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ON SCHUR m-POWER CONVEXITY FOR RATIOS OF SOME MEANS

HONG-PING YIN, HUAN-NAN SHI AND FENG QI

(Communicated by J. Pecaric)

Abstract. In the paper, the authors discuss the Schur m-power convexity on (0,e0) x (0,e0) for
ratios of some famous means, such as the arithmetic, geometric, harmonic, root-square means,
and the like, and obtain some inequalities related to ratios of means.

1. Introduction

In [7], a chain of inequalities for several means of two positive numbers is given
as follows.

THEOREM 1.1. ([7]) Let a,b € Ry = (0,0). Then

H(a,b) < G(a,b) < Ni(a,b) < N3(a,b) < N2(a,b) < A(a,b) < S(a,b), (L.1)

where

b 2ab

A(a,b):%, G(a,b) = vab, H(a,b):ﬁ,

24 p2 b\?2

S(a,b) = a+ . Ni(a,b) = M ,

2 2

a+vVb la+b a++ab+b
Nz(a,b):\/_z . Milab)= =

The means A(a,b), G(a,b), H(a,b), S(a,b), Ni(a,b), and N3(a,b) are called
the arithmetic, geometric, harmonic, root-square, square-root, and Heron means respec-
tively. The mean N(a,b) can be found in [6].

Furthermore, the differences of means

Mgsa(a,b) = S(a,b) —A(a,b), Msn, (a,b) = S(a,b) — N2(a,b), (1.2)
Msn, (a,b) = S(a,b) — N3(a,b), Msy, (a,b) = S(a,b) — Ni(a,b), (1.3)
Msg(a,b) = S(a,b) — G(a,b), Mgy (a,b) = S(a,b) — H(a,b), (1.4)
My, (a,b) = A(a,b) — N>(a,b), Myg(a,b) =A(a,b) — G(a,b), (1.5)
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Mag(a,b) = Aa,b) — H(a,b), Mn,n, (a,b) = Na(a,b) — Ni(a,b), (1.6)
MNZG(ayb) =N (a, b) — G(a,b) (1.7)
were considered in [7] and obtained the following theorem.

THEOREM 1.2. ([7]) The differences of means defined by (1.2) to (1.7) are non-
negative and convex in Ri.

Hereafter, the above differences were investigated once again [4].

THEOREM 1.3. ([4]) The differences givenin (1.2) to (1.7) are Schur-geometrically
convex in RZ..

Recently, the differences of means

MAN3(a7b):A(a7b)_N3(aab)a MANl(aab):A(avb)_Nl(aJ)): (18)
MN2N3(a7b):N2(aab)_N3(a7b)7 MNZH(aab):NZ(a7b)_H(aab)a (19)
Mpn,n, (a,b) = N3(a,b) — Ny(a,b), Mpy,c(a,b) = N3(a,b) — G(a,b), (1.10)
Mn,u(a,b) = N3(a,b) —H(a,b), My, (a,b) = Ni(a,b) — G(a,b), (1.11)
MNlH(a7b):Nl(aab)_H(aJ)): MGH(aab):G(aJ))_H(aab)a (112)
and
Mgy (a,b
Dsti—sa(a,b) = ”’é ) Mgs(a,b), (1.13)
Mugy(a,b) Mgy (a,b
Dar—su(a,b) = *‘Hé ) ”’é ), (1.14)
DsG—an(a,b) = Msg(a,b) — Man(a,b), (1.15)
Msg(a,b
Dag-sc(a.b) = Mag(a,b) — SGé ), (1.16)
Muy(a,b
DNQN[*AH(aab) :MNle(a7b)_$7 (117)
My, c(a,b
Drsgonm (a.6) = D) (), (1.18)
Myg(a,b) M a,b
DaG-n,G(a,b) = AGi )_ N263( )7 (1.19)
Myg(a,b
Dan,—ac(a,b) = My, (a,b) — %, (1.20)
AMgy, (a,b
Dsn, —sa(a,b) = % — Msy(a,b), (1.21)
4Mgpy, (a,b
Day,—sw, (a,b) = 4My, (a,b) — SNg( ), (1.22)
Dsy, —su(a,b) = 2Msy, (a,b) — Mgy (a,b), (1.23)
3Msg(a,b
DsG—sn, (a,b) = 3Mse(a,b) _ 2Msy, (a,b), (1.24)

2
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Dsny—sa(a,b) =

DSN175N3 (avb) =

3M5N3 (a7 b)

4

_MSA(a7b)7

2MSN1 (a,b) _ 3M5N3 (a7b)

3

4

were introduced in [1 1, 12] and obtained the following results.

