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ON QUASI–∗–n–PARANORMAL OPERATORS

FEI ZUO

(Communicated by M. Fujii)

Abstract. For a positive integer n , an operator T ∈ B(H) is called quasi-∗ -n -paranormal if

||T 2+nx|| 1
1+n ||Tx|| n

1+n � ||T ∗Tx|| for every x∈H , which is a further generalization of hyponor-
mal and a subclass of normaloid. In this paper, we give necessary and sufficient conditions for T
to be a quasi-∗ -n -paranormal operator. And prove that the spectrum is continuous on the class
of all quasi-∗ -n -paranormal operators.

1. Introduction

Let B(H) and K(H) denote, respectively, the C∗ -algebra of all bounded linear op-
erators and the ideal of compact operators on an infinite dimensional separable Hilbert
space H .

In paper [15] authors introduced the class of quasi-∗ -n -paranormal operators de-
fined as follows:

DEFINITION 1.1. For a positive integer n , T is a quasi-∗ -n -paranormal operator
if

||T 2+nx|| 1
1+n ||Tx|| n

1+n � ||T ∗Tx|| for every x ∈ H.

A quasi-∗ -n -paranormal operator for a positive integer n is an extension of hy-
ponormal operator, i.e., T ∗T � TT ∗ (equivalently, if ||T ∗x|| � ||Tx|| for all x in H )

and ∗ -n -paranormal operator, i.e., ||T 1+nx|| 1
1+n � ||T ∗x|| for unit vector x. By defi-

nition a ∗ -n -paranormal operator is a quasi-∗ -n -paranormal operator. A quasi-∗ -n -
paranormal operator is normaloid [15], i.e., ||Tn|| = ||T ||n , for n ∈ N (equivalently,
||T || = r(T ) , the spectral radius of T ). A ∗ -1-paranormal operator is called a ∗ -
paranormal operator, i.e., ||T 2x|| � ||T ∗x||2 for unit vector x , which has been studied
by many authors and it is known that ∗ -paranormal operators have many interesting
properties similar to those of hyponormal operators (see [5, 7, 10, 13]).

THEOREM 1.2. Each hyponormal operator is a quasi-∗ -n-paranormal operator.

Mathematics subject classification (2010): Primary 47B20; Secondary 47A10.
Keywords and phrases: quasi-∗ -n -paranormal operator, spectral continuity, normal operator.

c© � � , Zagreb
Paper JMI-09-34

409

http://dx.doi.org/10.7153/jmi-09-34


410 F. ZUO

Proof. Recall from [1, Theorem 1] that if T is a hyponormal operator, then

|T 1+n| 2
1+n � T ∗T � TT ∗,

using the Hölder-McCarthy inequality, then for every x ∈ H ,

||T ∗Tx||2 = (TT ∗Tx,Tx)

� (|T 1+n| 2
1+n Tx,Tx)

� (|T 1+n|2Tx,Tx)
1

1+n ||Tx||2(1− 1
1+n )

= ||T 2+nx|| 2
1+n ||Tx|| 2n

1+n ,

therefore, we have

||T 2+nx|| 1
1+n ||Tx|| n

1+n � ||T ∗Tx|| for every x ∈ H. �

EXAMPLE 1.3. Let T be the unilateral weighted shift operator with weights α :=
{αn}n�1 of positive real numbers, that is,

T =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 · · ·
α1 0 0 0 0 · · ·
0 α2 0 0 0 · · ·
0 0 α3 0 0 · · ·
0 0 0 α4 0 · · ·
...

...
...

...
...

. . .

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

.

It is well known that T is hyponormal if and only if α is monotonically increasing.
Simple calculations show that T is a quasi-∗ -n -paranormal operator if and only if

(αi+1+nαi+n . . .αi+2αi+1)
1

1+n � αi (i = 1,2,3, . . .).

2. quasi-∗ -n -paranormal operators

In the sequel, we shall write N(T ) and R(T ) for the null space and range space of
T , respectively.

LEMMA 2.1. [14] T is a ∗ -n-paranormal operator if and only if

T ∗1+nT 1+n− (1+n)μnTT ∗ +nμ1+n � 0 f or all μ > 0.

It is well known that for any operators A , B and C , ||Ax||||Cx|| � ||Bx||2 for all
x ∈ H ⇐⇒ A∗A− 2λB∗B + λ 2C∗C � 0 for all λ > 0. Thus we have the following
Lemma 2.2.

LEMMA 2.2. T is a quasi-∗ -n-paranormal operator if and only if

T ∗(T ∗1+nT 1+n− (1+n)μnTT ∗ +nμ1+n)T � 0 f or all μ > 0.
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THEOREM 2.3. If T does not have a dense range, then the following statements
are equivalent:

(1) T is a quasi-∗ -n-paranormal operator;

(2) T =
(

A B
0 0

)
on H = R(T )⊕N(T ∗), where A∗1+nA1+n − (1 + n)μn(AA∗ +

BB∗)+nμ1+n � 0 for all μ > 0.

