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NEW ERROR BOUNDS OF THE CHEBYSHEV FUNCTIONAL AND
APPLICATION TO THE TWO-POINT INTEGRAL FORMULA

S. KOVAC, J. PECARIC AND S. TIPURIC-SPUZEVIC

(Communicated by S. Varosanec)

Abstract. In this paper we develop some new inequalities regarding Chebyshev functional and
obtaine some new application to the two-point integral formula.

1. Introduction

Let us begin by well-known spaces of functions. L,[a,b], 1 < p < o stands for the
space of the functions f : [a,b] — R which are p—integrable. Thus they are equipped

with the p—norm
b »
i, = | [ 1rora

Further, L..[a,b] stands for space of the functions f : [a,b] — R which are essentially
bounded and equipped with the co—norm

[ £l = ess supefq | ()]

Let f,g : [a,b] — R be functions such f,g, f-g € Ly[a,b]. The Chebyshev functional
T(f,g) is defined by

f.8): =3 a/f dx—%/ahf(x)dx-bia/ahg(x)dx.

For ¢o € [a,b] set D(cp) which stands for the class of all continuous functions
f:a,b] — R differentiable on (a,co)|J{co,b) such that

M;:= sup |f(t)] <eoand M,:= sup |[f'(¢)] < .

te{a,co) t€{co,b)

If co =a weset M; =0 and if ¢o = b we set M, =0.
In [1] the generalization of the M. Niezgoda result ([2]) is obtained for the weighted
integral formula. Given a subdivision 6 = {a =xp < x| < ... <Xy_| <X, =b} of the
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interval [a,b], let us consider different w—harmonic sequences of functions {w jx }xen
on each interval [x;_1,x;], j € {1,2,...,m}. Define

win(t), t € [a,x1]
wo(t), 1 € (x1,x2]

Wow(t,0) = : (LD
@mn(t), t € (Xp-1,D],

Let us denote

b n
Tf(xo,xl,xg,...,xm) = /a ( )f( )dt 2( l)kfl {ka(b)f(kil)(b)

k=1
m—1
+ 21 [wik(x7) = w14 ()] £E0 (x)) = wi(a) 4V () |
Jj=

The following has been established:

THEOREM 1. Let f :[a,b] — R be a function such that f""*~Y) € D(cy), for some
n €N and

M; = sup ‘f ‘ oo and M, = sup ’f ’ oo,

te{a,co) t€{co,b)

Then the following inequality holds:

1
[M] (co—a)+ME(b—c0)]"" - [[Wo(-,0) g, 1 < p < o0
|Tf(x07xl7x27'” 7xm)| <
maX{MlvMi’}'HWH,W(WG)Hh p =°°.

THEOREM 2. Let f : [a,b] — R be a function such that f") € D(cy), for some
n €N and

f(n+1)(t)‘<z>o and M, = sup ’fnJrl ‘

[E L()h

M; = sup

re{a,co)

Assume 1 < p,q < o are conjugate exponents ( 11—7 + é = 1) and Wy,,(-,0) defined by
(1.1). Then the following inequality holds:

(n—1) _ £(n—1 b
Tf(x07x17x27"'7xm)_(_l)nf (bl))_i (a)/ Wn,W(t7G)dt

1
o (M (co=a)? 1M (b—co)?*!] 2 Wiss (-, 0) =g fapy 1 < p < o0

N

max{M;(co —a),M (b —co)} - [|Wpw(-,0) —

1.[a,b]> P = 4217

where 11 = ﬁfab Waw(t,0)dt.
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THEOREM 3. Let f : [a,b] — R be a function such that f") € D(cy), for some
n e N and

M; = sup
te{a,co)

f(n+1)(t)‘ <o and M,= sup )f n+1 ‘

te Cob

Assume 1 < p,q < oo are conjugate exponents ( 11—7 + 5 =1) and W, (-, 0) defined by
(1.1). Then the following inequality holds:

b
Tf(xo,xl,xg,...,xm)—(—1)"f(”)(c0)-/ Wyo(1, 0)di

1
b Mo — )+ ME (5= )] W0 g 1 < p <
<

max{M;(co — a),My(b—co)} - ||Waw(:,0)

1.[a,b]s p=c,q=1.

