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REVERSES OF YOUNG TYPE INEQUALITIES

ALIAA BURQAN AND MONA KHANDAQIT

(Communicated by J. Liu)

Abstract. This paper aims to give reverses of Young type inequalities which were established
by Kai [4]. Then we use these inequalities to establish corresponding inequalities for matrices.
Also we present a refinement of the trace version of Young’s inequality.

1. Introduction

Let M, be the space of n x n complex matrices. For A = (a;;) € M), the Hilbert-
!
Schmidt norm and the trace norm of A are defined by ||A||, = ( i1 s? (A)) : Al =
3'i_15j(A), respectively, where 51 (A) > 52 (A) > .... > s, (A) are the singular values of
1
A, that is, the eigenvalues of the positive matrix |A| = (A*A)?2, arranged in decreasing

1
order and repeated according to multiplicity. Note that [|A||, = (tr (AA*))2, where tr is

the usual trace functional. It is known that the Hilbert-Schmidt norm is unitarily invari-
ant, and it is evident that each unitarily invariant norm is symmetric gauge function of
singular values.

The scalar Young inequality says that if a,b > 0 and 0 < v < 1, then

a’b'V <va+(1-v)b, (1)
with equality if and only if @ = b, or equivalently

al? b
ab < —+ —,
P q

where p, g > 1 such that 11—7 + é = 1. A fundamental inequality between positive real
numbers a, b is the arithmetic-geometric mean inequality, which is

\/Eg a‘;b7

with equality if and only if @ = b. It is a particular case of (1) when v = % .
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The inequality (1) was refined by Kittaneh and Manasrah [5] in the following
form

a'p'" V+ro(\/_—\/—> <va+(1-v)b,

where ro = min{v, (1-v)}.
Kittaneh and Manasrah [6] gave the following reverse of Young’s inequality

2
va+(1-v)b<a'b'~" +Ry (f—x/?a) :

where Rp = max{v, (1—v)}.
In a recent work, Kai [4] gave the following Young type inequalities

(v2a)vb1"’+v <\/_—\/_> <vZa+(1-v)’b, 0<Vv< (2)

1
2
and

av((l—v)2b>17v . )(\f f) va—|—(1—v)2b,%<v<1. 3)

Also, important inequalities were obtained by Cartwright and Field [3]. These inequal-
ities can be written as

v(l—v)
2M
where a, b >0, m=min{a,b}, M = max{a,b} and 0 < v < 1.

A matrix version of (1) proved in [1] says that if A, B € M,, are positive and
0<v<1,then

v(l—v)

vblfv
a + m

(a—b)* <va+(1—v)b<a'b'™V+ (a—b)*, 4

s; (AYB'™Y) <sj(VA+(1-V)B), 5)

for j=1,2,.....,n. It follows from inequality (5) that if A, B € M,, are positive and
o<v<l, then
tr|A"B"Y| <tr(vA+(1—V)B), (6)

which is a trace version of Young’s inequality.
Kai [4] obtain the matrix versions of the inequalities (2) and (3), where he proved
that if A, B, X € M,, such that A, B are positive, then
v2V HAVXBI—V

2+2v(1—v)HA%XB%

2 2 2
I> LV IAX —XB|; %)

<|IVAX+(1—=Vv)XB|;  for 0<v <

N =

and

2
(1= v ||AvX B! || +2v (1 - v) HA%XB% HU—v?ax—xBl; ®

1
<||[VAX +(1—Vv)XB|3  for S<v<l
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In this paper, we present reverses of the inequalities (2) and (3) and based on
the spectral theorem for positive matrices, we use these inequalities to establish cor-
responding inequalities for matrices. We also obtain a matrix version of the second
inequality in (4) and give some refinements of the trace version of Young’s inequality
and its reverse.

