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n
Abstract. Let (g,,),,f)n (z) =z+ X buZ"' be the sequence of partial sums of generalized
m=1
(/o™

and x :=
mi(K),

and normalized Bessel functions g,p(z) =z+ X bu"'! where b, =
m=1

p+(b+1)/2#0,—1,-2,.... The purpose of the present paper is to determine lower bounds

8pbeld (8pc),(2) peld) (8pc) @) .
for R { (CTANE] }7 9?{ AR EREE R PRIE and R AV E Further we give

lower bounds for R MLKZEZ)} and R { %} , where Alg, | is the Alexander

(A[gp.bm])n

transform of g, .

1. Introduction and preliminary results

Let o7 denote the class of functions f normalized by

f@)=z+ iamz’" (1.1)

m=2

which are analytic in the open unit disk % = {z: |z| < 1} and satisfy the usual normal-
ization condition f(0) = f’(0) — 1 =0. Let . denote the subclass of </ contains all
functions which are univalent in %/ . Also let .*(o), € () and # (¢t) denote the
subclasses of o7 consisting of functions which are, respectively, starlike, convex and
close-to-convex of order o in % (0 < o0 < 1).

The Alexander transform A[f]: % — C of f is defined by

Alf](z) =/@d:=z+ i %’”z’". (1.2)
0

m=2

We consider the following second-order linear homogeneous differential equation
(see, for details, [16] and [2]):

2w'(2) +baw'(2) + [e2® = p? + (1= D)p] w(z) = 0 (1.3)
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where b,c,p € C.

A particular solution of the differential equation (1.3), which is denoted by w), 5 -(z),
is called the generalized Bessel function of the first kind of order p. In fact we have the
following series representation for the function wy, ; .(z) :

Wpbe(2) = i % <£>2n+p (ze©), (1.4)

= nT(p+n+2t) \2

where I'(z) stands for Euler gamma function. The series in (1.4) permits us to study
the Bessel, the modified Bessel and the spherical Bessel functions in a unified manner.
Each of these particular cases of the function w),; .(z) is worthy of mention here.

e For b =c =1 in (1.4), we obtain the familiar Bessel function J,(z) defined by
(see [16] and [2]):

hind —1)" z 2n+p

e For b= —c =1 in (1.4), we obtain the modified Bessel function /,(z) defined
by (see [16] and [2]):

had 7\ 2n+p
—_— C). 1.6
g‘ 'Fp+n+1)<2) (2€C) (1.6)
e For b—1=c=1in(1.4), we obtain the spherical Bessel function S,(z) defined

by (see [16] and [2]):

> —1)? 2n
SP(Z):VZE)WE’%%(%) v (ZE(C). (1.7)

We now consider the function g, 5 -(z) defined, in terms of the generalized Bessel
function w,,  .(2), by (see [8]):

b+1

8pbe(®) =2T(p+ =)z 2w, (V2). (1.8)

By using the Pochhammer (or Appell) symbol, defined in terms of Euler’s gamma func-
tions, by (), =T(A +n)/T(A) = A(A +1)...(A +n— 1), we obtain the following
series representation for the function g, ; -(z) given by (1.8):

Sppcd) =24 Y, b (1.9)

m=1
where by, = (r;f('/,j))'" and k:=p+(b+1)/2£0,-1,-2,....
For further results on this relative g, .(z) of the generalized Bessel function
wp7;,7c(z), we refer the reader to the recent papers (see, for example, [2, 3, 4, 5, 6, 8, 9]).
In this note, we will examine the ratio of a function of the form (1.9) to its sequence

n
of partial sums (gpp.c), (z) = X bu™"! when the coefficients of g, . satisfy some
m=0
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conditions. We will determine lower bounds for R { (”"L(Z)} %{M

gp.b‘c)n(Z) gp,lxr(z) ’

2 2) (8p.c).(2) Algppel() (Algpadl), (@)
SR{(gp’,h,f)ﬁ,<z>}’ EK{ 8pp.c(2) R (Alg,ih,A)n@ and R\ Tyt [ Where

Algpp.c] is the Alexander transform of g, ..

