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WEIGHTED SHARP FUNCTION ESTIMATE AND BOUNDEDNESS
FOR COMMUTATOR ASSOCIATED WITH SINGULAR INTEGRAL
OPERATOR SATISFYING A VARIANT OF HORMANDER’S CONDITION

XIAOSHA ZHOU

(Communicated by R. Oinarov)

Abstract. In this paper, we establish a weighted sharp maximal function estimate for the com-
mutator associated with the singular integral operator satisfying a variant of Hérmander’s condi-
tion. As an application, we obtain the weighted boundedness of the commutators on Lebesgue
and Morrey spaces.

1. Introduction and preliminaries

As the development of singular integral operators (see [8], [19]), their commuta-
tors have been well studied. In [4], [17], [18], the authors prove that the commutators
generated by the singular integral operators and BMO functions are bounded on LP(R")
for 1 < p < e. Chanillo (see [2]) proves a similar result when singular integral opera-
tors are replaced by the fractional integral operators. In [11], [14], the boundedness for
the commutators generated by the singular integral operators and Lipschitz functions
on Triebel-Lizorkin and L?(R") (1 < p < o) spaces are obtained. In [1], [10], the
boundedness for the commutators generated by the singular integral operators and the
weighted BMO and Lipschitz functions on LP(R") (1 < p < o) spaces are obtained.
In [9], some singular integral operators satisfying a variant of Hérmander’s condition
are introduced (see [20]). The purpose of this paper is to prove a weighted sharp max-
imal function inequality for the commutators related to the singular integral operators
satisfying a variant of Hérmander’s condition and weighted Lipschitz functions. As an
application, we obtain the weighted boundedness of the commutator on Lebesgue and
Morrey spaces.

First, let us introduce some notations. Throughout this paper, Q will denote a cube
of R" with sides parallel to the axes. For any locally integrable function f, the sharp
maximal function of f is defined by

Mm* = d
019 = swp iy [ 170) ol
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where, and in what follows, fp = [Q|~! Jo f(x)dx. Itis well-known that (see [8], [19])

M*(f)(x) Nsuplnf‘Q|/ |f(y) — c|dy.

5x CEC

Let

M(f)(x) séuap@ / £()|dy.

For 1 >0, let Mjj(f) = M*(|f|")"/" and My (f) =M(|f[")'/".
For 0 < n < n, 1 < g < e and the non-negative weight function w, set

1/q
Mnsea1)0) =00 (s [ OOy )

The A, weight is defined by (see [8])

Ap = {WEL}OC(R”) sup<Q|/ w(x )dx) (é/Qw(x)_l/(p_l)dx>p_l <<x>},

1 < p <oo,

and
={welL] (R"):M(w)(x) <Cw(x),a.e.}.

Given a weight function w. For 1 < p < o, the weighted Lebesgue space L” (R",w)
is the space of functions f such that

Al zr oy = (/Rn f(x)|pw(x)dx> v < oo,

For the non-negative weight function w and 0 < 8 < 1, the weighted Lipschitz
space Lipg(w) is the space of functions b such that

I8l =580 o Hﬁ/n | 1p0) — boldy < =

where, and in what follows, w(Q) = [, w(x)dx

REMARK.
(1). It has been known that, for b € Lipg (w), we A and x € Q,

|bg — baig| < Ck||D| |Lipg (w)W(x)W(sz)ﬁ/"~

(2). Let b € Lipg(w) and w € A;. By [7], we know that spaces Lipg(w) coincide
and the norms ||| Lipg(w) are equivalent with respect to different values 1 < p < e
(see [10]).
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DEFINITION 1. Let ® = {¢y,..., ¢} be a finite family of bounded functions in

R". For any locally integrable function f, the @ sharp maximal function of f is defined
by

M) =sup int oo [ 17) Ecm,xg V)ldy,

where the infimum is taken over all m-tuples {ci,... ,cm} of complex numbers and xgp
is the center of Q. For 1 > 0, let

I/n
M. (f)(x) =sup inf <Q| /\f Ec,@xg y>|”dy> :

0>x {ctsem}

REMARK. Note that M ~ M*(f) if m=1 and ¢; = 1.

