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Abstract. Let Py(n,b,2) denote the class of normalized univalent functions f(z) =z+axz* +
..., which are defined in the unit disk A and satisfying 1+ [(AD"2f(z) +(1—A)D" 1 £(2)) /(A
D" f(2)+ (1=2A)D"f(z)) —1]/b < ¢(z), where @(z) is the function with positive real part,
D"f denotes the sildgean operator, n > 0, 0 < A <1, b€ C. In this paper, for the class
Py(n,b,A), the Fekete-Szegd inequalities are completely solved. A more general class
JH(B,n,A,g(z)) related Py (n,b,A) is also considered with same subject, which extends the
earlier corresponding results for the class of strongly close-to-convex functions of order f3.

1. Introduction

Let < be the class of functions of the form

flz)=z+ iakzk, (L.1)

k=2

which are analytic univalent in the open unit disk A = {z: |z] < 1} and normalized
by the conditions £(0) =0, f/(0) = 1. It is well-known that f(z) € &/, |az —d3| <
1. If f and g are analytic in A\, we say that f is subordinate to g, written f(z) <
g(z), provided there exists a analytic function w(z) defined on A with ©(0) =0 and
lo(z)| < 1 satisfying f(z) = g(@(z)).

For f(z) € <, Séldgean [20] defined the following operator:

D°f(z) = f(2), D' f(2) = Df(2) = 2f'(2),....D" f(2) = D(D""" f(2)),
where n € N ={1,2,...}. We note that
D"f(z)=z+ik"akzk, neNy={0}UN. (1.2)
k=2

Let S*, C and .# denote the usual starlike function, convex function and close-
to-convex function, respectively. Ma and Minda [12] unified various subclasses of
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starlike and convex functions for which either one of the quantities zf'(z)/f(z) or
1+2zf"(z)/f'(z) is subordinate to a more general superordinate function. The classes
S*(¢) and C(¢@) of Ma-Minda starlike and Ma-Minda convex functions, are respec-
tively characterized by zf'(z)/f(z) < ¢(z) and 1+zf"(z)/f'(z) < @(z), where func-
tion @ with positive real part in A, @(0) =0, ¢’(0) > 1. The coefficient functional
pu(f)=a3— ,LLa% on the normalized analytic functions f in A plays an important role
in function theorem. The problem of maximizing the absolute value of the functional
pu(f) is called the Fekete-Szego problem. A classical theorem of Fekete-Szeg6 (see
[5]) states that for f € o/ given by (1.1),

las — pdd| < 1+2exp(%), if o<p<l,
4u—3, if uzl.

Later, Pfluger [17] considered the problem when p is complex. In the case of C,S*
and %, the above inequalities can be improved [9, 10]. Actually, many authors have
considered the Fekete-Szego problem for various subclasses of o7, the upper bound
for a3 — ua%\ was investigated by many different authors (see [3, 6, 19, 22]). Recently,
some results on this subject were improved (see [2, 4, 8, 13, 14, 15, 16, 21, 23]).

We denote by & a class of analytic functionin A with p(0) =0 and Rp(z) >0
Here we assume that ¢ € 2, satisfying @(0) =0, ¢’(0) > 0, and @(A) is symmetric
with respect to the real axis. Also, ¢(z) has a series expansion of the form

0(z) = L+ A1z + A2 + A2 + ..., (A; > 0). (1.3)

With the aid of salagean operator, we introduce the class &y (n,b,A) as follows:
A function f € &/ is said to be in the class Zy(n,b,A) if and only if

L L(AD 2 f @)+ (1= 2D f ()
AD"™f(2)+ (1 —A)D"f(z)

—1) < (z), zEA, (1.4)

where b is nonzero complex number, ¢ is defined as (1.3), >0, 0 < A < 1.
By giving specific values to the parameters b, A and ¢, we obtain the following
important subclasses studied by various authors in earlier works, for instance,

‘@(P(O’I’O)ES*((I))’ ’@(P(O’I’I)EC((P)a

and
P114:(0,1,0) = S*[A,B], £1.4:(0,1,1)=C[A,B],
1+Bz 1+Bz

where —1 <A <B< 1. The §*(¢), C(¢) were introduced by Ma-Minda [12]. The
S*|A,B], C[A, B] were defined by Janowski [7].

