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GENERALIZATION OF HUA’S INEQUALITIES AND AN APPLICATION

JIANBING SU, XINGXING MIAO AND HUIJUAN LI

(Communicated by A. Gildnyi)

Abstract. We generalize a new Hua’s inequality and apply it to proof the boundedness of compo-
sition operator Cy from p-Bloch space B”(Y;(N,m,n;K)) to g-Bloch space B9(Y;(N,m,n;K))
in this paper, where Y;(N,m,n;K) denotes the first Cartan-Hartogs domain, and p >0, ¢ > 0.

1. Introduction

In 1955, Hua Loo-Keng discovered and proved an inequality [1] in the study of
the functions of several complex variables: If Z;,Z, are n x n complex matrices, and

_T _T
1-7,Z, ,1—2,7, areboth Hermitian positive definite matrices, then
_T _T Ty
det(I — 717y Ydet(I—2ZxZ, ) < |det(I— 7172, )7,

and equality holds if and only if Z; = Z;.
In 2007, Yang Zhongpeng generalized a new Hua’s inequality [2,3] from an ap-
plication of a matrix identity:

det(I— 2,2y Ydet(I — 2225 ) + | det(Zy — 2o)* + (2" — 2)|det(Z) — 2o))|

x[det(I — Z1Z; )det(I — 275 )]? < |det(I—Z1Z, )|* < det(I +Z,Z;" )
xdet(I + 2,2 )+ (¥ ~1 21 1 1)|det(Z) +2o)| — (2" —2)|det(Z; + 2o))|
K [(22071) — 27 | det(Zy + o) 2+ det(I+ Z1Z; " )det(I + 227, )]

As is well known that all irreducible bounded symmetric domains were divided
into six types by E. Cartan in 1930s. The first four types of irreducible domains are
called the classical bounded symmetric domains, the rest two types called exceptional
domains consisting of two domains (a 16 and 27 dimensional domain). In 1998, Pro-
fessor Yin Weiping and G. Roos introduced four kinds of domains corresponding with
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the classical bounded symmetric domains, called this four kinds of domains as Cartan-
Hartogs domains. Mainly, we will study the first Cartan-Hartogs domain denoted by
Y;(N,m,n;K) in this paper, which can be expressed in the following:

Yi(N.m,n:K) i= {W € CV, Z € Ry(m,n) : WK < det(l,,— 2Z' )}, K >0,
where R;(m,n) denotes
Ri(m,n) = {Z ZeC™n 1.—77 > 0}.
We will denote ¥;(N,m,n;K) by ¥; if no ambiguity can arise.
Let ¢ = (¢;j)mnt1 be a holomorphic self-map of ¥;. The class of all holomor-

phic functions on domain ¥; will be denoted by H(Y;) (for simplicity, set N = 1), the
composition operator Cy is defined by

(CoNNZW) = f(0(Z,W))

forall (Z,W) €Y, and f € H(Y)).
Following Timoney [6], we say that f € H(Y;) is in the p-Bloch space B (Y;) if

T
1£llgrer) = |£(0,0)[ + sup [det(, —2ZZ ) = [WPK]P|VF(Z,W)] < +eo,

(zWw)ey,
where
ARW) W) AFZW) dFEW)
Vf(Z,W)_( T T EANE s 1 )
and IFZWY 2 |Of(ZW) P
VzZ W)= ’ ’ .
VIZ W)l 15@‘ s [+~
1<B<n

It is clear that B?(Y;) is a set of constant functions in ¥; when p < 0, so we assume
that p > 0.

In the beginning, Madigan and Matheson [4 — 5] studied the composition operators
in the Bloch space and Lipschitz space of the unit disk D, and proved that Cy is always
bounded on (D). More recently, Zhou et al [7 — 11] obtainted some sufficient and
necessary conditions for Cy which are bounded and compact on the function spaces on
the unit disk D, the polydiscs and the unit ball. We will discuss the boundedness of
composition operator Cy from p-Bloch space 37(Y;) to q-Bloch space 9(Y;), where
p=>0and g=>0.

In this paper, we generalize a new Hua’s inequality:

Let Z1,Zy € C™", W), Wo € CV, K> 0. If Iy —Z17; >0, Ln— 2275 >0,
—T —T
|W1|2K < det(lm AV ) and |W2‘2K < det(lm — 27y ), then

[det(ly — 212" ) — Wi X [det(l — 2225 ) — [Wa ¥
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_T _T
K2
< |det(ly— 212y ) — (WiW, )R~
As an application,we also discuss the boundedness of composition operator Cy

from p-Bloch space B?(Y;) to g-Bloch space 39(Y;) by using this inequality, where
p=20,920.