DEFINITION 2. Given a positive and locally integrable function f in R", we say
that f satisfies the reverse Holder’s condition (write this as f € RH..(R")), if for any
cube Q centered at the origin we have

0 <supflx) < IQ\/ o)

In this paper, we will study some singular integral operators as following (see [9],
[20]).

DEFINITION 3. Let K € L?>(R") and satisfy
1K= <C
and
K (x)| < Clx| ™.

There exist functions By, ... By, € L, .(R"—{0}) and ® = {¢y,...,¢n} C L(R") such
that |det[¢;(v;)]|* € RHo(R™), and for a fixed § > 0 and any |x| > 2|y| >0,

~ 3 B0 <c—_
j=1 ! ! e — y|+o

For f € (', we define the singular integral operator related to the kernel K by

T(f)(x)= | Kx—y)f(y)dy.

R)'l
Let b be a locally integrable function on R". The commutator related to 7 is defined
by

()0 = [ () = be)KE =)0y

n

DEFINITION 4. Let ¢ be a positive, increasing function on R™ and there exists a
constant D > 0 such that

©(2t) < Do(t) for 1 > 0.
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Let w be a non-negative weight function on R"” and f be a locally integrable function
on R". Set,for0<n<nand 1 <p<n/n,

1 1/1’
fllepnoqyy = su (7/ fy”Wydy> ;
H HLP”‘P( ) xeR"7It)1>0 (p(d)ppn/n Q(X’d)‘ WPw(y)

where Q(x,d) = {y € R": |[x—y| < d}. The generalized fractional weighted Morrey
space is defined by

LPMO(R" w) = {f € Lioe(R") || fllrnoq) < =}

We write LP>1?(R") = LP-?(R") if n =0, which is the generalized Morrey space.
If o(d) =d®, § >0, then LP?(R",w) = LP®(R",w), which is the classical Mor-
rey spaces (see [15], [16]). If ¢(d) = 1, then LP?(R",w) = LP(R",w), which is the
weighted Lebesgue spaces (see [10]).

As the Morrey space may be considered as an extension of the Lebesgue space, it
is natural and important to study the boundedness of the operator on the Morrey spaces
(see [5], [6], [12], [13]).

It is well known that commutators are of great interest in harmonic analysis and
have been widely studied by many authors (see [17-18]). In [18], Pérez and Trujillo-
Gonzalez prove a sharp estimate for the multilinear commutator. The main purpose of
this paper is to prove a weighted sharp inequality for the commutator. As the applica-
tion, we obtain the weighted L”-norm inequality and Morrey space boundedness for
the commutator.

2. Theorems and proofs

We shall prove the following theorems.

THEOREM 1. Let T be the singular integral operator as Definition 3, w € Ay,
0<B<1,0<n<l1,1<s<eandb ELipﬁ(w). Then there exists a constant C > 0
such that, for any f € C5(R") and % € R",

Mg (Ty(f)) (%) < Cl1BI iy )W (E) (Mp s (F)(E) +Mp s (T (f))(F)) -

THEOREM 2. Let T be the singular integral operator as Definition 3, w € Ay,
0<B<1,1<p<n/B, 1/g=1/p—B/nand b € Lipg(w). Then commutator T, is
bounded from LP(R",w) to LI(R",w!'~9).

THEOREM 3. Let T be the singular integral operator as Definition 3, w € Ay,
0<B<1,0<D<2", 1<p<n/B, 1/q=1/p—PB/n and b € Lipg(w). Then
commutator Ty is bounded from LPP-(R" w) to L9 (R*,w'~9).

To prove the theorems, we need the following lemma.

