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CERTAIN L? BOUNDS FOR ROUGH SINGULAR INTEGRALS

KHADIJA AL-BALUSHI AND AHMAD AL-SALMAN

(Communicated by J. Pecaric)

Abstract. In this paper, we prove LP bounds for singular integrals with rough kernels associated
to certain surfaces. Our results extend as well as improve previously obtained results.

1. Introduction and main results

Let R", n > 2, be the n— dimensional Euclidean space and S"! be the unit sphere
in R" equipped with normalized Lebesgue measure do. Let Q be a homogeneous
function of degree zero with Q € L! (S"~!) and

S,L Q()do (y')

0 (1)

where y' = \i_\ € S"! for y # 0. The classical Calderén-Zygmund singular integral
operator 7, is defined by

(Zaf) (x) =p.v. Rf Q) [ f(x—y)dy, 2)

where f € S(R"), the space of Schwartz functions.

By introducing the “method of rotation”, Calderén and Zygmund ([5], [6]) proved
that the operator .7, is bounded on L” (R") provided that Q is an odd function in
L' (S"™!). However, for general functions Q, Calderén and Zygmund proved that Z
is bounded on L” (R") for 1 < p < e provided that Q € Llog"L(S""!), i.e.,

fl Q) |log™ [Q(y)]do () < ee. 3)
i

Moreover, they showed that the L? bondedness may fail if the condition Q € Llog™
L(S""") is replaced by Q € L (log™ L) e (S"71), for some € > 0. Subsequently,
the condition Q € Llog™ L(S""!) was independently improved by Connett ([8]) and
Ricci-Weiss ([15]) who showed that if Q € H' (S"™!), then J maps L” (R") into
itself for 1 < p < oo. Here, H' (Sn_l) denotes the Hardy space on the unit sphere
which contains the class Llog™ L (S"‘l) as a proper subspace.
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On the other hand, by an application of Plancherel’s formula, it can be easily seen
that g maps L? (R") onto itself boundedly if, and only if the function Q satisfies the
condition

sup [ Q)| log" hrdo () < . 4)
é esn—1 sn—1
However, it is not known weather the Condition 4 alone implies the L” boundedness
of g for some p # 2. For a though discussion of this problem, we advice readers to
consult [12], [16], among others.
In [12], Grafakos and Stefanov discussed the L” bondedness of .7, under condi-
tions related to the Condition 4. In fact, they introduced the following conditions

I+a
sip [ 1) (log" hy) T do () <, 5)
Eesr—lgn-t

a>0. For a >0, let Fy (Sn_l) denote the space of all integrable functions € on
S"~! that satisfy (1). It is clear that

Urishc () Fu(s""). (6)

g>1 a>0

On the other hand, it is shown in [12] that

N F.@HgH' (S Z JF6E (7)
o>0 a>0
and
() F,(S"") € Llog*t L(S" ™). (8)
o>0

The following is the main result in [12]

THEOREM 1.1. ([12]) Let Q € Fy (S"™') and satisfy (1). Then Tq extends to a

bounded operator from LP (R") into itself for p € (ﬁ—g,z +a).

Clearly, if the index o is close to zero, i.e., o — 0, then the interval for p
in Theorem 1.1 reduces to p = 2. In [10], Fan, Guo and Pan were able to improve
the range of p. In fact, they showed that the result of Theorem 1.1 still holds for
pe (g2 +2a).

The main objective of this paper is to consider the conditions (5) in the context of
singular integrals along certain surfaces.

(D) Singular integrals associated to polynomial mappings. For a suitable function
®:R" — R?, consider the singular integral operator

Toef(x) = p-V~an Q) [ f(x—@(y))dy. ©)

Clearly, if ®(y) =y, the operator Jq ¢ reduces to the classical operator 75 . In this
paper, we are interested in the case when

