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Abstract. Let ϕ be an analytic self-map of D and g∈H(D) . The boundedness and compactness
of generalized composition operators

(Cg
ϕ f )(z) =

∫ z

0
f ′(ϕ(ξ ))g(ξ )dξ , z ∈ D, f ∈ H(D)

from Zygmund type spaces to QK spaces are investigated.

1. Introduction

Let ϕ be an analytic self-map of the open unit disc D of the complex plane. Let
H(D) be the space of all analytic functions in D and g ∈ H(D) .

The composition operator is defined by Cϕ f (z) = f (ϕ(z)), f ∈ H(D). This oper-
ator is well studied for many years. We refer to the books [1, 2], which are excellent
sources for the development of the theory of composition operators in function spaces.

The following, so called, generalized composition operator Cg
ϕ

(Cg
ϕ f )(z) =

∫ z

0
f ′(ϕ(ξ ))g(ξ )dξ , z ∈ D, f ∈ H(D),

was introduced by Li and Stević in [3], and studied later, for example, in [4, 5, 6]. An n -
dimensional extension of the operator was introduced in [7] and studied in [8, 9, 10, 11].

A fundamental problem in the study of generalized composition operators Cg
ϕ is

to investigate the relations between function theoretic properties of ϕ and g and oper-
ator theoretic properties of the restriction of Cg

ϕ to various Banach spaces of analytic
functions. Lots of attentions have been attracted to the study of the problem on many
Banach spaces of analytic functions in recent years.

For 0 < α < ∞ , a function f ∈ H(D) belongs to the Zygmund type space Zα if

sup
z∈D

(1−|z|2)α | f ′′(z)| < ∞
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equipped with the norm

‖ f‖Zα = | f (0)|+ | f ′(0)|+ sup
z∈D

(1−|z|2)α | f ′′(z)| < ∞.

The little Zygmund type space Z 0
α consists of all f ∈ Zα such that

lim
|z|→1

(1−|z|2)α | f ′′(z)| = 0.

When α = 1, Zα is the classical Zygmund space Z and Z 0 . A systematic study
of operators on Zygmund and Zygmund type spaces was started by Li and Stević in
[3, 12, 13, 14]. For other papers in the area see, also, [7], [15]–[17] and [18]–[20].

Let K : [0,∞) → [0,∞) be a nonnegative nondecreasing continuous function. An
analytic function f on D is said to belong to QK if

‖ f‖QK =
{

sup
a∈D

∫
D
| f ′(z)|2K(g(z,a))dA(z)

} 1
2

< ∞

and an analytic function f ∈ QK,0 if

lim
|a|→1

∫
D
| f ′(z)|2K(g(z,a))dA(z) = 0,

where dA denotes the normalized Lebesgue area measure on D , g(z,a) = log 1
|φa(z)| is

a Green function, φa(z) = a−z
1−az . If K(t) = t p ,QK = Qp . QK is a Banach space under

the norm | f (0)|+‖ f‖QK and QK is Möbius invariant. If QK consists of just constant
functions, we say that it is trivial. We assume throughout this paper that

∫ 1
e

0
K(− logr)rdr < ∞.

Moreover, under this assumption, QK is nontrivial. For more details on QK space, see
in [21]–[24]. Zhang and Liu studied generalized composition operators from Bloch type
spaces to QK type spaces in [6]. This paper is devoted to investigating the boundedness
and compactness of generalized composition operators Cg

ϕ from Zygmund type spaces
to QK spaces. Throughout this paper, constants are denoted by C , they are positive and
may differ from one occurrence to the other.

2. Preliminaries

To derive our results, we need the following lemmas. The following Lemma 2.1
follows easily, from, for example, the arguments in [12], Lemma 2.2 in [25] and Lemma
2.4 in [26] (see also [16]).

