@ele-math.com

Ying-Qing Song

College of Mathematics and Computation Sciences
Hunan City University

Yiyang 413000, China

e-mail: 1452225875@qq. com

Yu-Ming Chu

College of Mathematics and Computation Sciences
Hunan City University

Yiyang 413000, China

e-mail: chuyuming@hutc.zj.cn

Bao-Yu Liu

School of Science

Hangzhou Dianzi University
Hangzhou 310018, China
e-mail: 627847649@qq. com

Miao-Kun Wang

College of Mathematics and Econometrics
Hunan University

Changsha 410082, China

e-mail: wangmiaokun@hnu.edu.cn



