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SOME ESTIMATES FOR HAUSDORFF OPERATORS
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(Communicated by J. Kyu Kim)

Abstract. In this paper, we give some sufficient conditions for the boundedness of three types of
Hausdorff operators on the Lebesgue spaces with power weights. In some cases, these conditions
are also necessary and the corresponding operator norms are worked out. We extend and improve
some known results in [0, 11].

1. Introduction

The one-dimensional Hausdorff operator is defined by

hor ) = [ 2 sy,

]

where ® € L! (R). Liflyand and Moricz [22] proved that hg is a bounded linear op-
erator on the real Hardy space H'(R) by the theory of Fourier transform and Hilbert
transform. Furthermore, Hausdorff operators were considered in various spaces, for ex-
ample, see [2, 17, 23, 25]. If we choose ®(r) = (1 —1)*"1x(0,1)(¢) for . = 1,2, ...,
then Hp = Cy, is called the Cesaro operator of order . A brief history of the study of
the Cesaro operator can be found in [17].

On the other hand, the operator hg contains the classical Hardy operator and its
adjoint operator if we choose suitable functions @. For x > 0, when one chooses ®(r)
as ¢! X(1,)(t) and x(g 1)(t), we obtain the classical Hardy operator / and the adjoint
Hardy operator /* respectively, where

hf(x) ::}C/Oxf(t)dz and K f(x) = /: @dr.

It is well known that Hardy operators are important operators in Harmonic analysis, for
instance, see [8, 15, 16].

Hausdorff operators (Hausdorff summability methods) have a deep root in the
study of the one-dimensional Fourier analysis, particularly the summability of the clas-
sical Fourier series. A broad and comprehensive overview of the study for Hausdorff
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operators can be found in [21]. One can see [1-7, 10-13, 17-27] to find details of some
recent developments for Hausdorff operators.

For multidimensional Hausdorff operators, there are many kinds of definitions [1,
3-5, 18-21, 24, 25]. One of the interesting definitions of the Hausdorff operators is

D(x/yl)

dy.
BT f(y)dy

Hof(x) = /

Similar to he, He contains the high dimensional Hardy operator H and its adjoint
operator H* (see [4, 9]). Recently, the authors obtained the following theorem in [11].

THEOREM A. ([11]) Let 1 < p, g <o and o, y € R satisfy Y+" _ a+n For
any general function ®(x), if

(L ([ 1eeere ™ ap) i) <o

l — 1, then the operator Hg from LP (R",|x|%) into L?(R", |x|")

N

Ko snpo =0

N

where s satisfies . e
is bounded, i.e.,

"’:1|>—

[Hof || Lawr 7y < Kaosnp.oll fllLere xj)
Sorall f e LP(R" |x|*).

Here we point out that some partial cases of Theorem A were given in [4] and
[26]. In this paper, we firstly prove that in some case, Ko s, p,o < o is necessary for
the boundedness of Hg on the Lebesgue spaces with power weights. See Section 2 for
the details. In Section 3, we consider another multidimensional Hausdorff operator He
(see the below definition) and obtain its boundedness on some Lebesgue spaces with
power weights. At the same time, we prove some best estimate of Hg on the Lebesgue
spaces with power weights. In last section, we consider the following multilinear Haus-
dorff operator.

For a locally integrable function F(uy,u, ..., u,), we define

D(x/ul)

nm ‘u|nm

F(ul,uz,...,um)du,

TolF)(x) = |

where x € R", u = (uy,ua, ..., u,) With u; € R" and |u| = \/[u1 |2+ [ua|> + - - + |um|?.
When @ is aradial function, Chen, Fan and Zhang in [6] proved

THEOREM B. ([6]) Suppose B =n(m—1) and p > 1. If

- 1 > D(r) mm
Ki=o" o / ()rﬁdr<z>o,
0 r

nm—1"n—1
then we have a constant K| > 0 such that

HTQ(F)”LP(RHMMX) < KIHFHLP(R’"")»
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where S™~1 is the unit sphere in R and S"~" is the unit sphere in R" with Lebesgue
measures Wy,—1 and W,_1, respectively.

In Section 4, we will remove the radial condition for ® in the above theorem and
obtain the same boundedness. See Theorem 4.1.