Proof. (1) ⇒ (2) Consider the matrix representation of T with respect to the
decomposition H = R(T )⊕N(T ∗) :

T =
(

A B
0 0

)
.

Let P be the projection onto R(T ) . Since T is a quasi-∗ -n -paranormal operator, we
have

P(T ∗1+nT 1+n− (1+n)μnTT ∗ +nμ1+n)P � 0.

Therefore A∗1+nA1+n− (1+n)μn(AA∗ +BB∗)+nμ1+n � 0 for all μ > 0.

(2) ⇒ (1) Suppose that T =
(

A B
0 0

)
on H = R(T )⊕N(T ∗) . Then we have

T ∗(T ∗1+nT 1+n− (1+n)μnTT ∗ +nμ1+n)T

=
(

A B
0 0

)∗

×
((

A B
0 0

)∗1+n (
A B
0 0

)1+n

− (1+n)μn
(

A B
0 0

)(
A B
0 0

)∗
+nμ1+n

)

×
(

A B
0 0

)

=
(

A B
0 0

)∗(
D A∗1+nAnB

B∗A∗nA1+n B∗A∗nAnB+nμ1+n

)(
A B
0 0

)

=
(

A∗DA A∗DB
B∗DA B∗DB

)

where D = A∗1+nA1+n − (1+ n)μn(AA∗ +BB∗)+ nμ1+n. Let μ > 0 be arbitrary and
v = x⊕ y be a vector in H = R(T )⊕N(T ∗) , where x ∈ R(T ) and y ∈ N(T ∗) . Then

(T ∗2+nT 2+n− (1+n)μnT ∗TT ∗T +nμ1+nT ∗Tv,v)
= (A∗DAx,x)+ (A∗DBy,x)+ (B∗DAx,y)+ (B∗DBy,y)
= (D(Ax+By),(Ax+By))

= ((A∗1+nA1+n− (1+n)μn(AA∗ +BB∗)+nμ1+n)(Ax+By),(Ax+By)).

Since
A∗1+nA1+n− (1+n)μn(AA∗ +BB∗)+nμ1+n � 0 for all μ > 0,
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(T ∗2+nT 2+n− (1+n)μnT ∗T ∗TT +nμ1+nT ∗Tv,v) � 0 for all v ∈ H and for all μ > 0,

hence
T ∗2+nT 2+n− (1+n)μnT ∗TT ∗T +nμ1+nT ∗T � 0 for all μ > 0.

Thus T is a quasi-∗ -n -paranormal operator. �

COROLLARY 2.4. If T is a quasi-∗ -n-paranormal operator and R(T ) is not
dense, then T has the following matrix representation:

T =
(

A B
0 0

)
on H = R(T )⊕N(T ∗)

where A is a ∗ -n-paranormal operator on R(T ).

THEOREM 2.5. Let T be a quasi-∗ -n-paranormal operator and M be an in-
variant subspace for T . Then the restriction T |M is also a quasi-∗ -n-paranormal
operator.

Proof. Let P be the projection onto M . Then TP = PTP , so that

(T |M)∗ = PT ∗P.

Hence, for x ∈ M we have

||(T |M)∗T |Mx|| =||PT ∗PPTPx|| = ||PT ∗Tx|| � ||T ∗Tx||
�||T 2+nx|| 1

1+n ||Tx|| n
1+n = ||(T |M)2+nx|| 1

1+n ||T |Mx|| n
1+n .

Thus T |M is a quasi-∗ -n -paranormal operator. �

COROLLARY 2.6. Let T be a quasi-∗ -paranormal operator and M be an invari-
ant subspace for T . Then the restriction T |M is also a quasi-∗ -paranormal operator.

3. Spectral properties of quasi-∗ -n -paranormal operators

For every T ∈ B(H) , σ(T ) is a compact subset of C . The function σ viewed
as a function from B(H) into the set of all compact subsets of C , equipped with the
Hausdorff metric, is well known to be upper semi-continuous, but fails to be continuous
in general. Conway and Morrel [3] have carried out a detailed study of spectral conti-
nuity in B(H) . Recently, the continuity of spectrum was considered when restricted to
certain subsets of the entire manifold of Toeplitz operators in [8, 11]. It has been proved
that is continuous in the set of normal operators and hyponormal operators in [9]. And
this result has been extended to quasihyponormal operators by Djordjević in [4], to
p -hyponormal operators by Hwang and Lee in [12], and to ( p,k )-quasihyponormal,
M -hyponormal, ∗ -paranormal and paranormal operators by Duggal, Jeon and Kim in
[6]. In this section we extend this result to quasi-∗ -n -paranormal operators.
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LEMMA 3.1. Let T be a quasi-∗ -n-paranormal operator. Then the following as-
sertions hold:

(1) If T is quasinilpotent, then T = 0 .
(2) For every non-zero λ ∈ σp(T ) , the matrix representation of T with respect to

the decomposition H = N(T −λ )⊕ (N(T −λ ))⊥ is: T =
(

λ 0
0 B

)
for some operator

B satisfying λ /∈ σp(B) and σ(T ) = {λ}∪σ(B) .