By taking b=1, ¢(z) = (i—fi)ﬁ (0 < B < 1), we want to extend the P (n,b,A)
to a more general class 7 (f,n,4,g(z)).
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A function f € o7 is said to be in the class % (f,n,A,g(z)) if and only if

1— T
2D g+ (D) )| S2Pries (15)

g (lD"”f(z) =MD >>

where n>0,0<A<1,0<B <1, glz) =z+by? +b3z’ +... € S*.

We note that ¢ (8,0,0,g(z)) = 2 (B), where £ () is the class of strongly
close-to-convex functions of order B defined by Koepf [11] and Abdel-Gawad [1].
Koepf [11] considered the Fekete-Szeg6 problem for .# () with some particular val-
ues of u. Later, Abdel-Gawad [1] improved the results for any t € R without £ =1.

In this paper, we concentrate on the Fekete-Szego problem for the subclass
Py(n,b,A), which is discussed with four different cases as: (i) u is special num-
ber, b C. (i) ueC,beC. (i) b>0, ueR. AV) u €R, b e C. Also, a more
general class J# (,n,A,g(z)) is considered on the same subject, which extends the
corresponding earlier results for the class ¢ (f3) of strongly close-to-convex functions
of order 3.

2. Main results

In order to derive our main results, we have to recall here the following Lemmas.

LEMMA 1. ([10]) Let g € S* with g(z) = 2+ byz> +b32> + ..., then for real ,
b3 — pb3| < max{1,[3 —4ul}.
The result is sharp.
LEMMA 2. ([18]) Let p € P with p(z) = 1 +c1z2+c2z? + ..., then |c,| < 2 for

n>=1.1f |ci| =2 then p(z) = p1(z) = (1+12z)/(1 —y1z) with 71 = c1/2. Conversely,
if p(z) = p1(z) for some |y1| =1, then ¢; =2y and |ci| = 2. Furthermore we have

2 2
q lc1]
ST P J i L
)62 2 2

2 2
Iflei] <2and |c;— 3| =2— |C§‘ , then p(z) = p2(z), where

Ynitn
l + T ps
i ype

and vy =c1/2, = ‘C |2 Conversely zfp( ) = pa(z) forsome |yi| <1 and || =1,

2¢h— %

2
then Yy =c1/2, » = pRpa and |cz—71| :2—%.
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THEOREM 1. Let n >0, 0 < A < 1, and Let b be nonzero complex number. If
f(z) € Py(n,b, 1), where ¢(z) = 1+A1z+ A% + ...+ Apd"+..., (A1 > 0), then

1 1

< ——|blAy, 2.1
ol < g Pl 1)
1 1 1 Ar
<o — —= :
a3 < 5757 3n|b\A1max{l7 bA1+A1)}, (22)
n—1 2 Ay
a3_2.4 (1+A)%(bA + 3 l)a% . Ayb| ' (23)
37(1+2A)bA, (2+421)3"
These results are sharp.
Proof. Let f(z) € Py(n,b,A). Then there is a function w(z), such that
1 [ AD"2f(2) + (1 =L)D" f(2)
1+ - —1|= A.
"5 ( ADTf(2) + (1 - M)Df(2) P(w(z)), 2 €
Define the function p(z) by
1+ 1+
p(Z)=ﬂ=l+rlz+r2z2+...<—Z,zeA. (2.4)
1 —w(z) -z

We can note that p(0) = 1 and p(z) is a function with positive real part. In fact, using
the (2.4), it is easy to know that

@ (e (2 5)7 )
= =—|r r— =
w(zZ 1 ) 1< 2 2Z s

So
1+

1(AD"™2f(z) + (1= 2)D" ' f(2)
b\ AD"1f(z)+ (1—A)D"f(z)

- 1) = ¢(w(2))

V% 1o\
L)t 24 ) 2+ (2.5)

1 1
:l+—A11"12+<—A1<I‘2— 5 2

2 2
Actually, a computation shows that

1 (w"+2 f@+(1-)DH ) 1)

1
o\ oo s R

1 1
=1+ 72"(1+ Maxz+ ;[(2+44) 3"a3 — (1 + 4243 + .. (2.6)
The equations (2.5) and (2.6) yield

1 1 1 1 2 1
52"(1 +A)ap = §A1r17 E[(2+4l).3"a3 —(1+A)%4"a3) = EAl (rz - %) + ZA(zzr%)
7
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Taking into account (2.7) and Lemma 2, we obtain