LEMMA 2.1. For every f ∈ Zα and 0 < α < ∞ . Then
(i) For 0 < α < 1 . | f ′(z)| � 2

1−α ‖ f‖Zα and | f (z)| � 2
1−α ‖ f‖Zα ;
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(ii) For α = 1 . | f ′(z)| � 2‖ f‖Zα ln 2
1−|z|2 and | f (z)| � ‖ f‖Zα ;

(iii) For α > 1 . | f ′(z)| � 2
α−1

‖ f‖Zα
(1−|z|2)α−1 ;

(iv) For 1 < α < 2 . | f (z)| � 2
(α−1)(α−2)‖ f‖Zα ;

(v) For α = 2 . | f (z)| � 2‖ f‖Z2 ln 2
1−|z|2 ;

(vi) For α > 2 . | f (z)| � 2
(α−1)(α−2)

‖ f‖Zα
(1−|z|2)α−2 .

LEMMA 2.2. Let K be a nonnegative nondecreasing continuous function on [0,∞) .
Assume that ϕ is an analytic self-map of D . Then Cg

ϕ : Zα → QK is compact if and
only if for every bounded sequence { fk} in Zα which converges to 0 uniformly on
compact subsets of D , limk→∞ ‖Cg

ϕ fk‖QK = 0.

LEMMA 2.3. Let K be a nonnegative nondecreasing continuous function on [0,∞) .
Assume that ϕ is an analytic self-map of D and 0 < α < ∞ . If Cg

ϕ : Zα →QK is com-
pact, then for any ε > 0 there exists a δ , 0 < δ < 1 such that for all f in Zα ,

sup
a∈D

∫
|ϕ(z)|>r

| f ′(ϕ(z))|2|g(z)|2K(g(z,a))dA(z) < ε

holds whenever δ < r < 1.

Proof. The lemma can be obtained by the similar methods in [19, 23, 24]. Here
we omit the details. �

LEMMA 2.4. ([27]) Let f be a holomorphic function in D with the gap series
expansion

f (z) =
∞

∑
k=1

akz
nk , z ∈ D,

where for a constant q > 1 the natural numbers nk , k � 1 , satisfy nk+1/nk � q, k � 1.
Then

f ∈ Bα if and only if limsup
k→∞

|ak|n1−α
k < ∞.

The following lemma can be found in [28].

LEMMA 2.5. Assume that {nk} is an increasing sequence of positive integers
satisfying nk+1

nk
� λ > 1 for all k ∈ N. Let 0 < p < ∞ . Then there are two positive

constants C1 and C2 , depending only on p and λ such that

C1

( ∞

∑
k=0

|ak|2
) 1

2

�
(

1
2π

∫ 2π

0

∣∣∣∣
∞

∑
k=0

ake
inkθ

∣∣∣∣
p

dθ
) 1

p

� C2

( ∞

∑
k=0

|ak|2
) 1

2

.
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3. The boundedness and compactness of Cg
ϕ : Zα → QK

THEOREM 3.1. Let K be a nonnegative nondecreasing continuous function on
[0,∞) . Assume that ϕ is an analytic self-map of D and 0 < α < 1 . Then Cg

ϕ : Zα →QK

is bounded if and only if

M := sup
a∈D

∫
D

|g(z)|2K(g(z,a))dA(z) < ∞, (1)

moreover,
‖Cg

ϕ‖2
Zα→QK

� M.

Proof. Let f ∈ Zα , by Lemma 2.1 (i), we have

| f ′(z)| � 2
1−α

‖ f‖Zα .

Hence

‖Cg
ϕ f‖2

QK
= sup

a∈D

∫
D

|(Cg
ϕ f )′(z)|2K(g(z,a))dA(z)

= sup
a∈D

∫
D

| f ′(ϕ(z))|2|g(z)|2K(g(z,a))dA(z)

� C‖ f‖2
Zα sup

a∈D

∫
D

|g(z)|2K(g(z,a))dA(z).

Hence Cg
ϕ : Zα → QK is bounded by (1).

Conversely, suppose that Cg
ϕ : Zα → QK is bounded. Let h(z) = z ∈ Zα , then

∞ > ‖Cg
ϕh‖2

QK

= sup
a∈D

∫
D

|(Cg
ϕh)′(z)|2K(g(z,a))dA(z)

= sup
a∈D

∫
D

|g(z)|2K(g(z,a))dA(z).