Let us observe the general integral two-point formula obtained in [3]. Let w :
[a,b] — R be some integrable function and x € [a, “2]. Consider a subdivision

o:={xp=ax =x,xp=a+b—x<x3=>b}

of [a,b]. Let {Qx .\ }ken be sequence of polynomials such that deg Oy <k—1, 0, (1)
= Qk—1(t), k€ N and Qo = 0. Define functions w,(¢) on [x;_y,x,], for j=1,2,3
and k€ N:

ﬁ /a[ (t —5)* Lw(s)ds

W) = gy [ =9 o)+ 0l (12)

wi(t) =

b
wa(t) = —ﬁ /t (1 — ) w(s)ds.

Obviously, {w i }ren are sequences of w—harmonic functions on [x;_;,x;], for every
J = 1,2,3. Let us define coefficients A;(x) and By (x) by following:

Ae(x) = (=1 [ﬁ/ﬂx(x—s)k1w(s)ds—Qk’x(x)] , (1.3)

Bi(x) = (—1)! [ ! /h(a+b—x—s)k1w(s)ds+Qk7x(a+b—x)] (L4

k—D! s

Let f: [a,b] — R be such that f"~1) exists on [a,b] for some n € N. We introduce
the following notation:

Tiw(x) =0, forn=1

T (x) = 2 [Ak(x)ﬂk*l)(x)+Bk(x)f<k*1>(a+b—x) , forn>2.

k=2

In [3] the weighted version of two-point integral formula is established:
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THEOREM 4. Let f : [a,b] — R be such that f") is piecewise continuous on
[a,b], for some n € N. Then

/ " (1) £0)dt = A1 () F () B () a-+-b ) + T (3) (1) / W 1,20 ()t
‘ ¢ (1.5)
where

win(t) fort € la,x],
Waw(t,x) = ¢ wau(t) fort € (x,a+b—x], (1.6)
w3u(t) fort € (a+b—x,b]
and {wy,} are w— harmonic sequences of functions.

This theorem is the generalization of the Guessab and Schmeisser two-point for-
mula (see [4] and [5]).

The aim of this paper is to derive the analogues error bound for the two-point

version of integral formula obtained in [4] with some special cases for x € [a, 2.

2. Main result

For x € [a,“£2] let us denote

Tof(ax,a+b—x,b):= /abW(t)f(t)dt —A1(0)f(x) = Bi(x)f(a+b—x) = T w(x).

We shall derive the upper bound for T,,f(a,x,a+ b — x,b) for functions f such that
FD € D(eo).

THEOREM 5. Let f : [a,b] — R be a function such that f"~1) € D(cy), for some
n €N and

M; = sup
te{a,co)

f(")(t)‘ <o andM,= sup )f(”)(t)) < oo,
t€{co,b)

Then the following inequality holds:

1
[M] (co—a) + ME (b= c0)] """ [Wasa(-,0)lgs 1 < p < o0
|T, f(a,x,a+b—x,b)| <
maX{MZ’MV}'HWmW('aG)Hla P =°°.

Proof. The proof follows from the Theorem 1 for the special case of subdivision
o :={xp =a,x; =x,x =a+b—x <x3=b}. Therefore W, ,,(t,0) = W,,,,(¢,x) and
Tf(x0,%1,-,Xm) =Twf(a,x,a+b—x,b). O
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COROLLARY 1. Let f: [a,b] — R be a function such that f"~1) € D(cy), for
some n € N and

M; = sup

t€{a,co)

f(")(t)‘ <oo andM, = sup>’f(”)(t)’ < oo,

[E<Co,h

If {0k (1)} is a sequence of polynomials such that deg Oy =k, Qx(t) = (—1)* Qi (a+
b—1t) and {k!- Qi }ren is a sequence of harmonic polynomials, then the following

inequality holds:

1/ )t atb 1/q
n!%bju) |:( nqzrl +fx 2 |Qn(t)|th] 1 l
y ptg=1
(Ml (co—a)+ME(b—co)] 7,
1 <p,g<ee
Tﬁf(a,x,a—kb—x,b)) S m 'max{(X—a)",Supte<X7#> |Qn(t)|}
. [Ml (Co — a) —|—Mr(b — Co)] ,
p=1lg=e
e+l ath
sy | S+ 17100 di] - max{hy, M},
p = 007 q prmd l.
Proof. We apply Theorem 5 with w(z) = ﬁ and
n(,t(;i):) fort € [a,x],
W, o (t,x) = n%ﬂ) fort € (x,a+b—x], 2.1)
N fort € (a+b—x,b]. .