11 1
— A blA 2.8
‘(12| 2n+11+2{ 11 2”14—&‘ | 1, ( )
and
1 b 1 14 1y,
il G -b
&l )4 Ay Rl (e 1+2A1 21
1 b 1
A [ L0 bA, ”
'4 3142240 ! 5 (A + )
1 |p] 1 | Az
< =00 Al — =21+ 0 pa —}
43 1422 ‘” ”‘ 5 [PA+ ]
1 ‘b| 1 2 \rl\ A2
<=2 2—— bA }
430 14220 I+ =5 I |
1] 1 As
— -2 bA, + 22 —1}
4 3 1+27L ‘”‘ | e ]
11 A
<= blA { bA }
2 l+27L3”| [Armaxy L, [pA; + -5
Furthermore,
2471 (14 2)2.(bA, + 22 — 1 b 1 Alb
as — ( ) A )a% :‘—.—. Alrz)g 1‘ | (2.9)
31(1 1+ 24)bA, 430 T2 (2 +42)3"

An examination of the proof shows the first equality holds if ¢; = 2. Equivalently, we
have p(z) = p1(z) = (1+2)/(1 —z). Therefore, the extremal function in Zy(n,b,A)
is defined by

AD"2f(z) + (1 =L)D" £(z) -1
l+b< ADf(z) 4+ (1= A)D" f(z) _1>_¢(W)' (2.10)

Next, in (2.2), for first case, the equality holds if ¢; =0, ¢, = 2. Equivalently, we have

p(z) =palz) = ”Z . Therefore, the extremal functions in %y (n,b,A) is given by

1 1 ( D'2f(2)+ (1 —A)D" f(2) 1) :Q(M) (2.11)

1-
ADHLf () + (1= A)D"f(2) pa(z)+1

In (2.2), for the second case, the equality holds if ¢; =2, ¢; = 2. Therefore, the
extremal function in Py (n,b,A) is given by (2.10).

Finally, in (2.3), the equality holds. Obtained extremal function for (2.1) is also
valid for (2.3).

In fact, Theorem 1 gives a special case of Fekete-Szegd problem with

24 L (14 A)2 (bA + 52 — 1)
31 (142A)bA, ’

'LL:
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which obtain the naturally and simple estimate. Thus the proof is completed. [J

Now, we consider the Fekete-Szego problem with complex 1.

THEOREM 2. Let n >0, 0 <A < 1 and Let b be a nonzero complex number. If
f(z) € Py(n,b, L), then for any complex 1,

| 1

L1l v <1,
B BTN V)

iy AU, U1,

Y

A 3\n 1424
where ¢(2) = 1 +A1z4 A2 + ..., (A > 0), U = bA1+—2—2<4> Sl

A
The results are sharp.

Proof. Following (2.7), we have

1 b 1 r 1A, 1 1 »’A?
2 2 2
=t A ( A —) }— 24
4= Hay = gy A T (P TS T ) TR e
1 b 17 1A, 1\, 3\ 1424 ,
A S bA + 222 - )2 (D) S A }
4301424 1.r2+< 1+2A1 2)" <4> TS
1s 1 1 Ay (3\n 1+2A
S A Sy P 2<bA ——2(—) bA )}
43 1o zr1+zr1 vha o\e) et

Again, using the Lemma 2, it has

1 bl 1 1 Ay 3\ 1424
—ud < =20 2 o ‘
a3 —parl < 755 1—|—27LA1’ 2’1+ % (bA1+A 2(4) (1+)L)2”bA1>

1 b 1 Ay 3\ 1424

<=2 A2 ‘bA (2 7bA‘—1
47301422 { i) ‘”‘ { A (4) T aphoi H
1 bl 1 Ay 3\n 1424

<z 2 o) —% .

RPIET 1+21A1max{1’ A 2(4) (1+)L)2”bAl‘}

Equality holds for each u with the first case if fonctions in (2.11) and the second case
if functions in (2.10). Thus the proof is completed. [

Next, we want to consider the Fekete-Szegd problem with real pt and real b.