@) =Py @ e0) = (P () @1 (), P2 (I3]) @200, P (1Y) 92 ('), (10)
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where P;j(t),1 < j <d are real valued polynomials on R and ¢; (y/),...¢ () are
real valued functions that are analytic on S"~'. It can be easily seen that if d = n

and P (1) =Py(t) = ..=P;(t) =P(t) =1 and @;(y') = ... @2(/) =), then
@ (y) =y and hence, as mentioned above the corresponding operator J5 ¢ reduces
to the classical operator Jg. When d =n and P (1) = P> (t) = ... = P;(t) = P(¢)

and @1 (/) =y} ,.... ®a(y/) =/, then the operator Jo.o = Jo,p has been studied by
Fan, Guo and Pan in [10]. In [10], Fan, Guo and Pan proved that the operator Jg p is
bounded on L for p € ($13%,2 4 2a) provided that Q € Fo(S""') for some & > 0.
Furthermore, if n =2, Py (1) =P (t) =...=P;(t) =t",m > 1, and ¢ (y') is homo-
geneous function of degree zero that is real analytic on S"~!, then Al-Salman showed

in [4] that the operator g ¢ is bounded on L for p € (ﬁ%g ,2+2a) provided that

Q € Fo(S" 1) for some o > 0. In this paper, we prove the following two results con-
cerning the class of operators 70 ¢ :

THEOREM 1.2. Suppose that Q € Fy, (S"‘l) for some o > 0 and satisfy (1).
Suppose also that ® (y) = P(|y|) ®y' is as in (10). Then To.¢ is bounded in L? (R?)
for p € (%igg , 2+ 2a). The LP bounds of T ¢ are independent of the coefficients of
the polynomial mappings P;, 1 < j <d.

THEOREM 1.3. Suppose that Q € F (Sl) Sfor some o > 0 and satisfy (1). Sup-

pose also that PL(t) =P, (t) = ... =P;(t) =P () and (') = (01 () ,...04 (/) is
real analytic on S'. Then Ta.@ is bounded on LP (Rd) for pe (ﬁ%gﬂ—f— Za).

It is clear that Theorems 1.2 and 1.3 generalize the corresponding results in [4],
[10], and [12]. We turn now to discuss the second class of operators in this paper.
Namely, we discuss singular integrals along surfaces of revolution.

(Il) Singular integrals along surfaces of revolution. We consider singular integral
operators along hypersurfaces obtained by rotating one dimensional curves around one
of the coordinate axes. For suitable functions ® : R” — R? and ¢ : [0,%0) — R, we
define the singular integral operator .7 ¢ along the surface

F={(@@),¢(y)):yeR"}

by
To.0f (X, Xp11) = p~V~an Fa=®@),x1—0(Iy)QY) Iy "dy, (11)

where (x,x,11) € R" x R=R"" n>2. When ®(y) =y, the operator T = Jp ¢
was introduced in 1996 by W. Kim, S. Wainger, J. Wright, and S. Ziesler [13]. It
was shown in [13] that .7} is bounded on L? for every 1 < p <o provided that ¢
is a convex increasing function with ¢(0) =0 and Q € € (S""!). Subsequently, the
condition Q € €(S"!) was relaxed to the weaker condition Llog™ L(S""!) by Al-
Salman and Pan in [2]. In [7], L. Cheng and Y. Pan studied the classical operator .7
for functions Q € F, (S"~!) and polynomial mappings ¢ . More precisely, L. Cheng
and Y. Pan proved the following result:

THEOREM 1.4. ([7]) Let Q € Fy, (S”’l) for some o >0 and let ¢ be a polyno-
mial.
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(i) If n =2, then J is bounded on LP (R3) for pe (%igg,2+2a)

(i) If n> 3 and ¢’ (0) =0, then Fy is bounded on LP (R"™) for p € (

1+20¢’
2+2a>.

In both (i) and (ii), the bounds on the operator norm are independent of the coef-

ficients of .

In the following, we consider the general operator Jg ¢ for various functions ®
and ¢ . In order to state our first result concerning the operator 7 4, we need to recall
the following class of functions introduced by Al-Salman and Pan in [3].

DEFINITION 1.5. ([3]) For n > 2, and m > 1, let V (n,m) be the collection of
homogeneous polynomials in n— variables of degree m. An integrable function Q on
5"~ is said to be in the space W (n,m, &) if

o) (log ) “do 12
sup f‘ Ol Og‘y(yﬂ o () <eo. (12)
2eV(nm)sn—1

|7l=1

Here, | 2= 3 la,| where 20)= 3 a, )"

lor|=m
It is shown in [3] that ﬂ W (2,s (x) Fy (S') while N W (n,s,a) is a proper
subspace of Fy (S"!) for n > 3. Set

W (n,00) = ‘ﬂ W (n,s, o).