Throughout this paper, ®,,,_; denotes the area of the unit sphere §”"~! in R™"
with Lebesgue measures for m,n € Z* .

2. The best estimate of Hgp on LP(R",|x|%)

THEOREM 2.1. Let 1 < p <o, ¢t €R and ® > 0. Then Hy is a bounded
operator on LP(R", |x|*) if and only if

1 oo 1
Y —14 &t p P
KQ,n,p,a—wn_l(/snl(/O (po)p 7 dp) dfP) <o (2.1)

Moreover, when (2.1) holds, the operator norm of He on LP(R",|x|%) is given by

|Holl 1p (rr x| =12 (R7 x]2) = Ko . p.ar- (2.2)

Proof. Sufficiency. If we choose oo = v in Theorem A, then p = g. So using
Theorem A, we obtain Hg is a bounded operator on LP(R", |x|%*) if the inequality (2.1)
holds. See [11] for the detailed proof.

Necessity. If Hg is a bounded operator on LP(R",|x|%), then there exists a con-
stant C > 0 such that

|Hao f1|zrre,xjo) < ClI fl|zpRe x2)
forall f € LP(R",|x|*). Next we take

atnte

fe()=IxI" 7 xpu>1(x)

1 1
for any € >0, then fe € LP(R",|x|*) and ||fel|zp(r [xjo) = @, € 7. Therefore,

|Ha fe |l Lo (v ) < Cll fell o (vr jxje) - (2.3)

On the other hand, we express Hg in polar coordinates by writing x = |x|x". Then

D(|x|x _otnte
Hg fe(x) :/n%y 7 Xis1 (0)dy

had 0] / atnte
:/ / M[7 JrpJr dodt
1 Jsnl t

o+n+é€ ‘ ‘ / o+n+é
= Wy—1 ‘x‘_ +I7+ ! M JrpJr d
o p P

p.
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Then we obtain

n+s |x| (1) X otnte p %
|Ho fe |l r(rr xj#) = On— 1(/ (g )p > dp) dx)
1
Cwie [F D(px') otnie p b
= Oy 1(/ é x|~ 7 / TP 14 dp) dx
®(p) 7
— px) otnie P o1 7
= (/ , —p 7 dp)t dtdx)
1
_ ,% ( px )pa+’r:+e dp)pdx/) »
Sn 1

1 1
Note that || fe||r(rn |xje) = ®,_ € 7, so we have

! 1 1
v € q)(p(p) oc+n+s P
Vi €

|Ha fell Lo (re o) = 0, [ fello(rn,xje) € (/Snl </0 P dp) 9

Applying the inequality (2.3) and the above inequality, we get
1

- (p(p) a+n+e p P C
P < =
o/, ( L /0 2L ap) e )" < .

Letting € — 0T in the above inequality, we obtain the inequality (1), i.e.

1

Konpo=0) (/51 (/:q)(p(p)p‘”a'_f"dp) w)%

When the inequality (2.1) holds, the operator Hg is bounded and

[Ho flLr (v 1)) < Ko, pal | fll Lo R x]er) -
Therefore, we have
| Hao || Lr (R ) — L2 (R7 %) < Ko poar-
On the other hand, using the above f;, we have
|Hao || Lr (R ) L2 (R %) = Ko poar-

So we obtain the inequality (2.2). [
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3. Some estimates of HNq>

In this section, we consider the following multidimensional Hausdorff operator,

Aot = |, i (57)

Using Minkowski’s inequality, we obtain if

Ropn= [ 100" Fay < o

then .
|Hao fllrrry < 1 fllLo®e)-
In general, we will prove the following results.

THEOREM 3.1. Let 1 < p < g < oo and o, y € R satisfy % = %1 For any
general function ®(x), if

1
K@\,pna_ n,1</ ‘q) | ‘y‘—""r

where s satisfies é =

I’ dy) < oo,

%—!—%— 1, then we have

1
__ . oo EA q
||H‘1>fHLq(R",|x|7) < Kd),.\',p,n,a / a (/ |f(P§0)|ppa+"7ldp> pd(P
s=1\Jo

In particular, we obtain

|Ho f || Lare 1) < Kab.s.pinoc @, 1Al o ey

j2
where L, ,

(R, |x|*) = {f € LP(R", |x|*) : f is a radial function}.