THEOREM 3. Let n >0, 0< A <1 and Let b > 0. If f(z) € Py(n,b,A), then
for any real U,
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(1) If bA; > 1, we have |a3—;,La2|
1b 1 3ye 1424
A —2(2 bA
2311424 1% (4) 1+t It
»” 1,
2301 +21° !
S91h 1
231424
16 1 3yn 1424
A [2(2) =L kA —
231124 ! (4) A raphoi ).
(2) If bA| < 1, we have |a3—ua%|
1b 1 3ye 1424
bl A —2(2) =2 kA
23 1422 1[‘/% (4) arazt 1}’
i,
Sy231+22° "
16 1 3yvn 1422
il Al2(2 bA| — M
23 1424 ! (4) [(EY e i

where (z) = 1+A1z+ A2 + ...,

A

M =bA| + M=

(A1 >0,A; > O),

649

u< g
LA U< (M- 1),
(M=) < < (M +1)M,

n= (Mt 1A

p=(MA+1)M.

Ay 4"(1+1)2
Ay’ ©2A1b37(1+21)

For each | there is a function f € Py (n,b,A) such that equality holds.

Proof. Tt follows from (2.7) that

1 b 1 1, 1 A 3\n 1424
2 2 2
T A [ - (bA 2 —) 2 bA )}
a3 —Hay = 23 T A2 271+2V1 1+A <4 (1+/1)2“ 1
(2.12)
As the Lemma 2, we have
1 b 1 1, Ay 3\ 1422
-2 SinPllpa+ 2 -2(2) 55 bA’—lH.
|as — pa3| < 1 2%A1[2+2‘r1‘ H 17 <4 (1+7L)2” 1
(2.13)

Firstly, we want to consider the case with bA; >

further analyze.
4"A5(1+1)?

Case . 1t p < — 2o T4
we t RS Ay 20)

Ay

A 4

1.

24— \r1\2 {bAl-i-—z

Al [bA1+&—2(§>n(l+M

1+2)?

Several possible cases need to

using (2.13), we have

~2(3) e 1]

ubAl}.
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4"A5(1421)2 A 4"(1+42)? .
Case2. 1f — 2T i (bAj+22 — 1) 20 2.13),
we 2 (i 22) SHS ( e >2A1b3"(1+2/l) using (2.13)
we have
b1 1 A 3y 1424
e - A [2 - 2[A —2—2(—) 2 bA —1H
a3 — pa;| 1 +2|V1| b 1+A1 1 (1+7L)2“b 1

e i 2(3) ] <4 A

n 2 . 5
Case3.If<bAl+&_1> 4"(1+4) <H<<bA1 A2> 4" (1+2)

AL 240371+ 27) 2A03" (1 +24)
we have
b1 1 A 3vn 1424
—ud < -2 A[Z - 2[bA —2—2<—) bA ”
s —na] < 3o3m e P g Inl P PA 3 = 2(3) e -
S0 1
S22t
Ay A(14+1)? Ay 4"(142)?
Case 4. 1f (bA _TUTA) o (bA e 1)—,
ased. 10 (b 432 >2A1b3"(1+2/l) ms Pt ) a3+ 20)
we have
b1 1 3\n 1424 As
- ey A [2 - 2[2(—) T bAL — bA ———1”
las w3l < g 2P 2(3) et A -
S0 1
S23 14240
As 47(1+1)>2
Case 5. I ><bA e 1)—, h
ase u 1+A1+ 24,53 (1+27) we have
1 bp 1 1 3\n 1424 A
ud <2 A [2 - 2[2(—) T bAL — bA ——2—1H
a3 —padl < gosp g 23 Inl12(7) oA A
s 1 3\n 1424 As
<224 [2(—) — T2 bA; — bA ——].
231122 \G) ettt TP Ty

Finally, if bA; < 1, the similar discussions can readily yield the desired results.

If bA| > 1, equality is attained for the second and third case on choosing ¢; =0,
¢y =2 in (2.11). Also, equality is attained for the first and fourth case on choosing
c1=2,c;=2and c; =2i, cop =—2 in (2.10), respectively.

If bA; < 1, equality is attained for the second case on choosing ¢; =0, ¢c; =2 in
(2.11). Also, equality is attained for the first and third case on choosing ¢; =2, ¢y =2
and ¢; = 2i, ¢ = —2 in (2.10), respectively. Thus the proof is completed. [

Here, we discuss the Fekete-Szegd problem with complex b and real u.