Hence (1) holds.
Finally, the estimate of the norm ‖Cg

ϕ‖2
Zα→QK

is easily obtained. �

THEOREM 3.2. Let K be a nonnegative nondecreasing continuous function on
[0,∞) . Assume that ϕ is an analytic self-map of D and α = 1 . Then

(a) If

sup
a∈D

∫
D

|g(z)|2
(

ln
2

1−|ϕ(z)|2
)2

K(g(z,a))dA(z) < ∞, (2)

then Cg
ϕ : Z → QK is bounded.

(b) If Cg
ϕ : Z → QK is bounded, then

sup
a∈D

∫
D

|g(z)|2 ln
1

1−|ϕ(z)|2 K(g(z,a))dA(z) < ∞. (3)
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Proof. (a) Let f ∈ Z , then by Lemma 2.1 (ii),

| f ′(z)| � 2‖ f‖Z ln
2

1−|z|2 .

Then we have

‖Cg
ϕ f‖2

QK
= sup

a∈D

∫
D

|(Cg
ϕ f )′(z)|2K(g(z,a))dA(z)

= sup
a∈D

∫
D

| f ′(ϕ(z))|2|g(z)|2K(g(z,a))dA(z)

� C‖ f‖2
Z sup

a∈D

∫
D

|g(z)|2
(

ln
2

1−|ϕ(z)|2
)2

K(g(z,a))dA(z).

Hence Cg
ϕ : Z → QK(p,q) is bounded by (2).

(b) Assume that Cg
ϕ : Z → QK is bounded. Let h(z) = z ∈ Z . By the bounded-

ness of Cg
ϕ : Z → QK , then

sup
a∈D

∫
D

|g(z)|2K(g(z,a))dA(z) < ∞.

Hence

sup
a∈D

∫
|ϕ(z)|� 1√

2

|g(z)|2 ln
1

1−|ϕ(z)|2 K(g(z,a))dA(z)

� ln2 sup
a∈D

∫
|ϕ(z)|� 1√

2

|g(z)|2K(g(z,a))dA(z)

� ln2 sup
a∈D

∫
D

|g(z)|2K(g(z,a))dA(z) < ∞. (4)

For z ∈ D , such that |z| = r � 1√
2
. Let

t(z) =
∞

∑
k=0

1
2k +1

z2k+1.

By Lemma 2.4, t ′(z) = ∑∞
k=0 z2k ∈ B . By the relationship of Bloch space B and

Zygmund space Z , then t ∈ Z . Let

tθ (z) = t(eiθ z) =
∞

∑
k=0

1
2k +1

(eiθ z)2k+1.

Then we have tθ ∈ Z and ‖tθ‖Z = ‖t‖Z by the definition of Zygmund space and
basic calculation. Thus

∞ > ‖Cg
ϕ‖2‖tθ‖2

Z

� sup
a∈D

∫
D

|(Cg
ϕ tθ )′(z)|2K(g(z,a))dA(z)

� sup
a∈D

∫
|ϕ(z)|> 1√

2

∣∣∣∣
∞

∑
k=0

ei(2k+1)θ ϕ2k
(z)

∣∣∣∣
2

|g(z)|2K(g(z,a))dA(z). (5)



430 H. LI, T. MA AND Z. GUO

Since

1
2π

∫ 2π

0
‖Cg

ϕ‖2‖tθ‖2
Z dθ =

1
2π

∫ 2π

0
‖Cg

ϕ‖2‖t‖2
Z dθ = ‖Cg

ϕ‖2‖tθ‖2
Z ,

by use of Lemma 2.5, Fubini’s theorem and (5), then we have

∞ >
1
2π

∫ 2π

0
‖Cg

ϕ‖2‖tθ‖2
Z dθ

� 1
2π

∫ 2π

0
sup
a∈D

∫
|ϕ(z)|> 1√

2

∣∣∣∣
∞

∑
k=0

ei(2k+1)θ ϕ2k
(z)

∣∣∣∣
2

|g(z)|2K(g(z,a))dA(z)dθ

� sup
a∈D

∫
|ϕ(z)|> 1√

2

{
1
2π

∫ 2π

0

∣∣∣∣
∞

∑
k=0

ei(2k+1)θ ϕ2k
(z)

∣∣∣∣
2

dθ
}
|g(z)|2K(g(z,a))dA(z)

� C sup
a∈D

∫
|ϕ(z)|> 1√

2

( ∞

∑
k=0

|ϕ(z)|2k+1
)
|g(z)|2K(g(z,a))dA(z).