Now, for & >0, n>2,and m > 1, we let W0 (n,s, ) be the space of all inte-
grable functions Q on S"~! that satisfy

swp [ 10" (log kg ) do () <o (13)
2¢eV(nm) sn—1 1Z0)+B1
|2]=1.BeR

Also, we set

WO (n,0) = () WO (n,s5,00).

s=1

By the argument in [3] and [7], we can easily show that
W0 (2,0) = Fy (S") (14)

and
WO (n,a) CW (n,0), n>3. (15)

Now we have the following result:
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THEOREM 1.6. Let n > 2, ® = & be a real valued polynomial in n—variables,
and ¢ be a real valued polynomial on R with ¢(0) =0. If Q € W (n,«) for some
o > 0, then the operator Tp 4 is bounded on LP (R"™') for p € (%3372—1—206).
Moreover, the LP bounds are independent of the coefficients of ¢ and &

By (14), it follows that Theorem 1.6 is a substantial improvement of the corre-
sponding result in [7]. Our next result is the following:

THEOREM 1.7. Suppose that ®(y) = P(|y|) @y where P(t) = (P (t),...,P;(t))
is a polynomial mapping. Suppose also that ¢ is a real valued polynomial on R.

(i) If n=2, and Q € F, (S"™") for a >0, then o ¢ is bounded on L’ (R®) for
p € (F35.2+20).

(i) If n >3, and Q € WO (n,1,), then T ¢ is bounded on LP (R for p €
(352 +20).

In both (i) and (ii), the LP bounds on the operator norm are independent of the

coefficient of ¢ and P;.
It should be noticed here that Q € WO (n, 1, ) if

1+a
) do (y) < o (16)

which is equivalent to (5) in the case n = 2.
Now, we move to discuss the third class of operators in this paper.

(IIT) Singular integrals along surfaces determined by certain convex functions. We
assume that the surface T is in the form

T={(v(y)y o (y) : yeR"}.

The singular integral operator associated to the surface I" is given by
Ty (X, xn11) = p-V~Rf fa=y (DY X = (W) QG) Iy ay. (A7)

Clearly, if y and ¢ are polynomials, then the corresponding operator .7, 4 is a special
class of the operators discussed in Theorem 1.7 above. However, our aim here is to
discuss the L? boundedness for functions that satisfy certain convexity assumptions.
More precisely, our result concerning this class of operators is the following:

THEOREM 1.8. Let y,¢ € C'[0,0) be convex increasing, y (0) = ¢ (0) = ¢’ (0)
=0, and ¢ (0) #£0. Let ¢(t) = ¢(y () and assume that ¢' is convex and increas-
ing. If Q € Fy (Sn_l) for some o > 0, and satisfies (1), then Fy ¢ is bounded on

L? (R™) forall p € (£5%,2+2a).

It should be noticed here that by specializing to the case y(z) =, one obtain the
resultin [14].

This paper is organized as follows. In section 2, we shall present the main tools
that we shall need to prove our results. In section 3, we shall prove Theorems 1.2 and
1.3. In section 4, we prove Theorems 1.6 and 1.7. The proof of Theorem 1.8 will be
presented in Section 5. In Section 6, some further results will be highlighted.
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2. Some lemmas

By combining the proofs of Lemma 5.2 in [11] and Lemma 2.1 in [3], we obtain
the following version of Lemma 5.2 in [11]

LEMMA 2.1. Let o >0, m, dENand{ka 0< mandeZ} be a fam-
ily of umformly bounded Borel measure on RY with GOJJ =0, for every k € Z. Let
{Ns:1<s<m} C RINA{L}, {4 <m} CN, and Ly : R? — RY be linear

transformatzons Jor 1 <s<m. Suppose that

LE]<Cin(mbLe)] " for £ €RY, ke Z and 1 <s<m,
i) |65 (&) = 6y—14(§)| SC|nFIL&| for E€R?, k€ Z and 1 <5< m,
iii) For every q € (1,00) there exist an Ay > 0 such that
sup o] f]]| < AgllfIl, (18)
keZ

q

forall f el (Rd) and 1 <s<m. Then for p € (ﬁ—ggﬁ + Za), there exists a positive
constant Cp, such that

<Glfll,
p

holds for all f € LP (]Rd). Moreover, the constant C, is independent of the linear
transformations {L : <m}.