147

(1.25)

(1.26)

THEOREM 1.4. ([11, Theorem 3.1]) The differences of means listed in equations

(1.2) to (1.12) are Schur-harmonically convex on Ri.

THEOREM 1.5. ([12, Theorem 3.1]) The differences given by (1.13) to (1.26) are
Schur-harmonically convex functions in Ri.

Motivated by the above differences of means, we now introduce the following

twenty one ratios of means:

Osa(a,b) =
Osn, (a,b) =
Oany(a,b) =
Qac(a,b) =

Onyn; (@,D) =
Onsw, (a,b) =

QNIG(aab) =

h

(a,b)
(a,b
S(a,b)
N1 (a,b)
Ala,b)

)

BN

sy (a,b) = ]52((‘2’12)
Oscla.b) = g
Qs (a.b) = 133((‘2712)
Qun(a,b) = 2((2 b)),
Ony(a,b) = 12((57’;))
R
Onya(a.b) = ]E((;’:))

b

)

b

)

)

Os; (a,b) =
Osn(a,b) =
Oan, (a,b) =
Onyws (a,b) =
Onyi(a,b) =
Onsn(a;b) =

Qcn(a,b) =

S(a,b)
Ns(a,b)
(a,b

%)
~—

oy
—~~
Q Q

= >

ESRS
SRS
= =

zz

S
==
\;Q \;Q
5SS
= =

—

\.Q
&

~

Z =
=
=

Q=
—~
ERCY
S
\./S

S
~—~
£

S
=

b

(1.27)

(1.28)

(1.29)

(1.30)

(1.31)

(1.32)

(1.33)

In this paper, we will prove that the ratios (1.27) to (1.33) are Schur m-power
convex and Schur-geometrically convex in Ri and establish some inequalities of the

ratios of means.

2. Definitions and lemmas

In order to verify our main results, the following definitions and lemmas are nec-

essary.

It is general knowledge that a set Q2 C R” is said to be convex if

Ax+(1=Ly=Ax1+(L—=A)y1,..., A+ (1 —=A)yn) €Q

forevery x,y € Q and A € [0,1].
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DEFINITION 2.1. ([2, pp. 8 and 80], [3, pp. 2313-2314],and [10]) Let
x=(x1,...,.x,) and y=(y1,...,yn) € R
1. The tuple x is said to be majorized by y, in symbols x <y, if Zi-‘zl X < 2{-‘: 1)

for k=1,2,...,n—1 and 3", x; = 3, yi, where xp;) = -+ > x|y and yjy =
“++ 2 Y|y are rearrangements of x and y in a descending order.

2. A function ¢ : Q C R" — R is said to be Schur-convex on Q if x <y on Q
implies @(x) < @(y). A function ¢ is said to be Schur-concave on Q if and
only if —¢ is Schur-convex.

DEFINITION 2.2. ([1]) Let QC R’}

1. The set Q is said to be geometrically convex if (x}yl™*,....x}yl*) € Q for

every x,y € Q and A € [0,1].

2. A function ¢ : Q — Ry is said to be Schur-geometrically convex on Q if Inx =
(Inxy,---,lnx,) < Iny = (Inyy,---,Iny,) implies @(x) < @(y) for every x,y €
Q.

DEFINITION 2.3. ([13, Definition 1.3]) Let Q C R" .

1. A set Q is said to be harmonically convex if m € Q for every x,y € Q
and A € [0,1], where xy =¥} x;y; and 1 = (x%”x%)

2. A function ¢ : Q — R is said to be Schur-harmonically convex on Q if ch < %
implies p(x) < p(y).
DEFINITION 2.4. ([14]) Let f: R4 — R be defined by
A" —1
0;
f)={"m >’ m# 2.1)

Inx, m=0.

Then a function ¢ : Q C R’} — R is said to be Schur m-power convex on € if

(f1) S @)y Qi) < (F1)s f(v2)s -5 S (n))

forall (x1,x2,...,x,) € Qand (y1,y2,...,yn) € Q implies ¢(x) < §(y).
If —¢ is Schur m-power convex, then we say that ¢ is Schur m-power concave.

If putting f(x) = x,Inx, % in Definition 2.4, then definitions of the Schur-convex,
Schur-geometrically convex, and Schur-harmonically convex functions can be deduced
respectively.