For any 0 < r < 1,

ln
1

1− r2 =
∞

∑
k=1

r2k

k
=

∞

∑
k=0

2k+1−1

∑
j=2k

r2 j

j
�

∞

∑
k=0

(
1
2k

+ · · ·+ 1
2k

)
r2·2k

=
∞

∑
k=0

r2k+1
.

Thus

∞ >
1
2π

∫ 2π

0
‖Cg

ϕ‖2‖tθ‖2
Z dθ

� sup
a∈D

∫
|ϕ(z)|> 1√

2

|g(z)|2 ln
1

1−|ϕ(z)|2 K(g(z,a))dA(z). (6)

Then (3) holds by (4) and (6). �

THEOREM 3.3. Let K be a nonnegative nondecreasing continuous function on
[0,∞) . Assume that ϕ is an analytic self-map of D and α > 1 . If

sup
a∈D

∫
D

|g(z)|2
(1−|ϕ(z)|2)2(α−1) K(g(z,a))dA(z) < ∞, (7)

then Cg
ϕ : Zα → QK is bounded.

Proof. Let f ∈ Zα , then by Lemma 2.1 (iii),

| f ′(z)| � 2
α −1

‖ f‖Zα

(1−|z|2)α−1 .
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Then we have

‖Cg
ϕ f‖2

QK
= sup

a∈D

∫
D

|(Cg
ϕ f )′(z)|2K(g(z,a))dA(z)

= sup
a∈D

∫
D

| f ′(ϕ(z))|2|g(z)|2K(g(z,a))dA(z)

� C‖ f‖2
Zα sup

a∈D

∫
D

|g(z)|2K(g(z,a))
(1−|ϕ(z)|2)2(α−1) dA(z). (8)

Hence Cg
ϕ : Zα → QK is bounded by (7) and (8). �

THEOREM 3.4. Let K be a nonnegative nondecreasing continuous function on
[0,∞) . Assume that ϕ is an analytic self-map of D and 0 < α < 1 . Then Cg

ϕ : Zα →QK

is compact if and only if (1) and

lim
r→1

sup
a∈D

∫
|ϕ(z)|>r

|g(z)|2K(g(z,a))dA(z) = 0. (9)

Proof. Let { fk} be a bounded sequence in Zα which converges to 0 uniformly on
compact subsets of D . By use of Lemma 2.2, we only need to prove that ‖Cg

ϕ fk‖QK →
0, k → ∞. By (9), we have that, for any ε > 0, there exists an r , 0 < r < 1 such that

sup
a∈D

∫
|ϕ(z)|>r

|g(z)|2K(g(z,a))dA(z) < ε. (10)

By Lemma 2.1 (i), we have

sup
a∈D

∫
D

|(Cg
ϕ fk)′(z)|2K(g(z,a))dA(z)

� sup
a∈D

∫
|ϕ(z)|>r

| f ′k(ϕ(z))|2|g(z)|2K(g(z,a))dA(z)

+ sup
a∈D

∫
|ϕ(z)|�r

| f ′k(ϕ(z))|2|g(z)|2K(g(z,a))dA(z)

� C‖ fk‖2
Zα sup

a∈D

∫
|ϕ(z)|>r

|g(z)|2K(g(z,a))dA(z)

+ sup
|w|�r

| f ′k(w)|2 sup
a∈D

∫
D

|g(z)|2K(g(z,a))dA(z).