The following lemma can be found in ([16], page 477).

LEMMA 2.2. ([16]) Forevery 1 < p < oo there exists a positive constant C), such
that the maximal function

(Mpf) (x )—SUP

r>0 T

J flx=P(r))ar

[t|<r

satisfies
IMpfll, <Cpllfll,

for feLP (Rd) . The constant C, may depend on the degree of the polynomials {Pj} .

In order to handle the oscillatory integrals, we shall need the following lemma due
to Van der Corput:

LEMMA 2.3. (Van der Corput [16]) Let ¢ be a real valued and smooth function
in (a,b) and ‘(P(k) (x)’ > 1,Vx € (a,b). Then

b
M) x| < ¢ |A| 7
a

holds when:
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(i) k=2 or
(ii) k=1 and ¢’ (x) is monotonic. The bound cy. is independent of a,b, ¢, and
A.

The following two lemmas will be useful:

LEMMA 2.4. ([9]) Let ¢ :[0,00) = R be a C! function such that ¢’ is convex,
increasing and satisfies ¢’ (0) = 0. Let (ay) be a lacunary sequence with inf u’;‘ >2.
Then, there exists a ¢ > 0 such that

b
fei[akat+7”l¢(akt)]dt < c|aka\_%
1

holds forall b> 1,a,n € R, and k € Z.

It should be remarked here that the above lemma, i.e., Lemma 2.4 is proved in [9]
for the special case a; = 2*. However, the proof for the general case follows by minor
modifications of the special case.

LEMMA 2.5. ([4]) Let ®:S! = RY, &= (®y,...,D,) be a real analytic function
on S'. Suppose also that {®,,...,®y} is linearly independent set. If Q € Fy (Sl),
then

sup [100)] (log” ) do(v) <o
S BEI

Now, we prove the following lemma:

LEMMA 2.6. Let & be a real valued polynomial in n—variables and ¢ be a real
valued polynomial on R. Let Q € L! (Sn_l) and let

. o120
o) =sip [ 17 201 - 0o)|
€sz<\y\<2’“
Then
H”.w; (f) L (RA+1) < Cp 11 g1y 11l ey )

for all 1 < p < oo with constants C, that are independent of the coefficients of the
polynomials & and ¢.

Proof. The verification of (19) is a straightforward application of Lemma 2.2. In
fact, by polar coordinates we have

Moy () (X Xa11)

2Jj+1

< / |Q( sup/|fx— (') Xas1 — ’— do(y').

sn—1
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By Minkowski’s inequality, we get

H'uvwﬂ? (‘f) Lp(RLPrl)
2]+1
< / ()| Sup/ |f(x—2(ty), X411 — 0 l— do(y').
sn—1 p

Hence, (19) follows by an application of Lemma 2.2. This completes the proof. [J]

Now, we prove the following result concerning oscillatory integrals:
LEMMA 2.8. Let y,¢ be as in Theorem 1.8. Then

2k+1

_1
/e—i[llllf(f)'f‘lzd’(t)]? gc‘w(zk))h) 2 (20)

2k
with a constant C independent of Ay, A, and k.

Proof. By change of variables we have

ok+1 W(2k+1)

i)+ A0 4 _ it A ()] du

€ € 1 T —1
, t v )y (y= 1 (u))
2k w(25)

where ¢(t) = ¢(y~'(t)). By Lemma 2.4, we have

W(2k+l)
/ e iPautioo)] g, < W(z")C‘w(Z")M

w(2k)

_1
2

Thus, by an integration by parts, we have

2k+l
/ e—iw(mm(m? < w(z")C‘w(z")xl

2k

; <2kwl(2">)

_1
2

< C‘V/(Zk)ll

This completes the proof. [

We end this section by the following result concerning maximal functions related
to the operators in (17):
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LEMMA 2.9. Let y,¢ be as in Theorem 1.8. Let y' € S"~'. Then the maximal
function

okt
My oy (f) (%, Xn41) = sup fk fx=y()y Xy — (1) £ (21)
2
satisfies
My (DN, <ColIFN, (22)

forall 1 < p < e with constant C,, independent of y'.
Proof. For k € 7, define the measure (; by

ok+1

Q&) = [ e i(EYVOrne0)dr.
2k

Then
My .y (f) (x,xp11) = 52P|Hk*f(x;xn+1)| .