2. Some Lemmas

In order to prove the theorems, we need the following lemmas.

LEMMA 2.1. [12] Forany A € C"™", B € C"*"", we have

det(l,, +AB) = det(I, + BA).

LEMMA 2.2. [12] Let Ay =diag(A1,42,...,Am), (M1 =2A > >4, 20) and

Ay =diag(pi, o, ), (M1 = Mo = -+ 2 Uy = 0). If Aj, Wi satisfy Aj- g <1
(j,k=1,2,---,m), then there exists an arrange matrix P which is m x m, such that

inf ‘det(l—AlUAQUTV)‘ - ’det(l—AlPAgPT) .
vU =LVV =I

LEMMA 2.3. [13] For any two m X n matrices A and B, we have

‘tr(ATB) <tw(A A)w(B'B),

‘2
and the “=" holds if and only if A = CB, where C is a constant.
LEMMA 2.4. If

det(1—2Z' ) — |W |4

— |'(Z,W)| =0(1) (2.1)
[det(I — ZyZ, ) — |W,|>K]P

((Z7W) € YI?(Z27W2> - 8YI)a

then ;
[det(I —ZZ ) — |W|*K]4

det(l =22, ) = o]
Sorall (Z,W) €Y1, where (Zy,W,) = ®(Z,W) and ® = (d11,012,*, mn, Orn+1)-

| (Z,W)| < 40

Proof. From the condition (2.1), we know that there exists a constant § > 0 when
dist((Z,W3),0Y;) < &, we have

det(l —2Z' ) — |W|*X)4

-7 |(D/(Z7W)‘ <G,
[det(I — ZyZ, ) — |W,|2K]P
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where C; is a positive number. When dist((Z,W,),0Yr) > &, we set
Es = {(ZQ,Wz) €Yy : dist((Z,W2),0Yr) > 5}

It is easy to prove that Ej is a compact of ¥;. Thus there exists a constant M € (0, 1),
such that r
M <det(I— 2,2, ) — |Ws K < 1,

wecanget
1
= < oo,
det(l — 2275 ) — |W» K N
Set C = max{C, 1; }, we have
-T
det(I—2Z ) — |W|*(a
[det( ) — W7 @ (ZW)| <C

de(l =22, ) = [WaPX)?
forall (Z,W) € Y;. The proof is completed. [J

LEMMA 2.5. Let Z,U € R;(m,n), then there exists a constant C > 0, such that

1
_T -T =T 2
|det(t,—20)|{ X [ulln—20") 150"} <,
1<a<m
1<B<n
where lyg is an m X n matrix whose element of the octh row and the B th column is 1,
and the other elements are 0.

Proof. By Lemma 2.3, we have

| tr{(hy— 20" ) 0" ||
T —T

<l =20 ) (= 20" ) l(apT") (a0 )]
77‘ 1
= | ul(hy— 20" Yl — 20" ) | el(UIL) (Ip T ]| 22)
Since
tr[(UI aﬁU 2|u,ﬁ|
thus r
1<%mItr[(Ulgﬁ)(IaﬁU N =m|U I[P, (23)
1<B<n

where U = (1) mxn »
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By (2.2) and (2.3), we have

1

(o) {5 fel(-2") gt}
1<B<n

< ’det (Im —ZUT> ’ { S |l — 20" )l — zij)Trl w[(Ulyp) (IpU")]| } 7

1<a<m
1<B<n

1

<|det (1.~ 20") I{ S |l — 20" ) (I _ZUT)TM}2 {m ik }2.