THEOREM 4. Let n >0, 0 < A < 1 and Let b be a nonzero complex number. If
f(z) € Py(n,b, L), then for any real [,
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(I)If\ﬁ—fsine\ <1, we have

|b|*AT 1p 1 ‘
Ani1 L3 \2 S A <
4n(1+k>2(91(%) W)+ 53077 Allsin®l, p <.,
bl 1
e B _
|a3 [,La2|\ 2 3n 1_'_2& %l<,u\%2,
|b|*AT 1p 1 ,
— (- — A .
4”(1+7L)2(“ 9{(%))4-2 3n 1_'_2&‘ 2‘|Sln9|7 .u>///2
(2)U\ﬁ—fsin6\>l,wehave
|b|*AT b1 _
_ oA 1 ]p] A < ’
) 4n(1+1)2(%(‘%> “>+2 3 Tag Aellsingl, p <R(24)
|las — pa;| < a2 bl 1
4n(1+x)2(”‘9‘(%>>+5 3Tz Aellsindl, > R(21).
n+1 2 ei@
where @(z) = 1+ A1z + 42 + .., b= |ble™, 2} = 23nl<ﬁz)z) + ST
n+1 A
S = sfli% M =R(21) = /(1= |2||sin8]), A =R(21)+ £1(1-

sin oreach | there is a function in n,b, L), such that the equality holds.
A2 0]). F h u th fi Py(n,b, A h that th lity hold

Proof. Suppose f(z) =z+ E ik € Py(n,b, ), using (2.7), then we have
k=2

1| 1 1, Ay _/3\n 1424
2
—pdd=- 2 A+222(2) —22 A ‘
a3 —rarl = 3507557 =57 S vy (5) s aiom)
1pl 1 1, ’ 2 3\ 1422 ’
< - = —=-2(>) — -
Siy 1+2)LA1[2+2‘”| {bAH—A 2(3) +apHbh 1]
1 b 1 1p| 1 Ay /3\n 1424 5
= -0 A+ -t — Ay ||pA —2(2) —=2 ubA )—1
273 1422 T8 1422 {b 1+A1 (4) Attt N”‘
1 b 1 b 1 3y 1422 A, 5
—— At All(2 bA| — bA ——’—1
PR WY R TR Y ) 1{ (4) (Traphot oy h”‘
1|p] 1 Lp> 1 L3\ 1424 Ay 1 5
Sy At A ’ 2 —A S
SRR WY R TR sy ) (4) [(ES i ™ \b|]| !
CLfpl 1 At |b|?A% H 4"(14+1)2 4 (14+2)°As 1
T 273071424 4114 1)2 23" (1424) 83"(1+21)A?b
4n+1(1+x)2 )
- 2.14
8.3n.(1+2A)\b|AJ‘ 1 (2.14)

A(LHAP2 AT A)?2A0e A4 A)
230 (1+22) " 8.37(1424)A%b| 183 (1+22)[blA;
= Y1, adirect calculation with (2.14) shows that

Taking b = |ble™,
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las — paj|
<§ ‘3bn| 14—127LA1+4”+|1Z)(1213-%7L)2 =2l = A]InP
<%"3b_"|'1+12)tA1 " 4"+|1b(12f1)2 = R(20) = iltm(23))| = A I P
g%'%'ljzxAl+4n+|lb(1zi%xl)2 :‘“_m(%>|+%’%“5ine‘_/l}wz
3 S g A 2 )

Here, for later convenience as well, we set 9?(%)—/1(1—|£—f\|sin6\) =M, R(

+ Zi(1— \ 2||sin6|) = .#,. Now we make some discussions for several different
cases.
Firstly, if \A2|\sm0| 1, we can note that .Z; < R(Z1) < #,. Thus, it gives

(2.15)

21)

(1) Let u < ///1 Then from (2.15) we have

|a3—lia%|
<35 4n+'1l212fx> [3i(21)— A (1= |2 sinel) - u]Inf?
- %"Z’f)_’J'l—:ZlAl + 4n+|1b(12i‘|_%l)2[*///1 —uln?
242
S %'%'1:2AA1+4n(ﬁ|fi)2W1_
242 n )
- %.‘31’—,1'.1:21/11 + 4n(li|fi)2[9?(%)— 8.31':11:_1;;)[)141( ’A ’|sm0|> U]
= %(9‘(%) u)+— ‘31’—,1' 1_:2)L|A2|\sin6\.

