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UPPER AND LOWER BOUNDS FOR THE p-ANGULAR
DISTANCE IN NORMED SPACES WITH APPLICATIONS

S. S. DRAGOMIR

(Communicated by J. Pecaric)

Abstract. For nonzero vectors x and y in the normed linear space (X, ||-||) we can define the
p-angular distance by
. —1 1
oty y] = [l x= )P

In this paper we show among others that
p—1 p—1 p—1 p—1
5 [t = = el = (=" 4 1) =
g ap [xvy}
< 1 p—1 p—1 p—1 p—1
< [P = P Tyl (el D1 )l =l
for any p € R and for any nonzero x,y € X.
Some reverses of the triangle and the continuity of the norm inequalities are given as well.

Applications for functions f defined by power series in estimating the more general “dis-
tance” || f (||x]|)x— £ (|[y]|)y|| for certain x,y € X are also provided.

1. Introduction

Following [3, p. 403] or [12], for nonzero vectors x and y in the normed linear
space (X, ||-||) we define the angular distance o [x,y] between x and y by

ofx,y] = ‘

v il

In 1958, Massera and Schiéffer [12, Lemma 5.1] showed that

2|lx—yll
ey < ———Fr—= o (1.1)
max {{|x][, [[v[|}
which is better than the Dunkl-Williams inequality [6]
4llx—yl
ofx,y] < ————. (1.2)
([l + Iyl
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We notice that the Massera-Schdiffer inequality was rediscovered by Gurarii in [7] (see
also [13, p. 516]).
In [10], Maligranda obtained the double inequality (see also [11]):

[ = 3l = [l = Iyl

[ =yl (1]l = [Iy1l|
: : (1.3)
min {{|x][, [[y][}

max {||x||, |¥I|}

< ofr,y] <

The second inequality in (1.3) is better than Massera-Schiffer’s inequality (1.1).

In the recent paper [10], L. Maligranda has also considered the p-angular dis-
tance

—1 —1
ot ] 1= || IblP " x = Iyl

between the vectors x and y in the normed linear space (X, ||-||) over the real or com-
plex number field K and showed that

op [, 3] < [lx =y (1.4)

X p P .
(2= p) TR P € (—,0) andxy £0;

2—p)—L __— if 1 ;
x4 C=p) e fpel0 1] andxy #0;

—1 .
p - fmax {{lx[|, Iyl[}]” if pe(1,0).
The constants 2 — p and p in (1.4) are best possible in the sense that they cannot
be replaced by smaller quantities.

As pointed out in [10], the inequality (1.4) for p € [1,0) is better than the Bour-
baki inequality obtained in 1965, [1, p. 257] (see also [13, p. 516]):

ot [x,y] < 3p =yl Ilxll + 117", xy € X. (1.5)

The following results concerning upper bounds for the p-angular distance have been
obtained by the author in [5]:

op [x,y] (1.6)
1 1
[l = y[| fmax { L[], [[y[}]"~ ‘IIXII” = [IyI”~ ‘mm{IIXII [yII}
if p e (1,00);
B ‘ 1-p 1_p‘m'n{ [ 7 ¢ }
< q g IR = I U7 e
ifpe0,1];
= e i ,
= — — — S _0070 )
(ming] ][y} =7 max{ =Pl vl Pl P el )




UPPER AND LOWER BOUNDS FOR THE p-ANGULAR DISTANCE 949

and
otp [x,y] (1.7)
. —1 —1 -1
[l = y[| fonin { [lx[|, Iy [ }}” <+MMW’ = yII” ‘HMXHMHwﬂH
if p € (1,00);
=yl ‘ 1-p l—p‘ma { [ 7 ¢ }
< Tt = REIENFIE
ifpel0,1];
e—y] 1 Y i ,
— N — — — — 6 _0070 )
b T e P P PPy P € (0)

for any two nonzero vectors x,y in the normed linear space (X,|.||).

The upper bounds for o, [x,y] provided by (1.4), (1.6) and (1.7) have been com-
pared in [5] to conclude that some of the later ones are better in certain cases. The
details are omitted here.