1<a<m
1<B<n
(2.4)
Set
In—ZU" = Pdiag(A1, A, ..., 2)Q (2.5)

where P and Q are two m X m unitary matrices.
We have

77‘ _ _
(In—2Z0" Iy —2Z0') = Pdiag(Ar, Ao, An)QQ diag(Ay, 2o, Ap)P

) —T
— Pdiag(|41 %, |22]%, - ., |Am|?)P
— Pdiag(|41 %, |22, A P) P!

thus
T T
|t[(ly —2ZU )(In—2U ") |77
= [P~ diag(|A1 % |2 | An?) 1P|
_ i 1
S 1Al
Since
|det(I,, — ZU" )| = |detPdet(diag(A1, s, .., An)) det Q)
= [Tal =TTl
i=1 i=1
thus

|det (I, — 20" ) || te[(F — ZUT)mT}_1 }%

= {|det (by— 20" ) [*|te[(l— 20" ) (I —ZUT>T}‘1I}%
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S A 1) R

i=1 \j=1
J#i

Set
—T
A=1,—272U = (aij)mxm; Z= (Zij)mxm

Since Z,U € R;(m,n), we have

In—77 >0, I,—UU >0,

furthermore
1= |al* >0, 1= |uul>>0 (k=1,2,---,m),
i=1 i=1
so we have
|zl <1, Jul <1, (1<k<m, 1<i<n). (2.7)
Denote
— Y Zaklipr, (o #B)
Aop = k:1n
1= zaaltpr,  (a=P)
k=1
So we have

T ) m m n
w(AA”) = u(diag(|A?, (A, ) = 2 A7 = X Y laapl®
i=1

a=1p=1
m 2
Y |aap| + X

a=p=1 o#£B

= 3 |- + 3 |- 3 o]

a=p=1 oA k=1

aaﬁ

m

<Y (1+2|zak|\uﬁk\) +Y (zwzakuum)
o=p=1 a#p
< (14n)’m+n?(m* —m) = m*n® 4+ 2mn +m. (2.8)

From (2.8), we can get

AP <nPmP 4 2nm+m, i=12,-- m. (2.9)
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By (2.4), (2.6), (2.7) and (2.9) then there exists a constant C > 0, such that

|det (120" ’{ > |e[(m _ZUT>_1105/3UT} ’2}%

1<a<m
1<B<n

1

< {‘det (b =20" ) Plecl(h ~ 20" ) (1 —ZUT)T]1|}2{m U |2}

=

< A{m*n* +2mn+m)" " m}2mn2 =C.

The proof is completed. [J]

LEMMA 2.6. Let K be a compact subset of Yj, then there exists a constant
C(K) >0, such that

[ (ZW) e
0 [det(I —12ZZ ) — [tW[>K]p
forall (Z,W) K.

Proof. Denote
Es:={(Z,W) e ¥, :det(I—2Z" ) —|W|* > 8}, §€(0,1).

For any compact K C Y7, there exists a constant d € (0,1), such that K C Eg. For any
(Z,W)eK,te]|0,1], we have

WK < (WK < det(I—2Z") < det(I—122Z").

Furthermore
det(I —122Z" ) — (WX > det(1—2Z' ) — WK > 8 > 0.
Thus
1 1 1
0 < _T g _T g g
det(I—12ZZ ) —tW|X  det(I—-ZZ )— |W|*
So we have

[ ZW) »
T
0 [det(I —12ZZ ) — [tW|*K]p
! (Z, W)
g/o det(I—2Z' ) — |W[K]p

1 1
< — .
< 5l’/o [(Z,W)|dt

dt
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Since Z € R;(m,n), then there exist an m X m unitary matrix U and an n x n
unitray matrix V', such that

where 1 >4 >4 >--- > A, >0, thus

77" =Udiag(A2,A2,... A2)U".

Since |Z|? = tr(ZZ" ), we have
2] =Y A7 <mAl <m. (2.10)
i=1

Since (Z,W) € Yy, thus
W < det(1—2Z") < 1.

It is clear that
W| <1, (2.11)

By (2.10) and (2.11), we have
(Z,W)| < Vm+1,

furthermore we have

[ zw
0 [det(I—122Z" ) — |1W|K]p

1 1
< —/ vm+ 1dt

o8P Jo

_Vm 1
T

=C.
The proof is completed. []

LEMMA 2.7. Let f € BP(Y;) and K be a compact subset of Y;. If (Z,W) €Y},
then there exists a constant C > 0, such that

IFEZW)<C[ -

Proof. Since

AftZW)  df(tZ,tW) Af(tZ,tw) +___+8f(tZ7tW)

dt - oy, M oV, 2 Vo
Af(tZ,tW)
* ann+l

W =(Vf(tZW),(Z,W)).
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where Z = (211, ,21ms 2215+ y22m, " * »Zmn) - By Lemma 2.6, there exists a constant
C' > 0, such that