LEMMA 1. (see [9], [20]) Let T be the singular integral operator as Definition
3. Then T is bounded on LP(R",w) for w € A, with 1 < p < e, and weak (L',L")
bounded.
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LEMMA 2. (see [7], [8]) Suppose that 1 <s<p<n/n, 1/g=1/p—n/n and
w€EA;. Then

1M s (F) 2oy < ClF 2o ()

LEMMA 3. (see [7],[10]) Forany cube Q, b € Lipg(w), 0 < <1 and w € Ay,
we have
Sug\b(X) —bg| < CI\bl\Lipﬁ(mW(Q)Hﬁ/"ler-
xe

LEMMA 4. (see[8]) Let 1 <p<oo, 0< N <00, WE Aww and ®={¢y,...,0pn} C
L*(R") such that |det[¢j(yi)]\2 € RH..(R™). Then

/ My (f)(x)Pw(x)dx <C/ Mq)n () (x)Pw(x)dx
for any smooth function f for which the left-hand side is finite.

LEMMAS. Let 0<D<2", 1 <p<oo, 0<N<oo, wEA| and ®={0¢y,...,0n}
C L=(R") such that |det[$;(y;)]|* € RHo(R™). Then, for any smooth function f for
which the left-hand side is finite,

My (F)[zrowy < ClIMe 5 ()220 () -

Proof. For any cube Q = Q(xp,d) in R", we know M(wyp) € A; (see [3]). By
Lemma 4, we have, for f € L”?(R"),

|, M@ P
< [ My ()1 M(w0) ()
<c / IMiiin (W M(wzo) (x)dx

~c /|M®n Sukel WXQ 2/2A+1Q\2AQ q)’” )(x)pM(WxQ)(x)dx]
<C /QIMé,n(f)( dx+2/k+lQ\2kQ . f)(x)|p|2‘:£)1€)Q|dX]
<C /Q|M§>,n(f) dx+2/k o Man x)pgi(wki(j)dx]

<c| [ My (N@Pwidst 2 /2 . M, () )72 dx]

z 2—nk 2k+ld)
k 0

< ClIME (Dl 400y 327D ()
k=0

< ClIMG 0 ()l 9(),

< Cl|Mg (NI

LI"P
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thus
My ()| 200 ) < ClIME 1 (F) &) | Lr0 () -
This finishes the proof. [J

LEMMA 6. Let T be the singular integral operator as Definition 3, 0 < D < 2",
l<p<ocoandweA;. Then

T (NIzrowy < ClISLroqw)

LEMMA 7. Let 0 <D < 2", 1<s<p<n/n, l/g=1/p—m/n and w € A;.
Then

1M s () za:0 () < Cl om0 )

The proofs of two Lemmas are similar to that of Lemma 5 by Lemma 1 and 2, we
omit the details.

Proof of Theorem 1. 1t suffices to prove for f € C;(R"), the following inequality
holds:

1/n
(167 o )=o) < bl () (s 1)+ T (1))

where Q is any a cube centered at xy, Cy = Z'j’?:lgj(bj(xo —x) and g; = [p Bj(x0 —
Y)(b(y) = bag) f2(v)dy
Fix a cube O = Q(xo,d) and % € Q. Write, for f| = fx20 and fo = fx(20)>

Tp(f)(x) = (b(x) = b20) T (f)(x) = T((b — b2g) f1) (x) = T ((b— b2g) f2) (x).
Then

(o o -car)

“<(ig fy oo ()(x)ndx)l/n%(@/T b—br)i)(x )Wc)lm

1/n
v (g1 [ 1T =bag) 0~ ol
=L+h+5.

For I;, by Holder’s inequality, we obtain

— X)— w(x) "1/ x)|w(x) S dx
I} < ‘Q|/Q\(b() bao)|w(x) T (f)(x)w(x) ' d

<c(|2LQ /2Qb(x)—b2QS,W(x)l‘Yldx>l/xl<21Q| [T >“‘w<x>dx)l/x

2
< Cllblliny o %Mﬁwmﬁ)(z)

< C[Dl|Lipp ) WE)Mp s (T () (%)
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For I, by the Kolmogoro’s inequality and weak (L',L') boundedness of 7', we get,
similar to the proof of I,

< 157 L |05) = 20) £l < By 0450 ()

For I3, we have

C
13<—/
10| Jo

< %/éli / |K)C y EB xO y)(]f)j()C()—X)Hb() szHf(y)|dde

~1 =1
kA< |y—xo|<2kH1d J

[ K G=3) = 3 By~ 0)1(x0 1) (6) ~ bag) ()| dn

j=1

‘Q|/ Z / |K(X—Y)—iBj(xo—y)¢j(xo—x)|\b(y)—bzkﬂg\lf(yﬂdydx

=hkagiy—xo|<2t+1a =1
fohE [ IKa E B0 -0lbag-broll S0
=kay—xo|<2t+1a =
=iV 1.