(i) Let 4 < u < R(Z1), we have

L]p 1 |b|?A% Azl . 2
—pd < = Ay — A(1-]22 -
s~ el < 53T WP e [%(‘%) /1< \All‘sm‘)') “h”'
1|p| 1 |b|?A2 , _Lp 1
=-= My — -y .
>3 Tt wrg g ap A HInE < 3 A
(iii) Let R(21) < u < A, . Then from (2.15) we have
1|p 1 |b|?A% Ayl
— a2 i | 1 _ _ = 2
las =kl < 53T T g e (K X2 /1<1 ‘Al)‘“ne')h”'
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|b|*A%

bl 1

A+

(U — )| * < Aj.

311421

N —

4T (14 A)2

(iiii) Let u > .#>, we have

laz — pa3| <

<

N = N =

371422

31421

|b|*A3

b| 1 [b]°AT

(14 A)2
|62A7

(11 1)?

[ — 0]

b1 =]

A+

41 (14 2)?

b 1
|3—‘ A+

1424
|b|*A3

I EYE

Moreover, if |42||sin@| > 1, we can note that .#» < R(Z21) <
Al

41+ 21)?

n—R(21)—

in®
83" (1+2A)[blA; |sin |>]

(-7
1p] 1

SO |Ay|sing).

A . Thus, it gives

(i) Let u < .#,. Then from (2.15), we have

1 b 1 |b|?A2 Ayl . )
a3 —Hadl < 55 T T a2 P‘W—fl(l ‘Al "5“19') “}""1'
_Ljp 1 [b]°A] 2
2 "'1+2)LA1+4H+1(1+7L)2W1_“””|
1|p 1 |b|?A3 414 1)?
Sy TN T Eaaay {9{(‘%) 8.3n.(1+2/1)\b|A1( ’A1’|Sm9|> }
|b|?A3 1|p| 1 .
— A - A .
4n(1+/1)2(9?(«%) M)+ 53 T ag A2llsin ]

(i) Let A5 < u < R(Z1). Then

bl 1

[bPAT

1
2
— < - .
s —ual < 33T
|b|*A3
ST A2

(iii) Let R(21) < u

A+

4 I(] —l—l)? {%(%) - f1<1 — ‘i—?)\sinm) —,LL] 112

bl

(R(21) - u)+— = #\Azusmm.

2371424

< ., . Then we have

Lp] 1 |b|2A2 A
— a3 < .. _ B LA )
laz — uas| < 2 3n 1+2/1A 4711 4-2)? u—R(2) /1( ‘Al)\sm9|>}|r1|
_ 1 1 |b|2A3 ,
=y irat e H AN
AT 1p 1 _
= 4"(1+7L)2( %(%))+2~ Y A\A2H51n0|.
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(iiii) Let i > .. Then we have

jas — uaj)|
s %'%'Hlum 4n+|1b(12fx)2 “_%(‘%>_/1(1_’%“Sine‘)}wz
:%'%'1:21 ! 4"+|1b(12i\jﬂt)2[“_///2Hr1|2
< %(u—m(%»%.%ﬁfxﬁmm.

Thus the proof is completed. [

Motivated essentially by the earlier works of Abdel-Gawad [1], Koepf [11], we
extend the corresponding results by investigating the class J# (f,n,A,g(z)) in the next
Theorem.

THEOREM 5. If f(z) =z+ E a? € # (B,n,A,g(2)), thenfor 0< B <1, 0<
k=2

A <1, ueR, wehave

a3 — pa3| <
Z P ’ f <
A(x0)|u=m +( 1—#)[m+1]» if u<n,
A(xo), if M<uU<?
B+1)(u—75 B+1,.  B+2 .
%@(;m%(?m— VA umrss if W <u<HE2
+2 2 , B+2
@(171>+(u—%ﬁﬂ)[znmmﬂ}7 i nemEe
where
e 81+ A)3 — 24" (1+2)%(1—B) v l@)nﬂ (142)2
PTAB 3 (1 22) 4 2.6 (T + A)(1+24) 727 2\3) 1422
- B 1,5\ B?(1+2A)24m 1 2.3 (1420 u]
Alvo) =1 =M+ 5527 (2_ Ex(’) 2027 (1+ A)2(1+24) O
414 )2 = 2.3 (1 +20)u
M MUy D"
o(1.1) = 2"3B(14+2A) —4B—8.3"(14+22)(B+ 1) +4" T (1 +1)%(B+2)

2371 (1+24)(B+1)

Lo 2B
3 3nl(1422)
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2 ) AT 1+ A)? = 2.3 (1 +20) ]
0T T T 0)2(1— B) + 2B 3" (1 + 241
For each U there are functionsin % (B,n,A,g(z)) such that equality holds in all cases.