Now, Choose a smooth function @ with the properties 8(&) =1 for |£| < 1, and

6(E)=0for |E| > 1. Let 6,(x) = r~"0(%) for r > 0. Define the sequence of measures
Tk by

%(&.m) = M(E,m) = By 06 (&) (0,m). (23)
By Lemma 2.8, we get
_1
(&)l < [w@he-y| 24)
for |y(26)&| > 1.
On the other hand, we have
[&(&m)l < W@ e . 25)

Now, notice that

My ¢y (f) (X, 2041) < (Z|Tk*f()€,xn+1)|2)% + (M @Mp) f(x,xp11)  (26)
X

where My is the Hardy-Littlewood maximal function acting on x-variable and M is
the maximal function in Lemma 2.2 with P is replaced by ¢.
Also,

() (6 Xn1) < My gy () (6, Xn41) + (M @ My) f (X, X011) (27)

where
T(f) (%, X 1) = sup | * f (X, %011 -
k

Thus, by (24)—(27), Lemma 2.2, and a bootstrapping argument as in [2], we obtain (22).
This completes the proof. [l
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3. Proofs of results on singular integrals associated to polynomial mappings

This section is devoted to the proofs of Theorems 1.2 and 1.3.

Proof of Theorem 1.2. Assume that Q € F, (S"!) for some & > 0 and satisfy
(1). Let
M = deg(P) = max{deg(P;),1 < j <d}.

For 1 <l <n,let
M .
)= ajt’.
j=1

Forl1<s<Mand 1<I<n,let

(s) l) = Z aj,ltj7
=1

and
Dy(y) = P (y) @
For each k € Z and 1 < s < M, define the measures O, and [ by

GuE) = [ Q)b e 0iay,
2k<‘y|<2k+l
Lo (§)= [ QO "e M) eay.

2k<‘y|<2k+l
Also, we define o, by
0, f (x) = sup |ty x * f ()]
keZ
It is clear that Oy, = 0 for all k € Z. Moreover,

Toof (x) = kgz Omi* f- (28)

Now,

y).& = Zélyl |y| Z

j=1 j=1

= (25;%%,1) b= 3 (L)) b
I=1
where L; : R" — R" is the linear transformation given by

Lj(é) = (élaj7la-~-a§naj,n)~ (29)



CERTAIN L” BOUNDS FOR ROUGH SINGULAR INTEGRALS 813

Thus,
165k (&) — 6514 (&)
< [ lexp[i((Ls(§)-Y) )] = HIQON |yl " dy < € (2% L&) . (30)
2k<M<2k+l
On the other hand,

6. (E)] < [ Q)] ds(y). (D)

sn—1

j=1

1feXp [—i ( 3 (L;(8) -y’)Z"jﬂ d

By Lemma 2.3, we have

2 s , =1
Jexp [—i ( 2 (L;(8) -y’)zkfﬂ )< |(2&)-v) 2" (32)
J=
By (32) and the trivial estimate
fexp l—i(i (L;(é)-y’)z"fﬂ @<, (33)
1 j=1

we get

feXp [—i ( S (L;() ~y’)2"j>] d

Jj=1

<clo pue]) (o (mgmam) o

which when combined with (5) imply that

“l-a
6.4 (&) <C <1og+ ‘stLs(é)D . (35)
Now, as in the proof of Lemma 2.6, we get
2k+1
dt
losfll, < [ 100)]| (s [ [P0 @x)| T || dow).
S
Sn—l 2k P
Thus, by Lemma 2.2, we get
llos fIl, < Cplll 111, (36)

for all 1 < p < e. Hence, by (30), (35), (36), and Lemma 2.1, the proof is com-
plete. 0
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Proof of Theorem 1.3. Assume that Q € Fy, (S') for some o > 0 and satisfy (1).
Assume also that ¢ (y') = (¢ (/). (pd( ’)) is real analytic on S!. Let P(z) —P1 (1)=
P,(t)=..=P;(t) and that P(z) = Z amt™. For 1 <s <M, let P(t) = 2 amt™.

m=1 m=1

For each k € 7Z, we define

()= [ Q) "eBODeM) gy (37)
2k<|y|<2k+1
B (&)= [ Qo) e BhDe0) Ly, (38)