For 13(1> , noting that w € A| C A for s > 1, then by Holder’s inequality and the condi-
tion of A, we obtain

oo

m_ C
L' < — sup  [b(y) = bakrig]
2 < g) Q,ZWMQ 210

Z (X0 = ¥);(x0 — x)|[f(v)|dydx

>< /
2kd§|y7x0|<2k+ld

C / ~ k+1 B/n
< — k||b i WW)CWZ Q

lx — xo|® Vs o 1s
X s .\d d
(/kd<y xo|l<2k+1d |y xO‘n-&-S |f( )‘W(Y) W()’) y | ax

< ClIb|zipy (wyw ka 2k+1Q)ﬁ/nW
1/s / Uy
X ( /2 gl (Y)|-Yw(y)dy) ( /2 g0 s dy)
- o
< Cl1blLipg ()W g Jw(24410) ﬁ/nW

v Bn N R
w(2tH1Q)1/sB/ Mp,w,s<f><x>(m) b+ gpI-/
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< CHbHLipﬁ( ( M[3 ws Zkz ko
< ClIbl]Lipy (wyw (% )Mp,w,s(f)(f)~

For 13(2), similar to the proof of 1 (1)

2) C/“"
I < — |bkl —bZ‘
ST7] Q,Zl ArigmT2e

, we get

Z (X0 — )9 (xo — x)| | f () |dydx

>< /
2kd§|y7x0|<2k+ld

C/m .kt B /n
< — kD Lip. myw(X)w(2 0
01 Jy & M2 0)

\x x0| 1/ -1/
X s *dy | d
(/kd<y <2t [y xS FOw) Pwly)™ *dy | dx

oo d5
. H1g ﬁ/ni
< CHbHLlpﬁ g 2 (de)nJrB
1/s , 1/s
(Lo i) ([, w0r )
- 48
) k+1 ﬁ/ni
< CHbHLlpﬁ g 2 Q (de)nJrB
/s
By NEERY s
w(2t10) 5P Mﬁ,ms(f)(x)(m g
<C‘|b‘|Lipﬁ ( Mﬁwx Zkz ko

< CHbHLipﬁ(w)W( )Mﬁ,w,s(f)()z)'
These complete the proof of Theorem 1. [

Proof of Theorem 2. Choose 1 < s < p in Theorem 1 and notice w! =7 € A|, we
have, by Lemmas 1,2 and 4,

1T 0ty < M0 (Do) oty < CIME o (T (D) o
< C1bl iy ([ M5, TG DIty + Mg (] 1)
< C11Bl i ) 1M (T D)+ 1M s () 0]
< Ui 1T 1)+ 1 o]
< Cl1Bl i) 117

This completes the proof of Theorem 2. [
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Proof of Theorem 3. Choose 1 < s < p in Theorem 1 and notice w!~? € A|, we

have, by Lemmas 5-7,

1T e ot

1 (Ts () 0 1) < ClIMG, 5 (T (f)) |0 01 -0)

HbHszﬁ [”M/B ws(T (f))W”LWP(wl*q) + ”Mﬁ.,w,s(f)W”L‘NP(wl*q)]
111 Lipg ) (1M s (T (F)) 0.0 () + (1M s () 20 )]

1l |Lipg ) 1T M b0 0y + 1F o )]

HbHLipﬁ(w) Hf“LI’ﬁJP(W)

<
<C
<C
<C
<C

This completes the proof of Theorem 3. [
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