For various interesting developments concerning partial sums of analytic univalent
functions, the reader may be (for examples) refered to the works of Brickman et al. [7],
Lin and Owa [10], Orhan and Gunes [11], Owa et.al [12], Sheil-Small [13], Silverman
[14], Silvia [15].

LEMMA 1.1. If the parameters b,p € R and c € C are so constrained that Kk >

M , then the function

8phe: U —C
given by (1.9) satisfies the following inequalities:
(i) If k> & then

8K+ |c|
8k — ||

lgpp.e(z)] < (ze%),

(ii) If x> |° % then

dk(x+ 1)+ (k+2)|c| (cew)
] ’

€3] < k[4(k+1)—|c[]

(iii) If x > & then
[Aleped@)| < o (€ %).
Proof. (i) By using the well-known triangle inequality:
|21 + 22| < |z1| + |z2]
and the inequalities
m!=2m (), > k" (meN={1,2,..}),
we have

c/4

e
|8pe(@)] = <1+ Z ol (x),,

z+2
:1+Mi ﬂ "
4 =\ 8k

_ 8Kk +|c| K>H
8k —|c|’ 8 )
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(i1) Suppose that k¥ >
lowing inequality:

ICI; 27 by using well-known triangle inequality and the fol-

2ml (k4 1)1 = (m+1)(x+ 1)1 (meN),

we get
& m—|—1 c/4) & m—l—l)\c\m
’g;Lbc | = |1+ Z ) 1+ 2 m[4m

m=1 m m=1
_ \C\ (m+1) e[ ICI ICI "
B 2 2ml4m=1(k+1),,_ 1\ 2 4(k+1)
_4;<(1<+1) (k+2)lc] <;<> | —4 )

K[4(x+1)—|c|] 4 '

(ii1) In order to prove the part (iii) of Lemma 1.1, we make use of the well-known
triangle inequality and the inequalities

(m+1)! >2" (x),, = " (meN).
‘We thus find

oo |m

o _ m
74 2 (—c/4) < |

[Algpodl(2) i, | S 2 e,

8K |c]
k>—|. U
8K —c] ( g 8)

2. Main results

THEOREM 2.1. If the parameters b,p € R, ¢ € C and, xk =p+ (b+1)/2 #

\Cl

0,—1,-2,... are so constrained that K > =, then
w{ Specl@) | 8K=3ld g 2.1)
(gpac), (2) 8k —|c
and ( )
8pibe), (2) 8Kk —|c|
R L > ZEU). (2.2)
{ 8pb.c(2) } 8%+ |c] ( )

Proof. We observe from part (i) of Lemma 1.1 that

i 8K+ |c
1+2\bm|<8 i
m=1

= le|’
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which is equivalent to

IC\

Y bl <

m=1

where b,, = e

m!(x),,

Now, we may write

—lel | gppel@)  8x—3|c|
2lel | (8pbe), (@) 8K —c]

IS b+ S b

L+30 by

1+A(z)
1+B(z)

Set (1+A(z))/(1+B(z))=(1+w(z)) /(1 —w(z)), sothat w(z) = (A(z) — B(z)) /
(2+A(z) +B(z)). Then

2\c|6|zz n+lbmz
2+22m 1bm™ +8

—|el
2‘L Zm n+lbmZ

and

8
W)l < S St 1ol

X » g - .
2-255 1 lbul — BT S bl

Now |w(z)| < 1 if and only if

K—|c|

S lbul<2- 22\b|

‘ ‘ m=n-+1

which is equivalent to

n 8K — oo
S o+ S5l S <

(2.3)
m=1 2‘C| m=n+1

8Kk —|c| oo
;lCIL‘ m=1 |bm‘7

which is equivalent to

8k —3c| <
20

2 |bm‘

m=1
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To prove the result (2.2), we write

8k +c| | (8pbe), (&) Bk —|c]

2|C| 8p.b, C(Z) 8K+ |C‘
L+ 3, b — 8§|clc‘ 2p=nt1bm?"
- L+30 by
14 w(z)
1—w(z)

where

8K+|c
S S [Pl
w(z)] < " 8K—3[c] <l
2_221m:1 ‘bm| 2|L zm n+1 ‘b |

The last inequality is equivalent to

=

/! 8K —|c
> b+ ! S |bw <1 (2.4)
m=1

2|C| m=n+1

Since the left hand side of (2.4) is bounded above by SEICM Yooy |bm|, the proof is
completed. [