FEW)I = 170.0)+ [ (V56z,0), Z. W)
SOOI+ [ (Vsaz.w), @ W

SO0+ [ F76Z,0W)|(Z W)
! (Z.W)
— 1£(0,0
.00 +/0 [det(l — 227" ) — (W |24]p
(W)
—122Z") — (W ]K]p

[det(I—122Z" ) — (W PK|P |V £(:Z,1W) |d1

dt

1
< |f(0,0)|+”f||l3p/0 [d t(1
€

< || f1lge +C'I £l gr
= (C"+ 1) fllgr
=C||fllgr-

The proof is completed. [J

3. Generalization of Hua’s inequalities

_T
THEOREM 1. Let Z;,Z, € C"™", W;,W> € CN, K> 0. If I,,—Z1Z, >0, I, —
-T —T ;T
227, >0, W1|2K <det(l,—Z1Z, ) and |W2|2K <det(l, — Z»Z, ), then

T T
[det(l, — Z1Z; ) — Wy K] [det(L,, — Z2Z;" ) — |Wa K]
<|detlln— 2125 ) — (WiWa K2, 3.1)

. T T ..
Proof. 1t is easy to prove that I, —Z1Z; and I, —Z,Z, are both Hermitian
matrices. By Lemma 2.1, we know

det(I,, + AB) = det(I, + BA),

where A € C"™*", B € C"*"™. So we suppose m < n. In fact, we need to proof the
situation of m = n. Since when m < n, there exist an n X n unitary matrices U, such
that

zi=M" 00U,  z,=N" NMm)U.
So

det(l — 27, ) = det(I— N\Ny ' — NoN>' ) < det( — NiN; ),
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furthermore

det(I —Z,Z, ) W1 K] (det(1 — 2225 ) W2 ]

det(I — MMy ) — Wi K] [det(I — NNy ) — [Ws K]

T T\K
I —M;N, ) — (WiW, ) }
T

det 1—2122 ) (W1W2 ) } .

u -T
It is well known that every m x m matrix A may be written A = U ( Z MEw)Uo

k=1

where U and Uy is two m X m unitary matrices, A; > Ay > -+ > A, = 0. Ej is an

m X m matrix whose element of the kth row and kth column is 1, and the other elements
are 0. So there exist m x m unitary matrices U, Uy, V and Vj, such that

7y = Udiag(h, 2o, ... 2n)) 0o’ 2UNTG (3.2)
and T T
ZZ:Vdiag(nuh.u2a"'7.um))vo é‘/1\2‘/0 (33)
where
122> 24,20,
12w 2wz 2 Uy 20.

Since Wy, W, are two complex numbers, then there exist 61,6, € [0,27x], such that
W1 = eiel gl,Wz = eiezég. (3.4)

where 51 = ‘W1|, 52 = |W2‘
Combine (3.2), (3.3) and (3.4), we can get the left side of (3.1).

left = [(1=AD) (1 =A3) -+ (1 = A) = EP[(1 = uD) (1 — p3) -+ (1 — ) — &1
Set & = EF, & = EX then (3.1) <
[(I=AD) (A= 23) -+ (1= 2A0) = &I =) (1 = p3) -+ (1 — ) — &3]
<|det(l ~ 2125 ) — §1Epd/ @ HO)?
— | det(I —UMT VAV ) — & &%
Since
-T T
det(I—UA1U0 VAV )
= det (U(I— AUy VAVY U)T)
— det(— MUy VALV, U)
-T S -
:det(I—A1U0 VAV UgUy VVyy U)
(

= det I—AlUlAzU_lTVl).
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By Lemma 2.2, there exists an m X m arrange matrix P, such that

inf )det AIUIAzl/‘lTVI)) - ‘det(I—AIPAQPT) .
uno, =1y =1

Since

inf |e

. - 2
© det(I — lezT) - 5152‘

inf ‘det AUV - &8
U1U1 7IV1V1 *I

= [det(l — AIPAPT) — 5152} 2
- [ﬁ(l — i) — 5152}2

=1

where vy, Vo, Vi 1s the rearrangement of uy, Uy,

<oy Him -
To prove the inequality (3.1), we just only prove the following inequality