Finally, we recall the results of G. N. Hile from [4]:

[xll” = fivll”

o =l (1.8)
[l = [l

a[’ [xhﬂ <

for p € [1,e0) and x,y € X with [|x|| # ||y||, and

[xll” = l1” -l =l
[ 1

for p € [1,e0) and x,y € X \ {0} with |lx]| # ||y||-

For other norm inequalities, see [8], [9] and [13].

In this paper we establish some new upper and lower bounds for the p-angular
distance. Some reverses of the triangle and the continuity of the norm inequalities are
given as well. Applications for functions f defined by power series in estimating the
more general “distance” || f (|[x||)x — f (||y||) || for certain x,y € X are also provided.

(X,p,I [xvy} < (19)

2. Some preliminary results

For a pair of scalars (y,8) € K? we can introduce the following (y, B)-angular
distance dy g : X2 — [0,0) given by

diypy 16y = [y — Byl @.1)
When y = Hpr_l and f = ||y||p_1, then we have
(o1 o1y Bod] = 0p [,

for p e R.
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In [5] we have shown that, for any (7, ) € K? and x,y € X we have the following
upper bounds for the (¥, 3)-angular distance:

dyg) be,y] < [lx = yllmax{[v],|B} + [y — Blmin{|lx], [[y[|} (2.2)

and
d(y.p) [x,] < [lx—y[[min {|y],[B]} + [y — Bl max {|lx[|, [ly[|} (2.3)

respectively.
By adding these two upper bounds we have the symmetrical bound

Mikald IIXH+HyH
PB4 -l
We also proved in [5] that the following lower bounds may be provided as well:

[lx =yl min {|y], B[} — [y — Blmin{[lxl|, [y} < d(y.p) [x,] (2.5)

dyp) [x,y] < [lx=yll- (2.4)

and
[[x = yllmax {|y], B[} — [y — Blmax {|lx[|, [y} < dp) 5] (2.6)
and, by addition

I |Y|+\ﬁ\ HXII+||yH

[lx =yl —lr=Bl-

We provide now some different upper and lower bounds for the (7, B)-angular
distance:

Sdyp) [x.y]-

LEMMA 1. Forany (y,B) € K? and x,y € X we have the inequalities

1
5 1y =Blllx+yl = ly+Bllbe =yl 2.7)
<d(y,ﬁ) [x,y}
1
< 5 Iy =BllPx+yll+ly+Blllx =]

Proof. We observe that for any (y,) € K? and x,y € X we have the key equality

x+y +
By=(-p 2 T ey,
Utilising the triangle inequality we have
x+y +
R e el
x+ +
<H<y— 2l

[l =yl

x+yH 7+B
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and the second inequality in (2.7) is proved.
Utilising the continuity inequality of the norm, i.e., ||u —v|| = |||u|| — ||v]|| we also
have

8ol = -85 - 2L -

U N

WV

o]

= ||y Bl

x+yH Y+ﬁ

e
and the proof is complete. [J

COROLLARY 1. Forany (v,B) € K? and x,y € X we have the inequalities

1 1
iy )= 3 17—l < S+ Bl

1 1
iy )= 5 17+ Bl 1] < 3 =Bl

REMARK 1. We observe that the upper bound for d(, gy [x,y] provided by (2.7) is
better than the one provided by (2.4).

3. New bounds for the angular distance

We can state the following result providing upper and lower bounds for the angular
distance:

THEOREM 1. Forany nonzero vectors x and y in the normed linear space (X, ||-||)
we have

1
0 < s max {||x+ || [||lx — yll = [[lx]| = [Iy[I]], 3.1)
21y 1]
el = Myl Tl I (el = fle =+ 11T}
1
< s (A (D) [loe =yl = [1x[T = [yl T+ pll]
2|yl 1l
< afx,y]
1
< s U= I e+ il =+ (el v ID T = pll]
21y 1]
1
< s min{([lx|| + [y [|) [[[lx]| = Iy [l] + e = y1I],
21y 1]

e = Yl Tl 4 {1 = el + [T} -
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Proof. If we take Y= - and B = 1= (in 2.7) then we get

[Eq] Il
1 1
E'M y||"' = ‘n || y||"' y‘
< ofx,y]
<5 g7 - o ot g+ o o1
] kA

which is equivalent with

o
2||y|| x|
alx, y}

S 3k IIH H (el = (1T 1+ =+ Cllell = Jy 11 e = w11 -

el = 11T Te 31l = Uy I el e = 1]