THEOREM 2.2. [If the parameters b,p € R, ¢ € C and, xk =p+ (b+1)/2 #

0,—1,—2,... are so constrained that

3| —4+41/9|c|* +8|c|+ 16
>

8 )

then

g;),b,c(z) 4K(K+1)—(3K+2)‘c‘
EK{ (8pie), (2) } ST CES ] (zew), (2.5)

and

(g JLC);(Z) K[4(c+1) —|c|]
SR{ ;;,h7c(z) }>4K(K+l)+(;(+2)|c (ze%). (2.6)

Proof. From part (ii) of Lemma 1.1 we observe that

- Ax(k+ 1)+ (k+2)]c|
1_|_2(m+1)‘bm|< Kd(x+1)—|c|]]

m=1

which is equivalent to
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(=c/4)™
m!(K)ITI :
Now, we write

where b,, =

KA+ D) —lel] | 8peld  dx(k+1)— (3x+2)]c|

2(k+1)]c] (gp.bc)/ (z) K[4(k+1)—|c]]
LS (e Db+ RS Dby
B 1+ 2m=1 (m + l)bmzm
1+ w(z)
S l-w(2)
where
L S O+ D ol
c m=n+1
‘W(Z)| < 2(k+1)|c| +

n 1) =
2=255y (me+ 1) b — BEE S (m 1) I

The last inequality is equivalent to

y KA+l —lef] §
,ngl(mﬂ)‘b’"” 2(k+1)c| m:%l(mﬂ)lbm\gl. 2.7)

It sufﬁces to show that the left hand side of (2.7) is bounded above by W

o (m—+1)|by|, which is equivalent to

4k(xk+1)— (Bx+2)|c|
2(k+1)]c]

D, (m+1)|bw| >0

m=1

To prove the result (2.6), we write

(D4 (c+2)[e] [(8poe)n (@ k[d(x+1) —|e]

2(x+1)|c| 8pp.c(2) dx(k+1)+ (K+2)|c|
_ 14w(z)
1—w(z)’
where
4K(K+l K'+2‘ ‘z (m+1)‘b ‘
c 1 m
|W(Z)| < 2(k+1)|c| m=n+

2 =250 (m+1) || — HGE2N 5 (1) [

The last inequality is equivalent to
d K[4(k+1) — [e]

2 (m+1)|bp| +

2(k+ 1) > (m+1) by <1 (2.8)
m=1

m=n+1

Since the left hand side of (2.8) is bounded above by % o1 (m+1)|bm|,
the proof is completed. [
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THEOREM 2.3. [f the parameters b,p € R, c € C and, xk =p+ (b+1)/2 #

0,—1,—2,... are so constrained that K > lf‘—'|, then

ER{ (A[gmc](Z) } S 8822l e, (2.9)

A[ngLc])n(Z) 8K — |C‘

and

(A[gp,b,c])n () 8K — |c\
9{{ Algpp.cl(2) }> 8K (ze?), (2.10)

where Alg, ] is the Alexander transform of g, p.c.

Proof. We prove only (2.9), which is similar in spirit to the proof of Theorem 2.1.
The proof of (2.10) follows the pattern of that in (2.2).
We consider from part (iii) of Lemma 1.1 that
8K
= m —|— 1 8k — |c|’

which is equivalent to

\C|
z‘m—i—l ’

where b,, = (r;!‘('{f))m.

We may write

—le[ | _Algppe(z)  8k—2|c]
el [ (Algpacl), (i) Br—Id
b by

1+Zm lm+1Z + 2|CC\ Zm n+1 m+1z

b
1+ g

1+ w(z)
1—w(z)’
where
8Kk —|c| oo lb_mzm
c m=n+
w2l < - Ilbm e \:\M ol ST
2— sz 1 m+1 zm =n+1 m+1
The last inequality is equivalent to
2o 0b 8K — i b
= mt |c] o ym+1

It suffices to show that the left hand side of (2.11) is bounded above by SK‘;‘M Y1 %7
which is equivalent to

8k —2
T St O
m

m=1
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2.1. Bessel functions

Choosing b= ¢ =1, in (1.3) or (1.4), we obtain the Bessel function J,(z) of the
first kind of order p deﬁned by (1.5). Let ¢, : % — C be defined by

Ip(2) =2T(p+ 1)11_7Jp(\/2)~

‘We observe that

J_12(2) =zcosvz, F1)2(2) = Vzsinyz, F3)(2) = 3sin vz —3c08/Z.