2. Reverses of the scalar Young type inequalities
In this section, we present reverses of the inequalities (2) and (3).

THEOREM 1. Let a,b>0. If0< v < %, then

Va+(1-v)*b < (1-v)> (f—x/E)2+aV [(1—v)2b}1fv. )
If $<v<1, then
VZa+(1-v)2b (f—f) +(v2a) b, (10)

Proof. If 0 < v < %, then by the inequality (1), we have

2(f—f> —Via—(1-v)b+a" [(1-v)D]

(1-2v)a? +2v(1-v)bt] —2(1—v) Vab+a" {(1—\/)21)}17v

(a%)l2V{(1—v)b%}2v]_2(1—v)\/E+aV {(1—v)2b}17v
b

1—v
(I—v

Y
D

v 1-v

+a" [(1—\/)21)} —2(1—v)Vab
- [a'%v (1-v)Vb% —a? (1 —v)‘*vb'ﬂ2 >0.

Thus, we get (9).
On the other hand, if % <v <1, then

vz(\/ﬁ—\/a —vZa—(1-v)*b+b""V [v2a]"
= (2v—1)b+v(2—2v)Vab—2vVab+ b [va]"
> b? {(2v— 1)b? +(2— 2v)va2} —2vVab+b'"" [v2a]"
> [b¥ (via) | —2vVab+ b1 [via] " > 0.
Hence, for < v <1, wehave
VZa+(1—-v)*b < v? <\/_— \/l;>2+ (vZa)" b

This completes the proof. [l
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3. Reverses of Young type inequalities for matrices

In this section, we first establish matrix versions of the inequalities (9) and (10)
whose proof is based on the spectral theorem for positive matrices.

THEOREM 2. Let A, B, X € M, such that A and B are positive. If 0 < v < %,
then
IVAX + (1—v)XB|| < (1—v)* |[AX = XB]}3 (11

+2v(l—v) HA%XB% §+ (1— v)2(1—v) HAVXBlvai'

If $<v <1, then
12)

[VAX + (1 - v)XB|? < v?||AX — XB|)3

+2v(1-v)|[adxs z+v2v |avxB'|;.

Proof. Since every positive matrix is unitarily diagonalizable, it follows that there
are unitary matrices U, V € M), such that A=UDU"* and B=VEV™, where

D =diag (Ay,...,A,) and E = diag(uy, ..., Un)

with A;,t; >0 for i=1,....n.
Let Y = U*XV = [y;j], then we have

VAX+(1=Vv)XB=U[(VAi+ (1 —Vv) ;) yi;] V7,
AX —XB= U[()L,-—u,-)y,-j} V*,
AVXBlfv =U I:xfiv”ilivyijjl V*7

and
A’X +XB* =U (A7 + 1) yij] V*.
If 0<vg %, then by inequality (9) and the unitary invariance of the Hilbert-Schmidt

norm, we have

IVAX + (1 =)XB|3= Y, (VAai+ (1—v) ) yis |
i,j=1

UV S (A

i,j=1
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- )2 . 2 . 1 1 2
= (1= v)"[lAX = XBJ;+2v(1 - v) |A?XB? |

+(1=v)X 7 |avxB Y3,

If % < v < 1, then by the inequality (10) and using the same technique in the
first part we get (12).
This completes the proof. [

Now, we obtain a matrix version of the second inequality in (4). To achieve this,
we need the following result:

LEMMA 3. [2] (Minkowski Inequality). Let a; >0, b; >0 for i=1,..,n and

p>1.Then 1 . 1
(om0 (86)
i=1 i=1

Now, we introduce the following theorem:

THEOREM 4. Let A, B, X € M, such that A and B are positive definite. Then,
for 0 < v < 1, we have
v(1—v)M

[VAX +(1=v)XB],, < [|A"XB'™Y||, + === | A*X +-xB*

where My = max(HA’1 || , HB’IH) .

Proof. Using inequality (4) and the same argument in the proof of Theorem 2,
we have

|[VAX +(1—-Vv)XB|,

- z (VAi+ (1= v))? |y

ij=1
n _ 2
DY <V(1 2V)MO (xi_#i)z‘wlivﬂil_v) }yij}z
ij=1
1-— 1 2 n
< [ (mpil) [ S, Ot~ )
ij i,j=
v(l—v) 1l B
<M S (2 bl | S @)
i,j L=
v(l—

V)M, .
= fo |A%X +XB?||,+[|A"XB' ||,

The second inequality is obtained by the Minkowski inequality.
This completes the proof. [l
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4. Trace versions of Young inequalities

To obtain refinements of the trace version of Young’s inequality and its reverse
based on the inequality (4), we need the following Lemmas

LEMMA 5. [2] (Cauchy-Schwarz Inequality). Let a; >0, b; >0 fori=1,..,n

Then . 1
n n 2 n 2
Z ibi < (Z%Z) (szz>
i=1 i=1 i=1

LEMMA 6. [2]If A, B € M,,, then

sj(AB) < i sj(A) s;(B).