We notice that, by the triangle inequality and by the continuity of norm inequality we
have

[l = 1l I = Cllw I+ lled) = i
= ([[yll 4+ 1x[1) ] =yl = [llxll = (vl }x+ y]l = O
We also have
(Il {1 = Y 1E= Tl = I HIx+ ]
= x4+ {llx =yl =[x = [I[[[] = 0
and
(I 1) 1 = Y 1E= el = [ 1HIxe+ ]
2 |[|x[] = [y [ Iyl {1l = [lx+ ][] =0
which implies that

(I el e = 1= llell = I+ ¥l
2 max { ||+ [llx =yl =[xl = [,

[ el = IV I+ el = fle 41173
> 0.

These prove the first three inequalities in (3.1).
We also have that

[l = I e+ 1 el 4 L[ e =l
< el = A 1D TPl = T e = 11
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and

[lell = [0l 4 11 =+ Cllell = 1) [l = vl
< e =yl 1+ el + 11

which implies that

[lell = I3l 11 = Cllell = 10 fle =
< i { (el - Ly (1) [Tell = 1yl =+ e =yllT
[l =yl TP+ 1+ [l + [T

and the last part of (3.1) is proved. [J

PROBLEM 1. Itis an open question for the author whether or not the upper bound
for the angular distance provided by the inequality

ofx,y] < [Hell = Tyl 4+ Cllelf 4+ Q[ e = 1]

1
2y [H el

is better than the one in (1.3). The same question applies for the lower bound.

4. Bounds for the 2-angular distance

The case p =2 in the p-angular distance is of interest. It generates the 2-angular
distance which has the expression

0 [x,y] = [[[|x]| = [l [l ¥l 4.1)

and can be defined for any x,y in a normed linear space.
We observe that from Maligranda’s result (1.4) we get the upper bound

0 [x, y] < 2max{ x|, [[y[|} [l — vl (4.2)

while from Hile’s inequality we have

0 b, ] < (x| + (11 [be = ¥l (4.3)
for any vectors x and y in the normed linear space (X, ||-|).
e o+ I
x|+ ly
FERL < max (] 1}

then (4.3) is a better inequality than (4.2).
Moreover, if we employ (2.2) and (2.3) for y = ||x|| and B = ||y||, then we get

0 x, y] <l =yl max {{lx]|, Ly [1} -+ []elf = Ly [T min ], 1vI]}

and
o [x,y] < [lx = yl[min { |||, [y [} + [[lx]] =[] max {flx]|, [[y]]}
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implying that
o [x,y] < min { [lx — y{[max {|lx[|, [y[|} -+ [[}x]] — [/ min {[|x]|, [[y[|},

(e = ylfmin lel] 113+ el = [T max {{lx]l L[l 3}

for any vectors x and y in the normed linear space (X, ||-||).
Since

e = ylfmax {{|l] , [[yI1} + [l — [y oin {1 flv[]}
< e =yl fmax { ]|, ly[[} + min {lx]], |y }]
= [loe =yl (Il + 1)

we can conclude that (4.4) is better that Hile’s inequality (4.3).
Now, utilizing (2.5) and (2.6) we also have the lower bounds

min {{xl[ [y} (e =yl = il = [Iy1] < o2 [x,y]

and
max { ||x[|, [y [} [[lx =yl = [llx]l = [[¥ll] < o [x,y].

4.4)

(4.5)

(4.6)

Obviously (4.6) is better than (4.5) and produces the following reverse of continuity of

norm inequality

1

max (Tl o7y 2P

0 < e =yl = [llxll = Iyl <

that holds for any nonzero vectors x and y in the normed linear space (X, ||-|).

