
Journal of
Mathematical

Inequalities

Volume 9, Number 2 (2015), 331–343 doi:10.7153/jmi-09-27

AN OPTIMAL INEQUALITIES CHAIN FOR BIVARIATE MEANS

ZHEN-HANG YANG AND YU-MING CHU

Abstract. Let p ∈ R , M be a bivariate mean, and Mp be defined by Mp(a,b) = M1/p(ap,bp)
(p �= 0) and M0(a,b) = limp→0 Mp(a,b) . In this paper, we prove that the sharp inequali-
ties L2(a,b) < P(a,b) < NS1/2(a,b) < He(a,b) < A2/3(a,b) < I(a,b) < Z1/3(a,b) < Y1/2(a,b)
hold for all a,b > 0 with a �= b , where L(a,b) = (a− b)/(loga − logb) , P(a,b) = (a−
b)/[2arcsin((a−b)/(a+b))] , NS(a,b) = (a−b)/[2arcsinh ((a−b)/(a+b))] , He(a,b) = (a+√

ab+ b)/3 , A(a,b) = (a+ b)/2 , I(a,b) = 1/e(aa/bb)1/(a−b) , Z(a,b) = aa/(a+b)bb/(a+b) and

Y (a,b) = I(a,b)e1−ab/L2(a,b) are respectively the logarithmic, first Seiffert, Neuman-Sándor,
Heronian, arithmetic, identric, power-exponential and exponential-geometric means of a and
b .
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[11] P. A. HÄSTÖ, Optimal inequalities between Seiffert’s mean and power mean, Math. Inequal. Appl. 7,
1 (2004), 47–53.

[12] A. A. JAGERS, Solution of problem 887, Nieuw Arch. Wisk. (4) 12 (1994), 230–231.
[13] G. JIA AND J.-D. CAO, A new upper bound of the logarithmic mean, JIPAM. J. Inequal. Pure Appl.

Math. 4, 4 (2003), Article 80, 4 pages.
[14] T. P. LIN, The power mean and the logarithmic mean, Amer. Math. Monthly 81 (1974), 879–883.
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