2k<|y|<2k+1

Let {¢;,,...¢, } be a maximal linearly independent subset of {¢y,...¢,}, where 1 <
(<d,1<ij<dand j=1,..,(. Thus,for j ¢ {if,...,i;}, there exist al/) = (@ji1,..,aj;)
€ R such that

(Pj(y/) —a. (q)il( (Pu Z aj, o(Pz,,

This implies that there exists a linear transformation L : R — R such that
o) E=LE&) o (), EeR?

where ¢ (y') = ((Pi1 ), (y’))-
Now,
[ ()] < 1R 1 (§)] do ()

where
2
I (8) = Jexp [P (21) (L(8)-0 /)] -

By Lemma 2.3, we get

1

1@ < Prat @) o () (39)

By (39) and the estimate }I&k (’g’)} < 1, we get

(log* L&) 0] )
<

| ; (40)
(log™ [2%ka| L (£)])
where L(E) = % By combining inequality (40) and Lemma 2.5, we get
5 + |Hsk —la
6,k (&) < (log" 2%a IL(&)) (4D
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On the other hand, by using the vanishing property of €, we have

|63k (§) — 6514 (E)]
< [ Jexpli(L(8)-@ () as |yl = 11Oy dy

2k<|y|<2k+1

<C aszs"L(é))Sfl QOO G)IIde ()

<C

aSZSkL(é)’ 1, sup 16 ()] < C’a.YZ“'kL(é)‘. (42)
ye

In order to conclude the proof, we only need to prove the boundedness on L? for all
p > 1 of the maximal operator

o7 (¥) = sup |t * f (X))

Notice that

2k+l
o) f (x) < sl;pf\Q(y’)l / fx=P ) o)) %|do(y)
St 2

<Je ()M, f () do (),
where

) 2k+l

MY (F) ) =sup| [ flx=P(0)p () L.
k ok
By Lemma 2.2, we have
[0 <ol “3)

forall 1 < p < e with constant C,, independent of ¢ (y'). By (43) and Minkowski’s
inequality, we get
log fll, <Cpllfll, (44)

for all 1 < p < . Hence, by (41), (42), (44), and Lemma 2.1, the proof is com-
plete. O

4. Proofs of results on singular integrals along surfaces of revolution
This section is devoted to the proofs of Theorems 1.6 and 1.7. We shall start by
the proof of Theorem 1.6.

Proof of Theorem 1.6. Let n > 2,% =(P,,P,,...,P;) where P; : R" — R is a
polynomial mapping for 1 < j <d. Let ¢ be a polynomial on R and that Q € W° (n, &x)
for some o > 0. Let

M = max{deg(¢),deg(P;),deg(Py),....,deg(Ps)}.



816 K. AL-BALUSHI AND A. AL-SALMAN

Let

¢@)=3V bjt/ and Pj(y)= ¥ a;pyP
Bl<M

for j=1,2,...,d. For 1 <s <M, welet 20)(y) = (P;,Psy,...,Pus;) and ¢ (1)

S .
= Y bjt/ where
=1

Pis(v)= Y ajpP, j=12,..d
1Bl<s

We shall set 22 =0 and ¢y =0.
For k € Z and 0 < s < M, we define the measure o on RrH! by

[ fdou= [ f(2U0).0 (b)) Q0 DI ay. (45)

R+l 2k<‘y‘<2k+l
We let 6, be the maximal function

oy f(x)= sup [| 05| * f (x)] - (46)

For 1 <s< M, let ¢; denote the number of multi indices [3 = (B1,B2, -, Bn) satisfying
|B| = s, and define the linear transformation Ly : RY — R’ by

d
L& = (Z ajﬁéj) : (47)
Bl=s

j=

For (£,n) € R" xR, ye S" ! and k € Z, we have

GaEm)| =] [ Q) e &2kl
2y <2k
2
< 3 00 (fos (s eneo)] o
Snfl

Let Ii s (§,m) denote the integral inside the brackets, i.e.,

Lis(&,m) = 1}exp [—i <§,<@(S) (Zky’t) 10 (zkt)ﬂ %
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Notice that
.2 (2) +mo.(21) = 3 10 (257) e (2)

d
2 Eja ﬁ2|ﬁ\k BlyB 4 1, <2k>

=11Bl<s

nbs+ (Z éjajﬁ> y’ﬁ> 2% + (lower powers in r)

~.