02l w1 < (0w -ae)

i=1
where

&2 <1022, <01 - ).
i=1 i=1

further more, we just only prove the following inequality

lm_[(l —Aipi) = \/lm_[(l A7) - 512\/{”_[(1 — ) — &3 +&1&,
i=1 i=1 i=1

(3.5)
It is easy to prove the situation when m = 1. If the inequality of (3.5) is true when
k =m, then when k =m—+ 1, we have
m+1 m
H(l_x”t):( Ao+ 1 i 41 Hl_x”t
i=1

i=1

>0 —Amﬂumm[\/ﬁ(l -27) —&f\/ﬁu 1) -G+ Ek).
i=1 i=1

In the following, we prove this following inequality

( —AmﬂumH)[\/ﬁ(l 27) —&f\/ﬁu 1) - g+ 6]
i=1 i=1

m+-1

m+1
[T-27) =&/ TT-wd)
i=1 i=1

-&+&& (3.6)
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If & =0 or & =0, it is easy to prove the inequality (3.6).

[10-22
Else 51 7é 0 and 52 7é 0, set A= Am-‘rl’ w = tnti, A= = élz
[T —uf)
B= ‘le Then the inequality (3.6) is:
2

(= A VA— VB T+1]>/(1-22)A—1,/(1 - p?)B— 1+ 1.

=
(1= AmVA—TVB— 1> Au+/(1-A2A - 1/(1 - p2)B 1,
where
1
A>1——A2, B>1_—uz, AJJ.E[O,I)
=
(I—-2 )UL—I L—1>7L ++vC—1vD -1
u 1_12 l—,LLZ = ‘LL )
where
C=(1-A»)A>1, D=(1-u*B>1.
=

(1=2AWVC—14+A2/D =1+ 12> V/1-22/1—i2(VC—1VD—1+Ap).

It is easy to prove
1—2u>vV1—2A%/1—u2

In the following we will prove

VC—1422D— 142> (VC—1VD—1+Ap).

<
(C—1)(D—=1)+A*D—=1)+pu*(C—1)+A1%u>
> (C—1)(D—1)+2Au/C —1VD— 1+ A%
<

22(D—1)+u*(C—1)>2AuvVC—1VD—1.
This ends the proof.
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4. An application of Hua’s inequalities

THEOREM 2. (boundedness) If
det(I —7Z") — |W[Kja
Aetll 22 ) WYt (7w = o(1), (@)
[det(I—ZQZQ ) — |W2‘2K]p
((Z?W) S YI7(Z2aW2) - aYI)

then Cy : BP(Y;) — B9(Y;) is bounded.
Conversely, if Cy : BP(Y;) — B9(Y;) is bounded, then

[det(I—ZZ' ) — |W 4G (z,W)
[det(l — ZoZ,' ) — [Wa[2K]P
((Z,W) € Y1,(Z2,W2) — Y1) (4.2)
where (ZZ7W2) = q)(ZaW)r (Z7W) S YI: ¢ = (¢11a¢127'"a¢mn7¢mn+l)r K> 1: and
! J d mn
wEwP=Y ¥ [Py [ Dmap

1<a<m 1 <k<m 9Zap 1<a<m 9Zap
1<B<n I<I<n 1<B<n

=0(1),

> |9¢k1} |3(?€11/+1 2

)

1<k<m
1<I<n

and

-T — T 8 %l
Gzw)=1 3 | Y de-25)ul0-25") b2
1<a<m 1<k<m Zap

1<B<n  1<i<n

LR 2m 2 S et 2, - 202 ) e ) 2
azaﬁ ow

1<k<m
1<I<n

1
T8q) e |’
+ K|W,| = P

Proof. 1t is well known that

VizZw)= (9111 (z, W>’E(Z’W>""’E(Z’W%W(Z’W))’
and
V(fe9)(Z,W)
= of I of 0Pt
— (chgm&—‘,]{l((b(z,w))y“(z,wﬂ I (0(z,W)) ern (Z,W),