Proof. (1) Suppose T is a quasi-∗ -n -paranormal operator. T is normaloid by
[15], thus T = 0.

(2) We may assume Tx = λx , where ||x|| = 1 and λ 	= 0. Then

|λ |||T ∗x|| = ||T ∗Tx|| � ||T 2+nx|| 1
1+n ||Tx|| n

1+n = |λ |2.

Hence ||T ∗x|| � |λ | and

0 � ||(T −λ )∗x||2 = ||T ∗x||2 −2Re(T∗x,λx)+ |λ |2 � 2|λ |2−2|λ |2 = 0.

We have T ∗x = λx , i.e., N(T − λ ) reduces T . So we have that T =
(

λ 0
0 B

)
on

H = N(T −λ )⊕ (N(T −λ ))⊥ for some operator B satisfying λ /∈ σp(B) and σ(T ) =
{λ}∪σ(B) . �

LEMMA 3.2. [2] Let H be a complex Hilbert space. Then there exists a Hilbert
space K such that H ⊂ K and a map ϕ : B(H) → B(K) such that

(1) ϕ is a faithful ∗ -representation of the algebra B(H) on K ;
(2) ϕ(A) � 0 for any A � 0 in B(H);
(3) σa(T ) = σa(ϕ(T )) = σp(ϕ(T )) for any T ∈ B(H) .

THEOREM 3.3. The spectrum σ is continuous on the set of quasi-∗ -n-paranormal
operators.

Proof. Suppose T is a quasi-∗ -n -paranormal operator. Let ϕ : B(H) → B(K) be
Berberian’s faithful ∗ -representation of Lemma 3.2. In the following, we shall show
that ϕ(T ) is also a quasi-∗ -n -paranormal operator. In fact, since T is a quasi-∗ -n -
paranormal operator, we have

T ∗(T ∗1+nT 1+n− (1+n)μnTT ∗ +nμ1+n)T � 0 for all μ > 0.

Hence we have

(ϕ(T ))∗(ϕ(T )∗1+nϕ(T )1+n− (1+n)μnϕ(T )ϕ(T )∗ +nμ1+n)ϕ(T )

= ϕ(T ∗(T ∗1+nT 1+n− (1+n)μnTT ∗ +nμ1+n)T ) by Lemma 3.2

� 0 by Lemma 3.2,
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so ϕ(T ) is also a quasi-∗ -n -paranormal operator. By Lemma 3.1, we have T be-
longs to the set C(i) (see definition in [6]). Therefore, we have that the spectrum σ is
continuous on the set of quasi-∗ -n -paranormal operators by [6, Theorem 1.1]. �

The following example provides an operator T which is a quasi-∗ -n -paranormal
operator, however, the relation N(T ) ⊆ N(T ∗) does not hold.

EXAMPLE 3.4. [15] Let A =
(

1 0
0 0

)
, B =

(
1 1
1 1

)
be operators on R

2
, and

let Hn = R
2

for all positive integers n . Consider the operator TA,B on ⊕+∞
n=1Hn defined

by

TA,B =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0 · · ·
A 0 0 0 0 0 · · ·
0 B 0 0 0 0 · · ·
0 0 B 0 0 0 · · ·
0 0 0 B 0 0 · · ·
0 0 0 0 B 0 · · ·
...

...
...

...
...

...
. . .

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Then TA,B is a quasi-∗ -n -paranormal operator, TA,B(x) = 0 while T ∗
A,B(x) 	= 0 for the

vector x = (0,0,1,−1,0,0, · · ·) . Therefore, the relation N(TA,B) ⊆ N(T ∗
A,B) does not

always hold.

In the following, we shall give a sufficient condition for quasi-∗ -n -paranormal
operators to be normal and compact.

THEOREM 3.5. Let T be a quasi-∗ -n-paranormaloperator and Riesz (i.e., σe(T )=
{0} ). Then T is normal and compact.

Proof. Decompose T into T = T1 ⊕T2 , where T1 is normal part and T2 is pure.
Then T2 is quasi-∗ -n -paranormal and Riesz. Since non-zero eigenvalues of a quasi-∗ -
n -paranormal operator are normal, σ(T2) = 0; hence T2 is quasinilpotent, and therefore
T2 = 0. The proof now follows since a normal Riesz operator is compact. �
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