( \I3|
(nbs (Z éjajﬁ> y’ﬁ> 25k 4 (lower powers in )
\I3|

Nbs+ L ’g’ ’ﬁ> 5 =S> 25 4 (lower powers in 7).

Que (V) = (1) (ﬂi)ml:s
where (L&) = L& /|L;&]. By Lemma 2.3, we get

s (&) <€ 29118 (|0 (¥) +p (&) (48)

where p (§,1) = \IZZ.% . Thus, by (48) and the estimate |I; (§,7n)| < 1, we have

1+o
) —(14a) 1
|Ik7.y(€7n)’<c(10g+ <2k. |L.v(§\>> <s+(x+log 020, n)’> :

(49)
Since Q € W9 (n, o), Q¢ €V (n,m) and HQ.yg H = 1, we immediately obtain

(14+o)

6, (&.m)] <€ (log" (2°|L8)) (50)

for 0 <s<mand k€Z and (£,n) € R"1,
On the other hand, we have

|6s,k (gan) - aﬂ‘*hk(g’n”
<

d
exp —i<2 > ajg&iyP +bsn ys)] -1
2k [y| <2kt J=1|B|=s
<cC (2’“‘ IL,E |> :

Finally, by an argument similar to that led to (44) and an application of Lemma 2.6, we
get

Q)| [y " dy

llog (Nllg < Cqllfllg (51
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for all 1 < g < eo. Hence, by (50)—(51) and Lemma 2.1, we get T» ¢ is bounded

on L? (R*™!) for p € (32,2 +20) with abound on ||T.4 ||p_p independent of the

coefficients of the P;’s and ¢ . This completes the proof. [J

Proof of Theorem 1.7. We start by the case n > 3. Let
M = max{¢,deg(P,),...,deg(P;)}.

Let PZ,PI(‘), (s) ,and @, 1 <s <M and 1 <1 < d,be as in the proof of Theorem 1.2.
We set P = pO) @) =0. Set ¢ (1) = ¥_ob;t/ with by =0. For 0 <s < M and
k € Z, we define the measure o on R by

J Fdoge= [ F(®s(y),05 (1) Q) |yl ™" dy. (52)
R+l 2k<|y|<2k+1
Set
o; (f) = sup||ogx| * f]- (53)
keZ
Then it follows that
Toof (x) = kZZ Oy * [ (54)
S

In order to conclude the proof, we only need to show that the measures oy ; satisfy the
assumptions (i) and (ii) in Lemma 2.1.
Notice that for £ € R"” and n € R, we have

S

®y(y)-& + 15 (1y]) =2(( V) +bsm) |y

where L; is the linear transformation given in (29). Thus,

16 (&) < [ |Lx(Em)]1Q()]do (v),

S
where ,
L (8.m) = [exp [ (@s(21).& + 19 (21))] 4. (55)
By Lemma 2.3, we get
-1
[k (&) < C 2% L@l py +5] (56)
where
= |Ls (&) Ly (8)
and

8 =min{ (IL.(&)["" [bun] 2) sgn (bum) .
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By (56) and the observation |, (&,1)| < 1, we obtain
, 1\t
[1n(41(p.y) +81)]
[In (2% |L, (&) )]

whenever 2% |L (£)| > 2. Therefore, by the fact that Q € WO (n, 1, ), we immediately
obtain

}Is7k(€7n)| <C

b

|6k (&,1)]
<C[1n<25k|L |)] Snfl Q(y )|[1n(4\<p.y/>+5\—1)}”“da(y/)
C[ln <25"|L |)]71 ¢ (57)

provided that 2°¢|L, (€)] > 2.
On the other hand, it can be easily seen that

cloi, @)l (58)

’6.\',k (5777) - 6.\'71,/6 (5777)’ <

By (57), (58), the boundedness of the maximal functions o, on L? forall 1 < p < e
(which follows by Lemma 2.6) and Lemma 2.1, the theorem is proved for the case
n>=3.

Now, the proof of the case n =2 follows by minor modification of the correspond-
ing proof of the case n > 3. In fact, by adapting the argument in ([7], p. 167,168), we
can show that the estimate (57) holds provided that Q € F, (S"‘l) O

5. Proofs of the result concerning convex functions

In the following, we give a sketch of the proof of Theorem 1.8.