LEMMA 2.1.([2, 10]) Let Q C R’ be a symmetric and geometrically convex set
with inner point and @ : Q — Ry be a symmetric and differentiable function in Q°.
Then ¢ is a Schur-convex function on  if and only if

do(x) do(x)

()Cl—)(fz) |:8—xl_8—x2:| 207 x € Q°. (22)
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LEMMA 2.2. ([1]) Let Q C R, be a symmetric and geometrically convex set with
inner point and ¢ : Q — Ry be a symmetric and differentiable function in Q°. Then
¢ is a Schur-geometrically convex function on Q if and only if

I9(x) 29

1 2
8)61 8)62

(Inx; —Inxy) [x } >0, xeQ°. (2.3)

LEMMA 2.3. ([13, Lemma 2.4]) Let Q C R} be a symmetric and harmonically
convex set with inner points and let @ : Q — R be a continuously symmetric function
which is differentiable on Q°. Then ¢ is Schur-harmonically convex on Q if and only

if

( ) ( ) o
_ 2909(x _ 299(x
(x1 xz)[xl o1 x5 o >0, xeQ. (2.4)

LEMMA 2.4. ([14]) Let Q C R be a symmetric set with nonempty interior £2°
and @ : Q — R be continuous on Q and differentiable in Q°. Then ¢ is Schur
m-power convex on L if and only if ¢ is symmetric on Q and

A _x’2 x}—mg(p(x) _xé—mg(p(x) >0, lfm;éO (2.5)
m 8)61 8)62
and
(Inx; —Inx;) x18¢(x) _x28qo(x) >0, ifm=0 (2.6)
8)61 8)62

forall x € Q°.

3. Main results

Now we set off to prove our main results.

THEOREM 3.1. For m # 0, the ratios of means given in (1.27) to (1.33) are Schur
m-power convex functions in Ri.

Proof. 1t is easy to show that

L n20enlad) yrn20ertat)]

m Ja db
(a—b)(a™—b") ( 1 1 )
= - — + . 2 07
4mv/ab am - b"
a"—b" alfmaQNlG(a7b) _blfmaQNlG(a’b)
m Ja db

prias e

=—(“_f3n(;"£bm> <i+ : ) >0,
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m da db
2Vab(a—b)(@"—b") (1 1
LBy (1 1),
3m(v/a+Vb) am b
Therefore, by Lemma 2.4, it follows that Qg (a,b), On,c(a,b), and On,n, (a,b) are

Schur m-power convex functions on Ri .
A direct calculation yields

a™—b" alfmgQN2N3 (a7b) _blfmgQN2N3 (a7b)
m da ob
P R ¥

a=o" [almgQNz,M (a,b) . blfmgQNz»Nl (a7b)]

8(a+b+\/%)2 ab(a+Db) 8(a+b+\/ﬁ)2 ab(a+Db)
_3V2ab(Va—Vb)(a" —b") <i+ 1>>0

m

8m(a+b+ab)'Vath \@" b"
at—bp" a],maQANz(C%b) _blfmaQANZ(a’b)
m da db

R VIb(ya - VB)a " V3a(VE— Ja)b |
m 2(\/5+\/5)2 ab(a+b) 2(\/E+\/5)2 ab(a+b)
_ V2ab(a—b)(@"—b") <L+L) =0

2m(\/5+\/l_7)3\/m 7

and

am—pm |:a1—m aQSA (a7b) _ bl—maQSA (a’b):|

m da db
O o D) Vo) ]
m (a+b)>Va*>+b? (a+Db)2Va?+ b2

_ V2ab(a—b)(@" ~b ><L+L> ~o.
m(a+b)>Va>+b> \a" b"

From Lemma 2.4, it follows that the ratios Qw,n, (a,b), Qan,(a,b), and Qsa(a,b) are
Schur m-power convex functions in Ri .
Notice that

Onu(a,b) = On,c(a,b)Qcr(a,b),  Onyc(a,b) = On;n, (a,b)0n,(a,b), (3.1)
On,a(a,b) = On;n, (a,b)On,H(a,b), On,n, (a,b) = Onyny(a,b)Onsw, (a,b), (3.2)
QNZG(a»b) = ONn,N; (a»b)QN3G(a7b)7 QNzH(a»b) = 0OnN; (a»b)QNﬂ‘I (a7b)7 (3.3)
QAN3 (a»b) = QANz (a7b)QN2N3 (avb)» QAN1 (a,b) = QANz (a7b)QN2N1 (a»b)» (3.4)

Qacla,b) = Qan,(a,b)0On,6(a;b),  Qan(a,b) = Oan,(a,b)On,u(a,b), (3.5)
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QSN2 (avb) = QSA(aab)QANz (aab)a QSN3 (avb) = QSA(aab)QAA@ (aab)a (36)
Osn, (a,b) = Osa(a,b)Qan, (a,b), Osc(a,b) = Qsala,b)Qac(a,b), (3.7
Osk(a,b) = Osa(a,b)Oan(a,b) (3.8)

and that a quotient of finitely many Schur m-power convex functions is also Schur m-
power convex. Conclusively, the rest ratios listed in (1.27) to (1.33) are Schur m-power
convex in R%r. The proof of Theorem 3.1 is complete. [

COROLLARY 3.1. Under the conditions of Theorem 3.1, if m = +1, then the ra-
tios of means given in (1.27) to (1.33) are Schur-convex and Schur-harmonically convex
in Ri.