4.7)

THEOREM 2. For any vectors x and y in the normed linear space (X,||-||) we

have

0 < max {{}x+ | {llx =yl = {[lxll = [yl
el = I LA+ el = e+ 11T}
(I TR e = = Hlell = T T+

<

<

< el = I e 314 Cllelf =+ DI e =

< mmin { ([l - (L[] [ el = [yl e =yl
e = I+ 1 [l + [ I1T-

Proof. If we take y = ||x|| and B = ||y|| in the inequality (2.7) then we get

1
5 Ml = e 311 = Cllell A fle =l

< o [x,y]

1
< 5 el = I e -1 Cllell =+ [0 fle = 1l

(4.8)
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which is equivalent with (see the proof of the above Theorem 1)

| =

5 Ll Iy A0 e = 1= flell = Ay e+ 11

< o [x,y]

1
< 5 el = I e -1 Cllell =+ [0 fle = vl

The rest follows as in the proof of the above Theorem 1 and the details are omitted. [

REMARK 2. From the inequality (4.8) we get the following reverse for the triangle
inequality

2
O < Iyl Il =[x+ ¥l € =702 [x.y] (4.9)
[l = [l 11
that holds for any vectors x and y in the normed linear space (X, ||-||) with ||x|| # [[y|| .
From the inequality (4.8) we also have the following reverse of continuity of norm
inequality

O < e =yl = [llxll = Iyl < 0 [x, ] (4.10)

2
[+ Il

that holds for any vectors x and y in the normed linear space (X, ||-||) with x # —y.
Note that the inequality (4.7) is better than (4.10) since

1 L2
max {[|x], [y} = [lx+yl

for any vectors x and y in the normed linear space (X, ||-||) with x # —y.

5. Bounds for the p-angular distance

If we write Lemma 1 for y = ||x]|”~" and B = ||y||”~" we can state the following
result for the p-angular distance:

THEOREM 3. Forany nonzero vectors x and y in the normed linear space (X, ||-||)
we have

1 _ _ _ _
| = = e = (=" =) = | (5.1)

< op [x,y}

1 - » » §
<4 - st () o

forany p € R.
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Now, for s € [—oo,00] and a,b > 0, a # b, by following [2, p. 385], we can intro-
duce the s-generalized logarithmic means by

bs+1 _as+1 1/s
T %) ifs#£ 1,0,
(Fen0=g) Her-tod=
b—a
_o7e ifs=—1;
L (4p) . ) Mb—Tna B
e TN
) s
e \a*
max {a,b} § = oo;
min{a,b} § = —co.

The mapping R > s — LV (a,b) is strictly increasing and (see [2, p. 386])
min{a,b} < LV (a,b) < max {a,b} (5.2)
forany s € R and a,b > 0, with a # b.

Utilising the properties of the s-generalized logarithmic means we proved the fol-
lowing lemma in [5]:

LEMMA 2. For any two nonzero vectors x,y € X we have

(p = 1) min {|}e], [¥11}]7 2 [llxll = 1yl

< Il = 177 < o 1) el — Il fmax Ll 1P (53)
if pe(2,0),
(p—1) ! el = Il
B i
P max (] I '
1
<l = 1117 < (p = 1) [l (5.4)
I = | <€ = 1 el = e
if p€[1,2], and
1-p 1-p
X y
(1= p)—
max (<], [y11}]
I 7 Il
< [l = 17| < (1 = p) el = (5.5)

[min {||x], [yI[}]*~

if p € (—oo,1), respectively.
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By utilizing this lemma and Theorem 3 we can state the following sequence of
upper bounds for the p-angular distance:

o [x, ] (5.6)

1 -1 -1 -1 -1
<5 (1027t = 0= [l (el 07 = 9
2||x+Yy
< (p= D) = ol a2 |52
~1 -1
Jll” ™+ 1yl1”

2

—1

fma { ] [yl1317 " [p — 1) lll = Iyl + =)

p [max{|lx]|, [y 17" [l =yl

2

+ [lx =y

<
<

for p > 2, which is a better inequality than Maligranda’s result (1.4).

Similar results can be stated for p < 1, however the details are not presented here.

6. Applications for power series

For power series f(z) = Yo_oanz" with complex coefficients we can naturally
construct another power series which have as coefficients the absolute values of the
coefficients of the original series, namely, f, (z) := Xy |an|2". It is obvious that this
new power series have the same radius of convergence as the original series, and that if
all coefficients a, > 0, then f, = f.

In the following we denote by D (0,1) :={z € C, |z] < 1}.

As some natural examples that are useful for applications, we can point out that, if

_ < (_l)n n__ 1 .
f(z)—ngl —— _1n—1+z,zeD(o,1), 6.1)
.- (_l)n 2n
g(z)= 7" =cosz, z€ C;
(2) ,g;) (2n)!
h(z)= i (=1 2" =sinz, 7€ C;
) 2n+1)!