7
In particular, the results of Theorems 2.1-2.3 become:
COROLLARY 2.4. The following assertions hold true:
(i)If p > —%7 then
Iz } S 8p+5
Z €u), 2.12
{(/p) (2) 8p+7 (ce?) (2.12)
" (Ip), (2 _ 8
P/n < p+7
9‘{ Fn2) }>8p+9 ew). (2.13)
(ii) If p> =23 ~ —0.40693 then
(@) 4p+9p+3
X = ), 2.14
{(fé)n(Z) 4p2 4+ 11p+7 (c€#%) (2.14)
and ( )
I, @) _ apr+11p+7
9‘{ 70 [Zarrpenn €7 (2.15)
(iii) If p > —32, then
A[Zpl(2) } 8p+6
X > cU), 2.16
{(A[/p])n(Z) 8p+7 (ze?) (2.16)
" (A7), @) _ 8p+7
Pl)n < P+
%{ ALAIG) }>8p+8 (ze @) (2.17)

REMARK 2.5. For p = —1/2 we get #_|(z) = zcos/z, and for n =0, we
have (_7_1/2),(z) =z, so,

(ze), (2.18)

R{cosyz} > %

and 3
R{1/cos\z} > >3 (ze). (2.19)
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REMARK 2.6. If we take p =1/2 we have _#|/5(z) = \/zsin/Z and /l’/z(z) =

w and for n =0, we get (_#1/,),(z) =z, so,

sin4/z 9
> — = .
ER{ > }/11 0,82 (ze), (2.20)
vz 11
> — = .
%{Sinﬁ > 5 ~0.85 (z€ ), 2.21)
sin/z 34
> — =~ .
9{{ 5 eos z}/27 1,26 (z€ %), (2.22)
and Y
Z 27
> — = . .
iR{sin\/ﬂ—\/Zcos\/E}/M 0,36 (%) (2.23)
REMARK 2.7. For p=3/2, we have _#5)a(2) =3 (252 2). Siple) =
%(c—oszﬁ—k (= I;Hﬁ> and (jg/z)o(z) = z. Hence,
siny/z  cosy/z
R — =~ 0,30 w 2.24
{IE_ s Tron Gew). 2.24)
W/z 19
ER{sm\/_ \/Ecosx/—} #271 ee®), (229
cos\/E (z—1)siny/z
9{{ - 7 —195~0,52 zew), (2.26)
and Y
/2 195
> — = . .
SR{\/Zcos\/i—l—(z—l)sin\/E}/158 1,23 (ze?) 2.27)

2.2. Modified Bessel functions

Taking b =1 and ¢ = —1, in (1.3) or (1.4), we obtain the modified Bessel function
I,(2) of the first kind of order p defined by (1.6). Let the function .#, : % — C be
defined by

Fp(2) =2'T(p+ 1) 11 (1/2).
We observe that
3sinh
I_12(z) = zcoshy/z, S )5(z) = V/zsinh\/z, H3),(z) = 3coshy/z— %z\/z

The properties of the function .#, are the same like for the function ¢, because in
this case we have |c| = 1.More precisely, we have the following results.
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COROLLARY 2.8. The following assertions are true:
(i) If p> —%, then

Ip(2) 8p+5
EK{(fp)n( )} sp17 €% (2.28)
" (), 8
p)p\Z p+7
EK{ Ip(2) }>8p+9 (ce#). (2.29)
(ii) If p > =253  —0.40693 then
7p(2) 4p*+9p+3
P
ER{(L;f,;)n(z)}>4p2+11p+7 (ze), (2.30)
and ( )
jI; n(Z) 4p>+11p+7
EK{ Ip(2) }>4P2+13p—|—11 (zc%). (2.31)
(iii) If p > —3, then
AlA](2) } 8p+6
EK{(AWP])H(Z) Z3pr7 €Y (2.32)
and

EK{ (A7), (@) } S8 can. (2.33)

Al (z) |~ 8p+8

REMARK 2.9. For p = —1/2 we get ¥_,5(z) = zcosh/z, and for n =0, we
have (#_1)5),(2) =2, s0,

R{coshyz} > = (z€%), (2.34)

b.)l»—

and

Ullb.)

