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AN OPTIMAL INEQUALITIES CHAIN FOR BIVARIATE MEANS

ZHEN-HANG YANG AND YU-MING CHU

Abstract. Let p € R, M be a bivariate mean, and M,, be defined by M), (a,b) = M'/?(a?,b?)
(p #0) and My(a,b) = lim,_oM,(a,b). In this paper, we prove that the sharp inequali-
ties L (a,b) < P(a,b) < NS|jy(a,b) < He(a,b) < Ays3(a,b) <I(a,b) <Z3(a,b) <Y|(a,b)
hold for all a,b > 0 with a # b, where L(a,b) = (a —b)/(loga —logh), P(a,b) = (a —
b)/[2arcsin((a—b)/(a+Db))], NS(a,b) = (a—b)/[2arcsinh ((a —b)/(a+Db))], He(a,b) = (a+
Vab+b)/3, Ala,b) = (a+b)/2, I(a,b) = 1/e(a®/b*)V/ (@) Z(a,b) = a®/ @D pb/(@+D) and
Y(a,b) = I(a7b)e1’”b/L2(”*b) are respectively the logarithmic, first Seiffert, Neuman-Sandor,
Heronian, arithmetic, identric, power-exponential and exponential-geometric means of a and
b.
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