Proof. 1If f(z) =z+ E ar?* € H# (B,n,A,g(z)), then there are analytic functions
k=2
g(z) and h(z), such that

AD" 2 f(2) 4+ (1= )DL f(z)
AD"g(z)+ (1 —A)D"g(z)

= (h(2))P, (2.16)

where g(z) = z+ b2 + b3z’ +... € S*, h(z) = 1 +c1z2+ 222 +... € Z. Equating
coefficients of the power series in the relation with (2.16) we find that

214 A)ay = c1 B+ 2" (1 4 A)ba, (2.17)

and

3 QA + az = wcﬁz"(l +A)byci B+ Ber +3"(2A + )bz, (2.18)

From (2.17) and (2.18), it follows that

DR 21(142) u
s gkb)+P <3n+1(1 24 A

az — paj = >b2C1

B BI(1+ A4 —23" (14 24)u] 17,
ARy C”[ 2(1+ A)2.4n+1 2}01 - 219
Suppose
o — 8 (14+A)3 — 24" (14+24)%(1 - B) - 1<§>n+1 (1+2)?
YT AR 31+ 22) 2.6 (1 + A)(1+24) 2 2\3) 1422

where 0 < 3 <1, 0 < A < 1. We next consider the different cases for (.
Firstly, let #) < u < %5, with the aid of Lemma 1 and Lemma 2, we obtain

a3 — a3

1 3.2 B 1,

g§‘b3_4_1“172‘+3n+1(1+2/1)’62_501’

ﬁz[(1+/l)24"“—2.3"+l(l+27t)u}|2‘ ﬁ4”“(1+/1)2—2~3"“(1+27t)u| |

2127 (1+ A)2(1 +24) “l G (11 A)(1+24) “
B 1oy B A 23 (1 oA)]

3n+1(1+zx)<2 2\c1|)+ A )

414+ 2)2 =23 (1 +20)u
O (1+A)(1+22)

<l—p+

+B

le1| = A(x) say, with  x = |cy]. (2.20)
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Now, we take A’(x) = 0, it gives the stable point

L2 )AL+ A)? 2.3 (1420
T TR AR - )+ 2B 2

moreover,

B2[(14A)2.4m+0 2301 (1 424 )u] — 41 (1 +1)°B
127114+ 22)(1+ 1)2

AN (x) = <0,
it implies that max{A(x) : x = |c1]|} = A(x0). So (2.20) gives the desired estimate on
laz — pa3).

In fact, since x = |c¢1| <2, it follows that p > #;. Furthermore, equality is attained
for this case by choosing ¢ = xg,co =2,bp =2,b3 =3 in (2.19).

Let, now u < %], then

a3 — pa3| < |az — #ia3| + (W1 — w)|aa| . (2.21)

Using the result already proved in first case with u = %4, we have |az — #ja3| <
A(x0)|u=w; - Also, applying (2.17) we get |as| < 5 lﬁ+)L) + 1. Thus (2.21) shows that

B

2
st 1} . (2.22)

a3 — Ha3] < Alxo) | + (41— )|

The equality for (2.22) is attained when ¢ =xo|y—w, , c2 =2, by =2, b3=3in(2.19).
Let,now %, < u <% B+2 Thena computation shows that

B+1°
a3—l~1a%:<ﬂy;lli ﬁ—1><a3—%gif 2)+ﬁ%1(%gi?—#><a3—%a%>.
It yields
Ias—ua%\z(l%lu—ﬁ )‘a —%gﬁ 2‘+ﬁ¢21(%gﬁ—u)las—%ail~

(2.23)

We deal first with the case u = %gﬁ

L+ piz+ pa? +... € P, satisfying zg'(z) = g(z)p(z), where by = py, 2b3 = p? + p>.
Thus we have

Since g € §*, so there is a function p(z) =

B2
[3+1
1 1 1 1/4\n(14+1)2B+2 B 1
6<p2_§p%>+{4_6(§> 1+27L)B+1} 3n+1(1+zx)(c2_ic%>
_[32