By Cauchy’s estimate, { f ′k} also converges to 0 uniformly on compact subsets of
D . Then sup|w|�r | f ′k(w)|2 → 0, k → ∞. Hence by use of (1) and (10), ‖Cg

ϕ fk‖QK → 0,
k → ∞. By Lemma 2.2, Cg

ϕ : Zα → QK is compact.
Conversely, assume that Cg

ϕ : Zα → QK is compact. Let h(z) = z ∈ Zα , we have
that (1) holds. By Lemma 2.3, then for any ε > 0, there exists a δ , 0 < δ < 1 such
that for any f ∈ Zα , whenever δ < r < 1,

sup
a∈D

∫
|ϕ(z)|>r

| f ′(ϕ(z))|2|g(z)|2K(g(z,a))dA(z) < ε. (11)
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Let f (z) = z ∈ Zα in (11), then

sup
a∈D

∫
|ϕ(z)|>r

|g(z)|2K(g(z,a))dA(z) < ε. �

THEOREM 3.5. Let K be a nonnegative nondecreasing continuous function on
[0,∞) . Assume that ϕ is an analytic self-map of D and α = 1 . Then

(a) If (1) holds and

lim
r→1

sup
a∈D

∫
|ϕ(z)|>r

|g(z)|2
(

ln
2

1−|ϕ(z)|2
)2

K(g(z,a))dA(z) = 0, (12)

then Cg
ϕ : Z → QK is compact.

(b) If Cg
ϕ : Z → QK is compact, then (1) and

lim
r→1

sup
a∈D

∫
|ϕ(z)|>r

|g(z)|2 ln
1

1−|ϕ(z)|2 K(g(z,a))dA(z) = 0. (13)

Proof. (a) Let { fk} be a bounded sequence in Z which converges to 0 uni-
formly on compact subsets of D . By use of Lemma 2.2, we only need to prove that
‖Cg

ϕ fk‖QK → 0, k→∞. By (12), we have that for any ε > 0, there exists an r , 0 < r < 1
such that

sup
a∈D

∫
|ϕ(z)|>r

|g(z)|2
(

ln
2

1−|ϕ(z)|2
)2

K(g(z,a))dA(z) < ε. (14)

By Lemma 2.1 (ii), then

sup
a∈D

∫
D

|(Cg
ϕ fk)′(z)|2K(g(z,a))dA(z)

� sup
a∈D

∫
|ϕ(z)|>r

| f ′k(ϕ(z))|2|g(z)|2K(g(z,a))dA(z)

+ sup
a∈D

∫
|ϕ(z)|�r

| f ′k(ϕ(z))|2|g(z)|2K(g(z,a))dA(z)

� sup
|w|�r

| f ′k(w)|2 sup
a∈D

∫
D

|g(z)|2K(g(z,a))dA(z)

+C‖ fk‖2
Zα sup

a∈D

∫
|ϕ(z)|>r

|g(z)|2
(

ln
2

1−|ϕ(z)|2
)2

K(g(z,a))dA(z).

By Cauchy’s estimate, { f ′k} also converges to 0 uniformly on compact subsets of
D . Then

sup
|w|�r

| f ′k(w)|2 → 0, k → ∞. (15)

Hence by (1), (14) and (15), ‖Cg
ϕ fk‖QK → 0, k → ∞. By Lemma 2.2, Cg

ϕ : Z → QK is
compact.
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(b) Suppose that Cg
ϕ : Z → QK is compact. Let h(z) = z ∈ Z , then (1) holds.

Now we choose the function t(z) given in the proof of Theorem 3.2, then t ∈ Z .
Choose a sequence {λ j} in D which converges to 1 as j → ∞ and let t j(z) = t(λ jz)
for j ∈N . Then t j ∈Z and ‖t j‖Z �C. Let t j,θ (z) = t j(eiθ z), then t j,θ ∈Z 0. Replace
f in Lemma 2.3 by t j,θ and integrate both sides with respect to θ , then we have

ε > sup
a∈D

1
2π

∫
|ϕ(z)|>r

(∫ 2π

0
|t ′j(eiθ ϕ(z))|2dθ

)
|g(z)|2K(g(z,a))dA(z)

= sup
a∈D

1
2π

∫
|ϕ(z)|>r

∫ 2π

0

∣∣∣∣
∞

∑
k=1

(λ jϕ(z)eiθ )2k
∣∣∣∣
2

dθ |λ j|2|g(z)|2K(g(z,a))dA(z)

= sup
a∈D

∫
|ϕ(z)|>r

( ∞

∑
k=1

|λ jϕ(z)|2k+1
)
|λ j|2|g(z)|2K(g(z,a))dA(z).

