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Abstract. Let ¢ be an analytic self-map of D and g € H(ID). The boundedness and compactness
of generalized composition operators

(1) /f £)dE, zeD, f e H(D)

from Zygmund type spaces to Qg spaces are investigated.

1. Introduction

Let ¢ be an analytic self-map of the open unit disc D of the complex plane. Let
H(D) be the space of all analytic functions in D and g € H(D).

The composition operator is defined by Cy f(z) = f(¢(z)), f € H(ID). This oper-
ator is well studied for many years. We refer to the books [1, 2], which are excellent
sources for the development of the theory of composition operators in function spaces.

The following, so called, generalized composition operator Cé

(1) /f (E)dE, z €D, f € H(D),

was introduced by Li and Stevi¢ in [3], and studied later, for example, in [4, 5, 6]. An n-
dimensional extension of the operator was introduced in [7] and studied in [8, 9, 10, 11].

A fundamental problem in the study of generalized composition operators C{’; is
to investigate the relations between function theoretic properties of ¢ and g and oper-
ator theoretic properties of the restriction of Ci to various Banach spaces of analytic
functions. Lots of attentions have been attracted to the study of the problem on many
Banach spaces of analytic functions in recent years.

For 0 < a < e, a function f € H(ID) belongs to the Zygmund type space %, if

sup(1 — [2)*|f"(2)] < o
zeD
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equipped with the norm

11l 2 = 1£(O)[ +1£'(0)] +Slel]§(1 —[zP)1f" (2)] < eo.

The little Zygmund type space Z0 consists of all f € % such that

|l\iin1(1 — 2" (2)] = 0.

When o = 1, %, is the classical Zygmund space 2 and 2. A systematic study
of operators on Zygmund and Zygmund type spaces was started by Li and Stevi¢ in
[3, 12, 13, 14]. For other papers in the area see, also, [7], [15]-[17] and [18]-[20].

Let K : [0,00) — [0,°0) be a nonnegative nondecreasing continuous function. An
analytic function f on D is said to belong to Qg if

I£lox = {s0p [ ' OPK(s(z.apaa) | <
aeDJD
and an analytic function f € Qg if

tim [ \f'()PK(s(z,))dA() = O,

|a|—

where dA denotes the normalized Lebesgue area measure on D, g(z,a) = log m is
a Green function, ¢,(z) = lajazz If K(1) =17,0x = Qp. Ok is a Banach space under

the norm |f(0)| + || f|lo, and Qk is Mdbius invariant. If Qg consists of just constant
functions, we say that it is trivial. We assume throughout this paper that

1
/._» K(—logr)rdr < eo.
0

Moreover, under this assumption, Qk is nontrivial. For more details on Qg space, see
in [21]-[24]. Zhang and Liu studied generalized composition operators from Bloch type
spaces to Qg type spaces in [6]. This paper is devoted to investigating the boundedness
and compactness of generalized composition operators Cﬂ’; from Zygmund type spaces
to Ok spaces. Throughout this paper, constants are denoted by C, they are positive and
may differ from one occurrence to the other.

2. Preliminaries

To derive our results, we need the following lemmas. The following Lemma 2.1
follows easily, from, for example, the arguments in [12], Lemma 2.2 in [25] and Lemma
2.41in [26] (see also [16]).

LEMMA 2.1. Forevery f € %y and 0 < o0 < . Then
(i) For 0< &< 1. |f'(2)| < 15 1fll 2 and [f2)| < 12501 fll 2
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(ii) For o= 1. |f'(2)| <2||fll 2, In i and | £()] < |1£]| 2+
(iii) For o> 1. |f'(z)| < %UHQ\‘%’

(iv) For 1 <o <2. [f(2)] < W\\fll%i

(v) Fora=2.|f(z)| < ||fozln1 Eel

(vi) For > 2. ()] < romidamy s

LEMMA 2.2. Let K be a nonnegative nondecreasing continuous function on [0,e0).
Assume that ¢ is an analytic self-map of . Then Cé : %o — Qg is compact if and
only if for every bounded sequence {fi} in %y which converges to 0 uniformly on
compact subsets of D, limy_... |C§ fillox = 0.