R{1l/coshyz} > < (ze%). (2.35)
REMARK 2.10. If we take p=1/2 wehave .7 j5(z) = /zsinh\/Z and 7] , (z) =

SIVELVEONE and for n =0, we get (S12),(2) = 2 so,

m{smhz\/z} 19—1~o 82 (ze%), (2.36)

7
Mz

} E~o 85 (ze ), (2.37)
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{s1nh\/_+cosh\/_} —Nl 26 (ze%), (2.38)
Vz
and y .
Z
%{Slnh\/_—k\/zc()s,h\/’} 732036 (ze%). (2.39)

REMARK 2.11. For p=3/2,wehave %5 (z) = (cosh Jie smh\/'> S a0 =
% ((1+z sinhyz coslzl\/—> and (f3/2)0(z) = z. Hence,

Wz
SR{cosh\/z smh\/—} 17 030 (cew), .40,
Z z\/_
2z 19
SR{\/zcosh\/_smh\[} = ~271 (2€%), (2.41)
(1 + Z) sinh \/E cosh \/_ } 102
SR{ N z 195 ~0,52 (z€%), (2.42)

and 7
2\/z 195
> — = . .
9t{(l-FZ)Sinh\/z—\/ECOSh\/E} ~ 158 1,23 (ZE%) (243)

2.3. Spherical Bessel functions

If we take b =2 and ¢ =1, in (1.3) or (1.4), we obtain the spherical Bessel
function S, (z) of the first kind of order p defined by (1.7).

COROLLARY 2.12. Let S, : % — C be defined by

Sp(2) =27 T(p+1)2' 5, (v/2).

Then the following assertions are true:
(i)If p> —%7 then

Sp(2) 8p+9
EK{(S:)"(Z)} Z 8t 1l (ce#), (2.44)
and
m{(SSp:zz()Z)} - Zii E (ce?). (2.45)

(if) If p > =353 &~ _0.90693 then

S)(2) 8p2+26p+17
R =5 > eu), 2.46
{(S;,)n(z)} spP30p 2 €Y (2.46)
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and

ER{ (S;,)n(z)} _ 8P +30p+27 ce?).

S),(2) 8p?+34p+37

(iii) If p > —3, then

A[Sp](z) 8p+10
m{(A[S:}%(Z)}) spril C€Y)

and

EK{(A[Sp})n(Z)}> 8p+11 cew).

T 8p+12

3. Illustrative examples and image domains

875

(2.47)

(2.48)

(2.49)

In this section, we present several illustrative examples along with the geometrical
descriptions of the image domains of the unit disk by the ratio of Bessel (modified
Bessel) function to its sequence of partial sums or the ratio of its sequence of partial

sums to the function which we considered in our remarks in section 2.

EXAMPLE 3.1. The image domains of fi(z) = cos\/z and f>(z)

shown in Figure 1.

Figure 1.

= sz are
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EXAMPLE 3.2. We present the image domains of f3(z) = 325, f4(z) = —&

and f5(z) = Si‘\l/—‘z/z -+ cos+/z in Figure 2.

fs(z)

fz) fal2)

Figure 2.

EXAMPLE 3.3. We have the image domains of fg(z) = sinye COSZ‘/E and f7(z) =

%\/E + w in Figure 3.
0.2+
felz)
W L] 02 04
42
Figure 3.

EXAMPLE 3.4. The image domains of f3(z) = m, Sfo(z) = %ﬁ +cosh/z

and fi0(z) = 5 Sinh\zf‘szﬁcoshﬁ are shown in Figure 4.

1
fiolz) folz)

Figure 4.
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