Let us give the upper bound for

Rf@ﬁﬁ+b—xﬁy—%%§l/%%wﬁﬁﬂﬁ/%ﬂmﬂﬂh

for functions f : [a,b] — R such that ") € D(c). First, let us compute

1
b—a

b
Ny = / W w(t,x)dt.

LEMMA 1. (i) For any weight function w: [a,b] — [0,e) we have

Nw = (—1)"A"+1(324_r§n+1(x) .
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(ii) For the uniform weight function w(t) = tha we have

0 foroddn

1
b-a 2Ak+1
S for even n.

Proof.

(i) Since wy, are w—harmonic sequences of functions, we have

1 X a+b—x b
N = —— [/ W1n(t)dt+/ Wzn(f)df‘*‘/ W3"(t)dt]
b—all, x a+b—x

[Wl w1 (X) F w2 ppi(@+b—x) —=wypi1(x) = wipp1(a+b—x)]

1y Any1(x) + By (x)
b—a '

(i) Specially, for w(r) = 7 we have

B Y (x—a)"Jrl Qn+1(x)
An1(x) = (=1) [(n+1)!(b—a)_(n+1>!(b—a)}
and
wt1(a+b— x) (a+b—x—b)"
Byii(x [ n++1 (At 1)(b-a) ]
|: n+1Q +1 )_(_1)n+1(x_a)n+1:|
n+1)1(b—a) (n+ Db —a)
B "+l Qn-‘rl() —(_1\"
_(n—H).(b g G- A
so we have
) 0 for odd n
nﬁ:(_bl)TH'An+l(): 24
Iﬁ%'a(x) for even n.

Now we can set the following theorem.

THEOREM 6. Let f : [a,b] — R be a function such that f") € D(cy), for some
n €N and

M; = sup
re{a,co)

f(n+1)(t)‘<oo and M, = sup 'f”Jrl ‘

[E L()h
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Assume 1 < p,q < oo are conjugate exponents (I% + }1 = 1) and W,,,(-,x) defined by
(1.6). Then the following inequality holds:

Tvf(a,x,a+b—x,b)—

PO =S 04 B (0]

b—a

(M (co—a)? 1 +-MP (b—co)P 1] "7 [ Wy (-, x) —

1
(p+1)177 alap) 1 S P <e

maX{Ml(CO - a)aMr(b - CO)} . HWn,w('ax) —MNw

1,[a,b]» p=c,q=1

Proof. The proof follows from the Theorem 2 applied to the two-point integral
formula. According to Lemma | we have the lefthand side equals to

(n=1)(p) — fln=1)
wa(a,x,a+b—x,b) - (_l)nf : (bl)]_f (a) /hWn,w(tax)dt

= |Twf(a,x,a+b—x,b) —

G e el C) PP

b—a
(n—1) _ f(n—1)
= [Tf(axatbxp) - O T D 4, ),

while in the righthand side we put W, ,,(t,0) = W, ,,(,x) and the proofis finished. O

COROLLARY 2. Let f:[a,b] — R be a function such that ) € D(cy), for some
n e N and

M; = sup

1€(aco)

f("+1)(t)‘ <o andM,= sup >)f("+l)(t)‘ < oo,

1€(co.,b

Assume 1 < p,q < oo are conjugate exponents ( % + é =1)and W, 1 (-,x) defined by

(2.1). Then the following inequality holds:

1
'b—a

f V() — f D(a)

T. fla,x,a+b—x,b)—

= b [+ (=1 Ans1 (%)

Q

1
m M (co—a)P ™ +MF (b —co)P ™ /p

< W L G0 =1 g fas); 1< p<eo

maX{Ml(CO _a)7Mr(b_C0)} : HWn ('7)6) - Tlﬁ ||1,[a,b]7 p=c,qg=1.