1 j=1

'M=

J

The following result gives refinements of the trace version of Young’s inequality
and its reverse based on the inequality (4)

THEOREM 7. Let A, B € M,, such that A and B are positive definite. Then, for
0< v <1, we have

a) tr|AVB'7V| + "(ZI—A;O") <\/trA2 - \/trB2>2 <tr(vA+(1—-v)B),
where My =max (||A|[, ||B]]) -

b) tr(vA+(1—v)B) < tr(A¥)tr (B ) + YUK (11 A2 _24r (AB) + trB?),
where Ry = max(HA’lH , HB 1||) .

Proof. a) By Lemma 5, Lemma 6 and the inequality (4), we have

tr(vVA+ (1—v)B)
=vtrA+(1—-v)uB

Z vsj(A —Vv)s;(B))

j=1

< v -V V(l — V) <
2,‘:21Sj(A )s;j (B! )+27Mo (le ZES, Zﬁsi (B))
> j:zls,- (AYB'™V) + ‘/(217]‘;0‘/) (trA2 +trB? — 2j=21s, (A)s; (B))

i (AYB'V) + (21 V) (trA2+trB2 \/Es \/ (B))

Jj=1 Mo

tr|AVB'V [+ ﬁ) (trA2 +rB - 2\/trA2\/trBz>

2
trfavs | 1 VL )<\/trA ~VirB?) .
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b) By Lemma 6 and the inequality (4), we have

tr(VA+ (1 —v)B)

sy(a)s; (81) 4 LUV <22 W)-23 55415 (B)+ 3.5 <B>>

=1
Y D IIEES PUVES £ 1)
j=1 j=1 J= Jj= J=

=tw(A")tr(B'7Y) + w (trA>—2tr (AB) + rB?).

-

I
—_

<
J

tv1=

This completes the proof. [l

Based on the refined Young type inequalities (2) and (3), it has been shown in
[4] that if A, B € M,, such that A and B are positive, then
for0O<v< s

- 2 2 2
vllABY < \/V2 1Al + (1 =v2) |[Bll; = v* ([|All, = [IBl,) (13)

andforégvg 1.

- - 2 2 2 2
(1=v)"7[JAB"]|, < \/V2||A||2+(1—V2)||B||2_(1—") (Al = [I1Bl2)"-
(14
Now, we introduce reverses of inequalities (13) and (14).

THEOREM 8. Let A, B, X € M,, such that A and B are positive.
If 0<v< %, then

(1=v)"7V[|AY]l, 1B,

2 2 2 2 2 2
>\ V2 1A + (1= 813 - (1~ )? (1A + 1813 - 2],

v < 1, then

=

If
vV (A |[B Y,

2 2 2 2 2
> \ V2 IAIR + (1 =) 1813 - v2 (1413 + 1813 -2 1451, )

Proof. If 0 < v < %, then by Lemma 5, Lemma 6 and the inequality (9), we
have

tr (va2 +(1—v)? Bz> =v2 A+ (1—v) uB?

:2( (1-v75 ()
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<(1-v)? le —1—25 )_ZilSj(A)s (B)
j= =

2
—|—(1—v)2(17v) ZSJ' (AV) s (Bl—v)
j=1
2 2 2 N
<(1=v)" [ lAll3+IBll; =2 3. s (AB)
J=1
—|—(1—v)2(17v) ZS?W 25 (Bl— )
j=1 j=1

Thus,
2 2 2
v AR+ (1= v)*|1BI3
2 2 2 2(1— 2 —v2
< (=) (I3 = 1BIB = 214B], ) + (1 = v A B 5.

Ifog<vg %, then by the inequality (10) and the same method above, we have the
required inequality.
This completes the proof. [
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