1<i<n
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8¢k1 8f 5¢mn+1

) Z w Z W)+ Z’W Z’W ,
1<k<,n3sz(¢( ))azm( )+ T (0(Zz,W)) o (Z,w)
1<i<n
af AP af O Ot 1
I (o(z,w Z,W)+ zZ,W Z,W 43
3 S @G EW)+ S (0@ W) G ). @3)
1<I<n
y (4.3), we have
[(V(fo9)(Z, W)I2
g(bkl 8f a¢mn+l 2
= Z,W)+ ZW))——(2Z,W
1<§‘<m|1<§ém aVkl ))8Zaﬁ( ) an”Jrl (¢( )) aZaﬁ ( )‘
1<B<n 1<i<n
IPu af O Omnt1 2
+ ZW)+ zZW zZ,W
|3 SneewnTuew) e wy T )
1<I<n
af I Pu ’
<2 zZ,W zZ,W
1<§<m 1<kz<m 3Vk ¢( ))820‘/3( )|
1<B<n 1<l<n
02 % 1wz wp
1<a<m annJrl azaﬁ
1<B<n
af Py 2 af O Omn+1 )
+2|1<§’<m9Vk1(¢(Z W))aW @ W)l +2l an+1(¢(Z’W>) ow (W)
1<I<n
9 2 af 2 I Pu )
<2 Z,W))[>+ Z,W Z.W
I g 0@l ez mPl 3 3 2w
1<i<n 1<B<n 1<i<n
a(Z’anrl 2 a(I)kl 2 a¢mn+1 2
+ Mz w2+ zZwW
1<§<m| 9z Zop | 1<§§m 5W( ) oW ow ( I
1<B<n 1<i<n

= 2[VF(9(Z,W))]*|¢"(Z,W)[*.

By Lemma 2.4, then there exists a constant C > 0 if the condition (4.1) holds, we
have ,
[det(I —ZZ ) — |W|*K]4

(det(1 =22, ) = [WaPK)p
forall (Z,W) €Y. Let f € BP(Y;) and (Z,W) € ¥, we have

6'(Z,W)|<C

[det(1—2Z" ) — W K9V (Cy £)(Z,W)]
— [det(I—2Z") = [WPX]4V (£ 0 9)(2,W))]
< V2ldet(I—2Z" ) — |WPK)919/ (2, W)V £(6(2, W)
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250N w2k B
_ V2T =2Z ) W 1 ) el - 2,25 ) — (WP £ 20, W2)
[det(l — 7y ) — |W2‘2K]p

<V2C| fligr =C'|| fllgr-

By Lemma 2.7, we have
f(6(0,0)) <C"|fllpr,
thus
1Co fllgr < ClIflpr- (4.4)

(4.4) shows that Cy : BP(Y;) — B4(Y;) is bounded.
For the converse, assume Cy : B7(Y;) — B4(Y;) is a bounded operator with

1Cofllgs < CIIS NI gr-

forall f in BP(Y;).
If p # 1, we will make use of a family test functions {f, : @ € ¥} in BP(¥;)
defined by

1 1
f(U7V)(Z7W): 2 _1 —T _1 :
p [det(I—ZU ) — (W,V)K]2r—1

Then

af 1 T K12 77
Ty ™ 3,71 = 2p)ldetl = 20") — (W.v)<| 2P det(i 20"

x tr[(1 — ZUT)71 (—Iaﬁ)UT}

_ det(I— 20" )te[(I — 20" ) up0" |
[det(I—ZU' ) — (W,V)K]2

)

and ,
af KW, v)k=1y

oW [det(1—ZT" ) — (W,V)K]2p

Thus

dfwy)(Z,W)
I(Z. W)

2

2 _
K(W,v)k-17"

det(I— 20" ) — (W,V)K]2p

det(I —ZUT)tr[(I — Z(}T)*llapl?T]
det(I— 20" ) — (W,V)K]20

1<o<m
1<B<n
—T —-T —-T —T

> |det(I—ZU Yu[(I—2ZU ) 'IpU | + K2 |(W,V)[PK2 v 2

1<a<m
1<B<n

\det(I—ZU" ) — (W, V)2K 4
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On one hand,we have
-T
[det(1—2Z ) — W7 |V fiyv) (2, W)
= [det(I —ZZ' ) — |W[*X]?
(S |det(I— 20" Yu[(1—20" ) 10" |2 + KXW, V)22V 2}

1<a<m
1<B<n

\det(I—ZU" ) — (W, V)2K|2p
[det(I—ZZ' ) — |WPK]P[det(d —UT ") — |V K]P
\det(I—ZT' ) — (W, V)K|2
(Y [detlt—20" ul(1—20" ) 150" P + KW, V)<V 22

1<a<m
1<B<n

[det(I—UT" ) — |V K]
(S |det(t—2z0" yul(1—UU" ) UopU" |2+ K2|(W,V)PE2 " 232

1<a<m
o 1% _
det(I—UT" ) — VK]
(Y |det( — 20 Yu[(1—UT" ) g0 |PY2 + KW, V)V
1<a<m
< 1<B<n