1
'b—a

Proof. Apply Theorem 6 with uniform weight function and Lemma 1(ii). [
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REMARK 1. If we put odd # into the Corollary 2 we obtain n 1 =0 and
b—a

‘T%f(a,x,a—kb—x,b)‘

1 1/p
W |:M (CO _a)p+l +Mp(b Oil/ﬂrl]
1/ ng+1 11+h q
A [ 1 o pa] Y, 1< pig <o

% [Ml (co—a)*>+M,.(b— co)2]
m ~max{(x—a)”,supt€<

N

agpy [Ga(0)[} P =1, g=co

X,

max{M;(co—a),M,(b—co)}
x—a)"t! ath
.n!(hzfa) |:( nJr)l +fx2 ‘Q"(t)|dt:|v P=°°,C]=1

At the end we shall consider the upper bound for
b
Tof(a,x,a+b—x,b) — (—17F®(co) - / Wy (1,2)d.

THEOREM 7. Let f : [a,b] — R be a function such that f") € D(cy), for some
ncN and

M; = sup

t€(a,co)

f("+1)(t)‘<oo and M, = sup ’f”“ )‘<<>o.

te Cob

Assume 1 < p,q < oo are conjugate exponents (I% + Llj = 1) and W,,,(-,x) defined by
(1.6). Then the following inequality holds:

T f(a,x,a+b =3,5) = i1 (1) + Bt (3)] £ o)

MP (co— )P+ MP (b — co)?* |7 Wi (1) g s 1 < p < o0

i |
(p+1)'/P

max{M;(co —a),Mr(b—co)} - [[Wauw (-, )| fa)> p=co,q=1
Proof. We apply Theorem 3 and Lemma 1 to obtain the lefthand side:

wa(aax7a+b_xab) - (_l)nf(n)(CO) /hWn,w(t7x)dt

Ty f(a,x,a+b—x,b) — (—1)"(b—a)nw.f<">(c0))

T f(a,x,a+b=3,b) = (i1 () + Bt ()] /) (<o)

while in the righthand side we put W, ,,(t,0) = W, ,,(,x) and the proofis finished. O
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COROLLARY 3. Let f:[a,b] — R be a function such that ") € D(cy), for some
n €N and

M; = sup

re{a,co)

f(n+1)(t)‘<z>o and M, = sup ’fnJrl ‘

[E L() h
Assume 1 < p,q < oo are conjugate exponents(% + 5 =1)and Wn,ﬁ (-, x) defined by
(2.1). Then the following inequality holds:

T 1 flawatb=xb)=Apa(x)- (—1)" + 1) £ (co)|

W[M (co—a)P '+ MP (b — 0)p+1]1/p

1/ ng+1 a+h l/q
s [t S o ar] 1< pig <o

3 [Mi(co—a)* + M (b — co)?]
= ~max{(x—a)”,supt€<

N

agpy [Cu(1)[} =1, g=co

X

max{M,(co —a),M:(b—co)}
x—a)"t! atb
.n!(hzfa) [( n+)1 +fx2 ‘Q"(t)|dti|’ p=c,q=1

Proof. Apply Theorem 6 with uniform weight function and Lemma 1(ii). [
REMARK 2. If we put odd r into the Corollary 3 we obtain

‘T%f(a,x,a—kb—x,b)‘

1
m [Mp(CO _a)P+1 +M’{7(b_00)p+1] /p
1/ q+1 atb 1/q
.#ja) [( ng+1 + [ 7 |On ()‘th} , 1< p,g<oo

3 [Mi(co—a)* + M,(b— co)?]
~m ~max{(x—a)”,supt€<

N

agpy [Ga(0)[} p=1, g=co

X

max{M,(co —a),M(b—co)}
x—a)"t! atb
i S S el ==t

3. Application to two-point quadrature formulas

For n=1 and Q;(r) = — “t2 we have the kernel

=< fort € [a,x],

atb

W, 1 (t,x)=q 52 fort € (x,a+b—x],

b fort € (a+b—x,b].
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In this case we have A;(x) = B; (x) = 4 and

b_a/abf(f)df—%[f(x)—i-f(a—i-b—x)}.

T%f(a,)@a—f—b—x,b) =
If f : [a,b] — R be a function such that f € D(c¢) and

M= sup |[f'(t)] <o andM,= sup [f'(r)| <eo,

1€(a,co) t€(co,b)

then by Corollary 1 we have

’ﬁ/ahf(f)d’—%[f(x)+f(a+b_x)}

214 T AR
(b—a)(q+1)74 [(x_a)q+ +(aT_x) ] F+§ =1
-[Mp (co—a) —|—Mp(b—c0)]1/p, 1<p,g<e

< 7 max{x—a, 4> —x}
'[Ml(o—a)+M(b—Co)} p=1g=
ﬁ [(x—a)%—(# —x)?] -max{M;,M,}, p=e, g=1.