Proof of Theorem 1.8. Let w,¢,¢(t), and Q be as in the statement 1.8. For k € Z,
define the measure oy, using Fourier transform, by

G Em = [ Q)| e S vby oDl gy
2k<|y|<2k+1
Then it follows that
Ty (f)(%Xn11) :kgzgk*f(x’x"“)' (59)

By Lemma 2.8, we have

Gl < [roe" (Jwehe[)] " (60)
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On the other hand, by making use of the cancellation property of Q on S"~!, we can
show that

6 (&.m)| < log™ [ w2 e 61)

Now, let 6* be the corresponding maximal function
0" f (X, Xn41) = sup oy | f (x)]-
keZ

It can be easily seen that

0" f(x,x011) < fl Q) [ My, (f) (X, %011)do () (62)
e
where .
2'+l
My .y (f) (x7xn+1)=Slllcp {f(x—w(t)yﬁxnﬂ—fb(t))% : (63)
2

In order to finish the proof, we only need to prove that ¢* is bounded on L for all
1 < p < oo. In fact, by Lemma 2.9, we have

[My.9 (D), <Colif, (64)

forall 1 < p < e with constant independent of y'. Thus, by (62), (64), and Minkowski’s
inequality, we get
lo*fll, <Cplfll, (65)

for all 1 < p < eo. This completes the proof of the boundedness of 6* and hence the
proof of the theorem. [

6. Further results

In this section we highlight some of the results that can be obtained using the
estimates obtained in the previous sections. Namely, we consider the truncated maximal
operators corresponding to the operators stated in the paragraphs (I), (I), and (IIT) in the
introduction section. The truncated maximal operators corresponding to the operators
in (9), (11), and (17) are given, respectively by

)

(Za.0)"(f)(x) = sup

e>0

J. QU@ m)ay

(Z@.0f)"(f) (X, Xn11) = sup

>0

[, 100 ma s (D) bl

and

(gvm)f)*(f) (X,X41) = sup

>0

/M» fE=y DY xn—o () Q) y"dyl.

Our results concerning these operators are the following:
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THEOREM 6.1. Suppose that Q € Fy, (Sn_l) for some o > % and satisfy (1). Sup-
pose also that ® (y) = P (|y|)®y' is as in (10). Then (To.0)* is bounded in LP (RY)
for pe (%igg ,2420). The L? bounds of (Fa.e)* are independent of the coefficients
of the polynomial mappings P;, 1 < j <d.

THEOREM 6.2. Suppose that Q € Fy (Sl) for some o > % and satisfy (1). Sup-

pose also that PL(t) =P, (1) = ... =P;(t) =P () and (') = (01 (/) ,...04 (/) is
real analytic on S'. Then (Jo.e)* is bounded on LP (Rd) for pe (%igg,Z—FZa).

THEOREM 6.3. Let n > 2, ® = & be a real valued polynomial in n—variables,
and ¢ be a real valued polynomial on R with ¢(0) = 0. If Q € WO (n,a) for some
o> % then the operator (o ¢ f)* is bounded on LP (R"™1) for p € (%,24—2&).
Moreover, the LP bounds are independent of the coefficients of ¢ and 2.

THEOREM 6.4. Suppose that ®(y) = P(|y|) ®y" where P(t) = (P\(t),...,P4(t))
is a polynomial mapping. Suppose also that ¢ is a real valued polynomial on R.

(i)Ifn=2, and Q € F (S”’l) Sfor o > % then (Jo.¢f)* is bounded on LP (R3)

242

for pe (1123724—20{).

(i) If n >3, and Q€ WO (n,1,0), then (T f)* is bounded on LP (R™™) for
pe (E5%.2+2a).

In both (i) and (ii), the LP bounds on the operator norm are independent of the

coefficient of ¢ and P;.

THEOREM 6.5. Let W, € C'[0,00) be convex increasing, y(0) = ¢ (0) = ¢’ (0)
=0, and y' (0) #0. Let ¢(t) = ¢(y~'(¢)) and assume that ¢’ is convex and increas-
ing. If Q € Fy (S"’l) for some o > % and satisfies (1), then (Zy.f)" is bounded on

L? (R™) forall p € (£5%,2+2a).

It should be noticed here that proofs of the above results can be constructed by
using the same estimates obtained in the proofs of the corresponding results in Sections
3, 4, and 5, and adapting a similar argument as in [2] (see also [12]). We omit the
details.
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