COROLLARY 3.2. For a,b € Ry and m € R with m # 0, let pgpn(t) = (1 —
Na" +1b™ for 0 <t < 1. Then

S(am’bm) > S(pa7b;m(t),pa7b;m(l —t)
(pﬂhb;m(t)apu,h;m(l — I)

3207

A(am7bm) “A

A(am,bm) > A(pab‘m(t) pab‘m(l —1 ) >0
N2(amabm) N2(pu,hm(t) pabm(l _t)) '
Ng(amJ?m) > No(Papm(t); Papm(1—1)) >0
N3(am’bm) - NS(pu, m(t) pabm(l _t)) 7
N3 (a’”7b’”) S NS(pu, m(t) pabm(l _t)) >0
Np (am,bm) - Nl(pa,bm(t) pmb‘m(l —1)) -
Nl (a’”7bm) S Nl(pu,hm(t) pabm(l t)) > O
G(am,bm) - G(pa,b;m(t)apmbm(l _t))
G(amabm) > G(pa,b;m(t)apu,hm(l_t)) > 0.
H(am7bm) H(pa,b;m(t)»pmbm(l _t))

Proof. Ttis easy to see that

am+bp" a"+b"
2 72

) < ((1=0)d"+1b" 1" + (1 —1)b™) < (d",b"), 0<t<1.

Further by Theorem 3.1 and Definition 2.4, the proof of Corollary 3.2 is complete. [

THEOREM 3.2. The ratios of means given in (1.27) to (1.33) are Schur-geometri-
cally convex functions in Ri.

Proof. Ttis easy to see that

8QGH(a,b) 8QGH(a,b) - (lna—lnb)(a—b)
(Ina—1nb) {a P —b b } = W >0,

d0n,G(a,b)  d0n,G(a,b) (Ina—Inb)(a—b)
(Ina—1nb) [a 32 —b 5 } T >0,
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9I0nyn (a,b) IOnsN, (a,D) 4v/ab(Ina —1nb)(a — b)
(Ina—Inb) [a NLT) T ] o |
(Ina—Inb) [a8QANz(a,b) _bQQANZ(Cl,b):| _ V2ab(Ina—1Inb)(a—b) _
o o |7 (Va+vB) vt
d0sa(a,b) | d0sa(a,b)] _ 2v2ab(Ina—Inb)(a—b)
et {a da -’ b }  (atbh)VaE+p? >0,
and

(Ina —Inb) [agQNzgzl(a’b) - ngNzgz(ayb)]

3v2ab(Ina —Inb)(a—b) -
4(Va+b)(a+b+Vab)Vath

By the equalities (3.1) and (3.8), it follows that the ratios (1.27) to (1.33) are Schur-
geometrically convex in Ri . The proof of Theorem 3.2 is complete. [

COROLLARY 3.3. For a,be Ry and 0 <1 <1, let g,p(t) = al='b' . Then

> S(ga,b(t)aga,b(l _t)) >0 A(a’b) > A(gab( ) gab(l _t))

S(a,b) >0,
A(a,b) ~ A(8ap(1),8ap(1—1)) = Na(a,b) =~ Na(gap(t).8ap(1—1)) ~
N2(a7b) N2(ga,b(t)7ga7b(l_t)) (a’b) N3(gab(t)vga7b( t)) >O
N3(a,b) = N3(8ap(1),8ap(1 —f)) " Ni(a,b) ~ Nl(gab( ) 8an(1—1)) ~
Ni(a,b) _ Ni(8ap(1):8ap(1—1)) _ >0 Gla,b) _ G(8ap(1):8ap(l—1)) >0
G(a,b) = G(gap(1),8ap(1—1)) = H(a,b) ~ H(g b(1),8ap(1—1)) ~

Proof. This follows from
(InVab,InVab) < (In(a"7'5"),In(d’b' ™)) < (Ina,Inb), 0<r<1

and making use of Theorem 3.2 and Definition 2.4. The proof of Corollary 3.3 is
complete. [J
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