LEMMA 2.3. Let K be a nonnegative nondecreasing continuous function on [0,e0).
Assume that ¢ is an analytic self-map of D and 0 < o < oo, IfCi;; 1 Zo — Qg is com-
pact, then for any € > 0 there exists a 6, 0 < 8 < 1 such that for all f in %,

sup [ 1f(0(2) Ple() K (g(z.a))dA() <&
lo@@)[>r

ach

holds whenever § <r < 1.

Proof. The lemma can be obtained by the similar methods in [19, 23, 24]. Here
we omit the details. [

LEMMA 2.4. ([27]) Let f be a holomorphic function in D with the gap series
expansion

7) = Zakz"", zeD,
k=1

where for a constant q > 1 the natural numbers ny, k > 1, satisfy nj1/n; > q, k> 1.
Then

f € B if and only if limsup |a|n, % < oo.
k—o0
The following lemma can be found in [28].

LEMMA 2.5. Assume that {n;} is an increasing sequence of positive integers
satisfying "’;1 >A>1 forall ke N. Let 0 < p < oo. Then there are two positive

constants C| and C,, depending only on p and A such that

1 1

r » i 5\ 2

de) <c2(2ak|) :
k=0

=

C<i| 2)% (1 2
1 ay < —/
=0 2rJo |5

Z akeinke
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3. The boundedness and compactness of Cé 20— 0k

THEOREM 3.1. Let K be a nonnegative nondecreasing continuous function on
[0,00). Assume that @ is an analytic self-map of D and 0 < o < 1. Then Cé : Zu— Ok
is bounded if and only if

M :=sup | |¢(2)]*K(g(z,a))dA(z) < oo, (1)

acD/D

moreover,
2 -
ICo11%, 0 <M.

Proof. Let f € %, by Lemma 2.1 (i), we have

1< Tl 2

Hence

1C5 £ 15 = 225/@ (C5.1) (2)PK (g(z,))dA(2)
=sup | |f'(0(2))]*|g(2)]K (8(z,@))dA(2)
acDJD
< ClIfI%, sup [ |8(2)*K (g(z,a))dA(2)-
ach /D

Hence Cg : 2, — Ok is bounded by (1).
Conversely, suppose that Cj : 2 — Ok is bounded. Let h(z) =z € 2, then

2
0o > [|Cohllg,

=sup | |(CHh)(2)]*K (g(z,a))dA(z)
acDJ/D

= sup | |g(2)PK(g(z,a))dA(z).
acD /D
Hence (1) holds.
Finally, the estimate of the norm ||C{ Hé{a _ gy Iseasily obtained. [J

THEOREM 3.2. Let K be a nonnegative nondecreasing continuous function on
[0,00). Assume that ¢ is an analytic self-map of D and oo = 1. Then

(a) If

2 2
2
sup | |g(z ln7>ng,a dA(z) < oo, 2

sup [ e (o ) Klslea)dato) °)
then Cg, 1 ¥ — Qg is bounded.

(b) IfCé 1 % — Qg is bounded, then

|
sup [ |g(z)*In

enJp TP~ 8EaAR) <= 3)
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Proof. (a) Let f € 2, then by Lemma 2.1 (ii),
2
") <2||fll#In ——.
@I <2l
Then we have
ICsfllpx = SEB/D\(Cé’;f)’(Z)IZK(g(z,a))dA(Z)
= sup [ |f'((2))I*|2(z)PK (g(z,a))dA(2)
ach /D

2 2 2 ?
<Clflrsup [ [P (1ng— 23 ) Klg(ea)aaa)

Hence Cg : 2 — Qx(p,q) is bounded by (2).

(b) Assume that C{’; 1 % — Qg is bounded. Let h(z) =z € £ . By the bounded-
ness of C, : 2 — Qk, then

sup | 8(x)PK (g(z,a))dA(z) <

acD
Hence
1
2
sup g(2)"In————K(g(z,a))dA(z)
aeD \¢(z>|<¢| ) I=lo()
<In2sup | |2@)PK (g(z,a))dA(2)

aeD /o)< 5
<In2sup \g()l K(g(z,a))dA(z) < ee. 4)

acD

For z € D, such that |z| = r < —=. Let

o 1 k
t(Z) _ 2 —Z2 +1
&2k 41

By Lemma 2.4, t'(z) = 3 022 € 9. By the relationship of Bloch space % and
Zygmund space &, then t € 2. Let

§|~

(6192)2k+1'

Then we have 19 € 2 and ||tg]| 2 = ||t|| 2 by the definition of Zygmund space and
basic calculation. Thus