2(14A) 1 /2\mHl 144 B+2
T B DI 2A)¢ 1+ﬂ[3n+1(1+2x)_§(3> 1+27L[3+1] 1en
(2.24)
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moreover,

A 2
O vy =

2
g [

1
23n+1(ﬁ+1)(1+2/1 E(

(-3in)+[5 ) sy ot~ )+ seerisgy (2 51e)
ﬁ2

) 27H1(1 4 1)
gy < TPyl
_1+ 2B _2.3”(1+27L)(B+1)—4"(1+7L)2(ﬁ+2)‘ )
37 3ntI(1+22) 6.3 (1+24)(B+1) Pl

B 2m+1(1 4 2)
_2.3n+1(ﬂ+1)(1+2A)‘Cl|2+ﬁ2.3n+1(1+2A)(ﬂ+1)|plcl|'

li| 2‘_’_#‘6- _1
4P 3 T 122y 127 2

1 C%‘
g) U 14A B2 27(14A)
3

)

lci|+B

1+2AB+1 3n+1(1+2/1)]|”161‘

+

Letting p; = 2re®, ¢; = 2Re’®, where 0 < 0 <27, 0< ¢ <27, 0<r<1, and
0 <R < 1. Following the above inequality, we have

B+2 1 2B 23"(1+20)(B+1) —4"(1+A1)*(B+2)
SRy L a <§+3n+1(1+27u)_4r2 6.3"(1+22)(B+1)
B 214+ 1) B
R gy TR P s g - O R

Letting n, B and A fixed and differentiating O(R, r) partially with n >0, 0 < 8 < 1,
and 0 < A <1, we have

128B.3"(1+22)(B+ 1) — 128B8.4"(1+ 1)2(B + 1)

Oxz.O,, — O3
RRZrr = =R = 1232+ 1(1+22)2(1 + B)?

<0.

Therefore, the maximum of O(R,r) occurs on the boundaries, which yields

B2
Vs g 14| <Ok <01, 1)

1 2B 2" B(14A)—4B—8.3"(14+2A4)(B+1)+4" 1 (14+2)(B+2)
BERETETNTy 2.3+ (1421) (B+1) '

(2.25)
Now, applying the first case with y = %4, we get |a3 — #5a3| < A(xo)|u=ws - It follows
from the (2.23) and (2.25) that

B+1

+1
laz — pnaj| < <72#—3— 1>@(1»1) P

W

(%g 2 ) A
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Equality is attained on choosing c1=by=2i,cp;=-2,b3=-31n(2.19).
Finally, if u > %5 g —1» then with the aid of the result already proved for © = %

and ap < + 1, we have

B
(IR

[3+2

|a3—ua%|<‘a3—%ﬁ ’+’%ﬁ+1—y‘|a2|2
SO+ (“_%gib [zn(lﬁu) +1T~

Equality is attained on choosing ¢; = by, = 2i, ¢ = —2, b3 = —3 in (2.19). Thus the
proof is completed. [l

REMARK.

(1) Setting n=0, b=1, A =0 in Theorem 1, Theorem 2, Theorem 3 and The-
orem 4, respectively, we obtain the corresponding results on the classes S*(¢) defined
by Ma-Minda [12].

(2) Setting n=0, b=1, A =1 in Theorem 1, Theorem 2, Theorem 3 and The-
orem 4, respectively, we obtain the corresponding results on the classes C(¢) defined
by Ma-Minda [12]

(3) Setting n =0, b=1, A =0, ¢(z) = {2 (—1 <A <B< 1) in Theorem
1, Theorem 2, Theorem 3 and Theorem 4, respectively, we obtain the corresponding
results on the classes S*[A, B] defined by Janowski [7].

(4) Setting n =0, b=1, A =1, ¢(z) = {75 (—1 <A <B < 1) in Theorem
1, Theorem 2, Theorem 3 and Theorem 4, respectively, we obtain the corresponding
results on the classes C[A, B] defined by Janowski [7].

(5) Setting n =0, b=1, A =0 in Theorem 5, we obtain the results proved by
Abdel-Gawad [1].

(6) Setting n=0, b=1, A =0, B =1 in Theorem 5, we obtain the results proved
by Keogh [9].
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