It is easy to show that functions S,(x) = (x —a)*! + (&2 — )" x ¢ a,%$®] and
y q 2
Se(x) = max{x — a, ;2 — x} attain minimum value for x = 242 In that case we get

the inequality related to the two-point Maclaurin quadrature formula:

ol (52) o (57)]

b—a)l/a 1/p

4(([14:11))1/q [Mp( O_a)+Mp(b )] 1 <p,g<e
S 1 Mi(co—a)+ M (b—co)], p=1,g=0o

I%'maX{Ml,Mr}7 p=o,q= 1.

For x = a we get the inequality related to trapezoidal quadrature formula:

[ a3+

b—a)l/a 1
((q+l))1/‘1 [Mp(co—a) +Mp(b )] /P, 1< p,q <
S 3 Mi(co—a) + Mi(b—co)], p=1,g=c

l%-max{Ml,M,L p=o, g=1.
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For x = 2"3—+b we get the inequality related to the two-point Newton-Cotes quadrature
formula:
1 2a+b a+2b
e o [ (352) = (57
b 1/q 1
(3 L0 (M (o — @)+ MP (b~ o)) 7 1 < prg < o0
S g 3 Mi(co—a) +Mi(b—co)], p=1,g=c
WD) max{M;, M, }, p=eo, q=1.
For x = # we get the inequality related to midpoint quadrature formula:

o [ i (452)

b—a)lla 1/

b M (co— )+ ME(b— )], 1< prg <
<3 L Milco —a) + M, (b — co)], p=1,g=c

}%-max{Ml,M,L p=o, g=1.

Now, let us assume that f* € D(cy), and

M = sup |f'(t)| <o andM,= sup [f"(r)| <ee.

t€{a,co) 1€(co.b)

Then by Corollary 2 we have

‘b a/f dt—— (%) + fla+b—x)]

1
W [M! (co—a)P ! +MF (b —co)P ] /p

i . 1/
TatgrmrT (=@ 4+ (4= 1< pg <o

%[MZ(CO—CI) + M, (b—CO) ]
~(blu) max{x — a, 5> — x} p=1g=co

N

max{M;(co—a),M,(b—co)}
x—a)? a
.(bzu) [( 2) +(%b_x)2:|7 p=e,q=1
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Similar as before we conclude that the minimum constant is obtained for x = % and
therefore we get inequalities related to Maclaurin two-point quadrature formula:
a3 () e (452)
o M (co— )P+ ME (b — o) 1] < pig < e
S L [Mi(co—a)?+ M (b—co)?] p=1,g=c
l%-maX{Ml(co—a),Mr(b—co)}, p=oo, qg=1.
For x = a we get the inequality related to trapezoidal quadrature formula:
o [ r0a- 3@ o)
b—aJa 2
Lo M (co— )P + ME (b — o) 1] 1< pig <o
S\ 4 -max{M;(co —a)®, M.(b— co)?}, p=1,g=c
b2a  max{M;(co — a),M,(b — o)}, p=-oo, g=1.
For x = 2“3—”’ we get the inequality related to the two-point Newton-Cotes quadrature

formula:

) (5]

I\JI'—‘

=IRCEE

1/q 1
() L (] (co— ) 4+ ME(b—co) 1] 1< pg < o
< %'maX{Ml(CO_a)27Mr(b_CO)2}a pP= 1’ q=
5(b—a) _ _
5~ max{M;(co —a),M.(b—co)}, p=oo, qg=1.

For x = # we get the inequality related to midpoint quadrature formula:

%a/abf@)dt—f(“;b)‘

((bﬁal))‘l//"q [MP(co— )P+ +MP (b — 0)p+1]1/177 | < prg<oo

S 1 -max{M;(co — a)*, M,(b— co)*}, p=1,g=0

l%-maX{Ml(co—a),Mr(b—co)}, p=oo, qg=1.
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CONCLUSION 1. The optimal constant in whole class of two-point quadrature
formulas is obtained for Maclaurin two-point quadrature formula. It can be observed
that constant in this case are better then constants achieved in [2].
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