2 2
oo > [|Coll*lto %

> sup D\(Cgte) (2)PK (g(z,a))dA(z)

ach

2
> sup |3 @092 () Jo(2) PR (51200 dA(). 5)
S I(P(Z)‘>% k=0
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Since

[Pl a0 = o [ sl a0 = |5
27 Jo (] 0llz 2 Jo ] Z ]

by use of Lemma 2.5, Fubini’s theorem and (5), then we have

[ I
<> o [ IC Plraldo

2n
o . . 2
261(2 +1)6(P2 (Z)
k=0

21
Ty
2 Jo aen/lp@)> 2

(2)*K(g(z.a))dA(z)d6

i(2k k
(2°+1)6 2()

2
: de}|g<z>|2K<g<z,a>>dA<z>

1 21 i
> su / {—/ e
aeﬂg lp@I>25 (2nJo |5 Y
k+1
> Csup (2 D) e PR sz )aA o).
ach /| ¢(2)[>

Forany 0 <r <1,

1 = y2k = 26 -1 r2 1 1 k jas|
D I e z(?+---+zk>22 3 A

k=0 j=2k k=0 k=0
Thus
1 2 22 5
o> o [ G Il a8
I
> sup () [*In ————>K(g(2,0))dA(2)-
aeDJl0()|> 5 I=lo()P

Then (3) holds by (4) and (6). [

THEOREM 3.3. Let K be a nonnegative nondecreasing continuous function on

[0,00). Assume that ¢ is an analytic self-map of D and o > 1. If

18(2)]?
aebJo (1= [p(2)| )

K (s(a)dA() <o,
then Cg, 1 %y — Qk is bounded.

Proof. Let f € Z, then by Lemma 2.1 (iii),

2 ||fofa
o—1(1—[z2)et

1f @) <
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Then we have
IC £ =sup [ 1(C5) () PR (glz.))dA()
acDJ/D
=sup | |/ (¢(2))]*g(2)]*K(g(z,a))dA(2)
acDJ/D

2K ,a
e e A ®

Hence Cé 1 Zo — Qg is bounded by (7) and (8). [

<Clf

THEOREM 3.4. Let K be a nonnegative nondecreasing continuous function on
[0,00). Assume that @ is an analytic self-map of D and 0 < o0 < 1. Then C, : Zo — Ok
is compact if and only if (1) and

lim sup /w o, [HAPK s a)aAR) =0. (9)

r—1 acD

Proof. Let {f;} be abounded sequence in %, which converges to 0 uniformly on
compact subsets of . By use of Lemma 2.2, we only need to prove that HCQ% fellox —
0, kK — oo. By (9), we have that, for any € > 0, there exists an r, 0 < r < 1 such that

’K(g(z,a))dA(z) < €. (10)

sup g(2)
aeDJ|@(2)[>r

By Lemma 2.1 (i), we have

sup [ |(C3fi) (2)PK(g(z.a))dA(z)
aeDJD

< sup/ /i(0(2))*18(2)IK (8(z,a))dA(2)
lp(2)[>r

acD

tsup (@) Pls(2) K (8(z,a))dA(2)

aeD/[o(2)|<r

<C||fk||§fasu5 | 18(2)*K(8(z.a))dA(2)

aeDJ|o(2)|>r

+sup [ fi(w)*sup | |g(2)*K (g(z,a))dA(2)-
acDJ/D

[w|<r

By Cauchy’s estimate, {f;} also converges to 0 uniformly on compact subsets of
D. Then supy,|<, /i (w)[> = 0, k — eo. Hence by use of (1) and (10), [|C} fillox — O,
k — eo. By Lemma 2.2, C§ : 24 — Qk is compact.