For 1√
2

< r < 1 and sufficiently large j , then we have

sup
a∈D

∫
|ϕ(z)|>r

|λ j|2
(

ln
1

1−|λ jϕ(z)|2
)
|g(z)|2K(g(z,a))dA(z) < ε.

Using Fatou’s lemma, we obtain (13). �

THEOREM 3.6. Let K be a nonnegative nondecreasing continuous function on
[0,∞) . Assume that ϕ is an analytic self-map of D and α > 1 . If (1) holds and

lim
r→1

sup
a∈D

∫
|ϕ(z)|>r

|g(z)|2
(1−|ϕ(z)|2)2(α−1) K(g(z,a))dA(z) = 0, (16)

then Cg
ϕ : Zα → QK is compact.

Proof. Let { fk} be a bounded sequence in Zα which converges to 0 uniformly on
compact subsets of D . By use of Lemma 2.2, we only need to prove that ‖Cg

ϕ fk‖QK →
0, k → ∞. By (16), then for any ε > 0, there exists an r , 0 < r < 1 such that

sup
a∈D

∫
|ϕ(z)|>r

|g(z)|2K(g(z,a))
(1−|ϕ(z)|2)2(α−1) dA(z) < ε. (17)

By Lemma 2.1 (iii), then

sup
a∈D

∫
D

|(Cg
ϕ fk)′(z)|2K(g(z,a))dA(z)

� sup
a∈D

∫
|ϕ(z)|>r

| f ′k(ϕ(z))|2|g(z)|2K(g(z,a))dA(z)

+ sup
a∈D

∫
|ϕ(z)|�r

| f ′k(ϕ(z))|2|g(z)|2K(g(z,a))dA(z)

� sup
|w|�r

| f ′k(w)|2 sup
a∈D

∫
D

|g(z)|2K(g(z,a))dA(z)

+C‖ fk‖2
Zα sup

a∈D

∫
|ϕ(z)|>r

|g(z)|2K(g(z,a))
(1−|ϕ(z)|2)2(α−1) dA(z).
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By Cauchy’s estimate, { f ′k} also converges to 0 uniformly on compact subsets of
D . Then sup|w|�r | f ′k(w)|2 → 0, k→∞. Hence by (1) and (17), ‖Cg

ϕ fk‖QK → 0, k→ ∞.

By Lemma 2.2, Cg
ϕ : Zα → QK is compact. �

Acknowledgement. This work was supported in part by the National Natural Sci-
ence Foundation of China (Nos. 11201127; 11271112), the Young Core Teachers Pro-
gram of Henan Province (No. 2011GGJS-062) and IRTSTHN (14IRTSTHN023).

RE F ER EN C ES

[1] C. C. COWEN AND B. D. MACCLUER, Composition operators on spaces of analytic functions, CRC
Press, Boca Roton, 1995.

[2] J. H. SHAPIRO, Composition Operators and Classical Function Theory, Universitext: Tracts in Math-
ematics. Springer-Verlag, New York, 1993.
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[16] K. ESMAEILI AND M. LINDSTRÖM, Weighted composition operators between Zygmund type spaces
and their essential norms, Integr. Equ. Oper. Theory 75 (2013), 473–490.

[17] S. YE AND Q. HU, Weighted composition operators on the Zygmund space, Abstract and Applied
Analysis 2012 (2012), Article ID 462482.

[18] P. L. DUREN, Theory of Hp Spaces, San Diego: Pure and Applied Mathematics 38, Academic Press,
1970.

[19] X. FU AND S. LI, Composition operators from Zygmund spaces into QK spaces, J. Inequal. Appl.
2013, 175 (2013).

[20] Y. REN, An integral-type operator from QK(p,q) spaces to Zygmund-type spaces, Appl. Math. Com-
put. 236 (2014), 27–32.

[21] R. ZHAO, On a general family of function space, Ann. Acad. Sci. Fenn. Math. Diss., 1996.
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