1
—1)''=—— 2eD(0,1);
)'z l—i—zZ (0.1)

N
o
Il
M
—

3
Il
o

then the corresponding functions constructed by the use of the absolute values of the
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coefficients are

fa(z)zrg%znzln:JGD(O,l); (6.2)
84(2) = ni) (2;)!z2" =coshz, z € C;

ha (2) = 2 ﬁzzwl =sinhz, z € C;

zA(z>:§z": o 2eD(0.1).

Other important examples of functions as power series representations with nonnegative
coefficients are:

— 1
exp(z) = Z nlz" z€C, (6.3)
n=0
1 1+z - 1 5,
“In( —2) = " D(0,1);
2“(1—z> Lot EPOD:;

< r(""‘%) 2n+1
S L 7 eD(0,1);
2 2eD(0.1)

- 1
tanh~! (z) = Z o IZZ"_17 z€D(0,1)

1"( +o)lnt BI()
im0 T (o) T(B)T (n+7)

sin!(z) =

2F1(067ﬁ7’)/,2)— n,a7ﬁ77’>0» ZGD(Ovl);

Ms

where I" is Gamma function.

THEOREM 4. Let f(z) = X5 ganz" be a function defined by power series with
complex coefficients and convergent on the open disk D(0,R) C C, R > 0. If (X;|-|)
is a normed linear space and x,y € X with ||x||,||y|| <R, then

17 Cllell) e = f Clly D ¥ (6.4)
x+yH ! Ja (X)) + fa (I¥1D)

el = {1y [l Fmax {75 C[1xl1) £z (II¥ID } + lx =]

<Jx—yl {H— ‘maX{fé(IIX)J;(IIy)}Jr
< =y [max el Iyl max £ Ol £ Oyl -+ max £ Ol £ Q103

S

2
Ja (IIXII)+fa(||y||)}
2

Proof. 1f we write the inequality (5.6) for p =n+ 1, n a natural number, then we
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get

el = 1ly1" ¥l (6.5)

—r||x £y ™ + (11"
< nfmax {]fx[], ly[]})" ‘ =yl

\ <l = Il +

forany x,y € X.
Let m > 1. Then we have, by the generalized triangle inequality and by (6.5), that

H <EanXII">x— (Zanyll">y (6.6)
n=0 n=0
<Y lan] [[[|x]|" x— [y [|" vl
n=0
2" +Hy||

x-l—y
H ||—||y|||z ] max {51131 + b — y||2\a|

Since ||x||, |ly|l < R, the series

anlxl, Xanlyl", X laalllxl", X laal y]"
n=0 n=0 n=0 n=0

and

oo

. nan [max { x|, [yI13)""

n=0

are convergent and

Danllxl" = x), X anlyll"= £,
n=0 n=0

%\anl lell™ = fa (l1xI]) Zblan\ ™ = fa Iyl

while

ionanl [max {||x]|, yI}" " = £ (max {lxl], [Iy]1})
= max {f; ([|xI]),./z (IyID} -

Taking the limit over m — oo in (6.6) we obtain the first part of (6.4).
The second part is obvious. [
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=

REMARK 3. If we take f(z) :=exp(z) =
following inequality

—0 n,z then we have from (6.4) the

Jexp()x — exp ()] 67)
cy expllx] +exp |
<[5 = ma ey -+ e -y 2L
exp ||x][ +exp vl
< x—yn{ 5o exp i + SR b

< [l = ylfmax {exp [lx[| ,exp |yl } (max {|lx[|, [lyl[} + 1)

for any x,y € X.
If we apply the inequality (6.4) for the functions f(z) := l%z =¥ ,7" and
f(z):= ﬁz =37 o(—1)"Z" then we have

H IR TED H ©®
<[5 et o {2, 0 2}
BT Y

< he= y{” Hmax{(1—||x||) (1_Hy||)—2}
+(1—||xH> 42r(1—||yu) }

-2 -2
< =yl [max Ll vl max { (1= el 72, (0= o)~}
max { (1= )~ (1= ) ]
forany x,y € X with ||x||,||y|| < 1.

The interested reader may apply the above results for other power series as pointed
out in (6.1)—(6.3). However the details are not provided here.
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