Conversely, assume that Cf;, : %4 — Qg is compact. Let h(z) =z € %, we have
that (1) holds. By Lemma 2.3, then for any € > 0, there exists a §, 0 < 6 < 1 such
that for any f € %, whenever 6 <r <1,

sup ' (0(2)[8(2) K (g(z,a))dA(z) < e (11)
aeDJ|o(z)|>r
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Let f(z) =z € Z in (11), then

sup 8(2)PK(g(z.a))dA(z) <e. O

aeDV|(2)[>r

THEOREM 3.5. Let K be a nonnegative nondecreasing continuous function on
[0,00). Assume that ¢ is an analytic self-map of D and o = 1. Then
(a) If (1) holds and

im 2 n# ’ a —
imsop [ el (ng—o o ) Keadda@ =0, (12

r—1g4eD

then Cg, 1 %Y — Qg is compact.
(b) If C§ : Z — Qk is compact, then (1) and

1
lim sup lg(z)*In

r—=1aen/|o(z)|>r 1— ‘(p(Z)PK(g(z,a))dA(Z) =0. (13)

Proof. (a) Let {f;} be a bounded sequence in Z which converges to O uni-
formly on compact subsets of ). By use of Lemma 2.2, we only need to prove that
HCQ%kaQK — 0, k— . By (12), we have that for any € > 0, there existsan r, 0 < r < 1
such that

2 2
Sup/l;p(z)>rg(2)|2<1n 1—7(1)(Z)|2> K(g(z,a))dA(z) < €. (14)

ach

By Lemma 2.1 (ii), then

sup \(Céfk) (2)PK (g(z.a))dA(z)

acD

< SUP/ fi(0(2)P|g(z) K (g(z,a))dA(z)
o()|>r

acD

tsup o 1(0(2)P18(2) K (8(z,))dA(2)

acD/[¢(z)|<r

*K(g(z,a))dA(z)

< sup |fi(w)[*sup [ [g(2)
ach /D

[w|<r
2
rClflm [ Je@P (I ) K(s(ea)aae)

By Cauchy’s estimate, {f;} also converges to 0 uniformly on compact subsets of
D. Then
sup [f;(w)|> =0, koo, (15)
[w|<r
Hence by (1), (14) and (15), ||Cg fi|lox — O, k — eo. By Lemma 2.2, Cj : 2 — QO is
compact.
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(b) Suppose that C{’; 1 % — Qg is compact. Let h(z) =z € 2, then (1) holds.
Now we choose the function 7(z) given in the proof of Theorem 3.2, then t € .
Choose a sequence {A4;} in D) which converges to 1 as ] — oo and let #;(z) =1(4;z)
for jeN. Then t; il <C. Lett;g(z) =tj(e'z), then t; g € 2. Replace
f in Lemma 2.3 by ¢#; ¢ and integrate both sides with respect to 0, then we have

e>sss [ ([ 6 0)Pa6 ) (o PR s aante)

acD 2
zm,,»«p(z)e*’)z"

21
k]
aeD 270 J|p(z)|>r Jo

s [ (B 00 )4 K e )

ach

2
d0|2,*|(2)|*K ((z,a))dA(z)

For % < r < 1 and sufficiently large j, then we have

u 12 S 5 .
s [ P (g PR G <o

ach

Using Fatou’s lemma, we obtain (13). [

THEOREM 3.6. Let K be a nonnegative nondecreasing continuous function on
[0,00). Assume that ¢ is an analytic self-map of D and o > 1. If (1) holds and
, 8(2)?
lim sup/ K(g(z,a))dA(z) =0, (16)
lp@>r (1= (22X

r—1 acD

then Ci : %y — Qg is compact.

Proof. Let {f} be abounded sequence in % which converges to 0 uniformly on
compact subsets of ID. By use of Lemma 2.2, we only need to prove that ||C§ f¢[|o, —
0, k — oo. By (16), then for any € > 0, there exists an r, 0 < r < 1 such that

8(2) K (8(z,a))
325/\¢(z>|>r (1- \(p(z)\2)2(0€—1)dA(Z) <& (17)

By Lemma 2.1 (iii), then
sup | [(C5f) (2)*K (8(z,a))dA(2)
achD /D

<sup [ f(0(2)Ple) PR (8(z,))dA()
lo@@)[>r

ach

tsup | (0(2))1*|g(2) K (g(z,a))dA(2)

aeD/|o(z)|<r

< sup [fi(w)*sup [ |8(z)PK (g(z.a))dA(z)
aeDJD

|w|<r
|8(2)*K (g(z,a))
. csllelﬂp) lo2)|>r (1 —|(z)[?)2(a 1)dA(Z)~
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By Cauchy’s estimate, {f;} also converges to 0 uniformly on compact subsets of
D. Then sup,,i<, | (w)|* — 0, k — . Hence by (1) and (17), [|C§ fillox — 0, k — ee.
By Lemma 2.2, Cj, : 2, — Qk is compact. [
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