[det(I—UU" ) — |V|K]p
C+K|(W,V)[F 17|
T det(I—UU") — VK]
C/
g _T .
[det(I—UU ) —|V|>]»

Since f(y(0,0) =0, so we have

-T
1 fwwllpr = 1fww)(0,0)[+ sup [det(l, —ZZ" ) — |WI*]P|Vf(Z,W)|
(ZW)ey;

C/
< —7 .
[det(I—UU" ) — |V|>K]p
On the other hand, we can get
[det(I—2ZZ' ) — [WPX]9|V(Co £)(2, W)
= [det(1—2Z" ) — |W[PK)49|V (£ 0 9)(Z,W)|
et zZ ) WP Y | Y 2

1<a<m 1<k<m Vi
I1<B<n I<I<n

Py
97ap

(9(2,W)) (Z,W)
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af aq)mn-"-l 3¢k1

2
(W) o (Z,w)] +\K§<m v OEW) 5y W)
1<I<n
8f a(PmrHrl
3y 0EW) =52 WP},
where
of det(I—Zzle)tr[(I—ZQUT)fllkz(jT}
2L (p(zw)) = T
ki [det(I —Z,U" ) — (W, V)K]2P
and
of KWy, V)K-177"
Z,W)) =
Vo t1 (0&w)) (det(I — 2,0 ) — (W, V)K]20
Thus

[det(1—2Z" ) — W X]9|V(Cy £)(Z,W)]

=T ~T -T
= t(l —Z tr[(I—Z -1y

= [det(I—ZZT)—|W\2K}‘1{ z | 2 det( U )f[zg U ) U }
1<a<m 1<k<m  [det(I—ZpU" ) — (Wa, V)K]2P

I<B<n 1<I<n

3 KW,V KﬁlVT O Omn
D ZW) + { £ ) Ont1
9zaﬁ [det(I— 2T ) — (Wy,V)K]2» 9Zqp
det(I ~ 2,0 )te|(1- 2,0 )10 | dgu
G [detI—207 ) — (W, V)K2e OW

1<I<n

(z,w)I?

+| (Z,W)

K<W2,V>K71VT aq)mn-"-l
[det(1 — 20" ) — (W, v)k P OW
2570\ 2K — = 7
[det(I—ZZ ) — |W|*X] 1Y det(I— 20" Y[~ 20" ) 1T

|det(I— o0 ) — (W, VIK2P 1ot 1<kem
1<B<n I<I<n
9¢k1

(Z,W) + K(W,,V)E~ IVT%(Z,W)\2+| D det(I— 20" )
aZaﬁ aZaﬁ 1<k<m

1<I<n
T,

i a mn
xtr[(l—ZzUT)fllkU ] W(Z W)+ K(Wa, VYK~ v q;WH

AISE:

VASIES
Set
(UvV) = (ZZvWZ) = (Z)(Z,W),

since
Co fliga < ClIflIgrs
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so we have

-T
det(I—2Z ) — |W|*K)4 _T T, =T
[det( - ) W™ Y detI— 22, Yul(I— 222" ) ' luZy |

el =22~ WP s\

8 0 _
U (7 w) + KWK 20 2w P | Y det(r - 27 )
azaﬁ 9Zap 1<k<m
1<I<n
_ 0 d
xul(1 - 22" ) a2 |22 (2,W) + KWK ZWTM@,W)P}%
ow aw
/
e c |
[det(I — 227, ) — [Wa|?K]P
Furthermore, we have
T
det(I — 727 ) — |W|*)4

[det(I — 275" ) — |Wa|2K]P
where

—T., _ —T
={ Y | 3 det(l-22, Yll-22 )z |
1<o<m 1<k<m
1<[3<n 1<I<n

a mn =
I 7 W+ K| Wo K240, ¢ HzwP| S detl-27%")
8 af aﬁ 1<k<m
1<I<n
770\ T, 9% 2K—2 Ta(z)mn+l 241
xtr[(I =22y ) uZs ]8W (Z,W) + KW, "t —*W; oW (Z,W)|"}2.
If p=1,let
1
fuy)(Z,W)=1n T
det(I—2zU ) — (W,V)K
Then
of  detl— 20 yul(l—20" ) u0')
9zap det(I—z0" ) — (W, v)k
and
af KWy

W Get(1—20" ) — (W,V)K

For the same reason, it can be proved that (4.2) holds, and the details are omitted here.
The proof is completed. []
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