Proof. By polar coordinates, we have

Hcl)f / /Sn 1
||1‘AI<;>szq(Rn7|xIV) :/o /S'H

o+n

) deds

and

/w S’lflq)(te)f(¥> de%)qundq)dfp'

and Fubini’s theorem for interchange of integrals in p and ¢.

We apply wn
Then

HHd)fHZq(Rn,\xw)
o

A R e e R T R

. nra df lld
<[ [ CL [ o™ e i) Sao) Lag.
sn—1 sn—1 p
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Using Minkowski’s inequality, we have

(e " 1@0) " £ (por (o) 5 Lag) 22 %'
o \Jgi-1 Jo ! I

</5,171 (/ON’/Om“D(ZG)VHT“|f(pq)t—1)|(pt_1)"+0f dtt chf) 6.

For

o nta _ _onta dt
| 1oy T rpor i )T

we can regard it as a convolution inequality on the multlphcative group R™ with Haar

measure 4. Applying Young’s inequality (see [14]) for == %4— 1% — 1, we have
1
VAN e nta _ e diNadp \ 1
(/ ([ 1005 oo igpr )5 L))
0 0 t p

1
« \) (Il+ n d ;
< (/O [@(p6)[*p 7 ) (/ flpo)Pp" ;)

1 1
_ (n+ot) s 0 P
(/ [@(p0)p~ " dp) (/O [F(p@)Ppet™ ldp)

Therefore, we get

HHfoHZq(Rmxm

* _ ("+D!)v % .
é/—l (/71 </ [@(p0)['p " p) de (/ f(pe)Pp®t 1dp> o
sn sn 0
< .y (nto)s E q oo - F
= /7 (/ |@(p0)°p I+ dp) de /7 / If(po)|?p®t ldp do.
sn—1 0 sn—1 0

Applying Holder’s inequality (% + S—l, = 1), we obtain

(nta)s 1
L
: ¥
<o, (/Sl/ D (pO)[* dpde)
L
([ oo )

- K<I>,S,p,n,oc

Hence, we have

N _ - q L
[Hof | Larr 7y < Koos.pne (/Snl (/0 |f(P(P)|pPa+"7ldP> pd(p) )
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In particular, when f(x) is aradial function, noting that }1 = + — 1, we easily obtain

1
P
that

</S"1 </0N|f(p9°)|pp°‘+"—1dp>%d(p>zl1
_a)nl 1(/()N|f(p)|1’pa+n—1dp>})
_ (/ /S )P 1dp>1

_7
= nf1||fHLfad(R”7IXI°‘)'

Therefore, we obtain

—~ ~ _ 1
1Ho f |z ) < Kos.pna®, 117 g gy O

COROLLARY 3.1. (See[4]) Let 1 < p < oo and o € R. For any general function

~ _panta
Kopna = [ 100)b] "7 dy <o

[Hof ||rrn xje) < Koo p ol fllLo e xj)-

Proof. In Theorem 3.1, if we choose o« = 7, then p = ¢ and s = 1. Therefore we
obtain the desired result by Theorem 3.1. [

THEOREM 3.2. Let 1 < p <o, x €R and ® > 0. Then H; is a bounded
operator on LP(R", |x|*) if and only if

- o inta
Ropna= [ @077 dy <o (3.1)
Moreover, when (3.1) holds, the operator norm of He on LP(R",|x|%) is given by
1Ha || Lo i) 20 (R2 ojo) = Kao,pnac

Proof. Sufficiency. The proof is obvious by Corollary 3.1.
Necessity. The proof is similar to that of Theorem 2.1. Here note that we choose
the same radial function f; in Theorem 2.1, i.e.,

_otnte

Je@) =1lx[" 7 2130

Then we have

e _ +n+e (0] atnte
Ao o) = =5 O g5 gy

V<l Y[
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Therefore, we obtain

1
— _nte d)(y) a+n+e )F
H, PR ||y = / X p / d dx
el = ([, (75 [ TOI0 " ay)’
1
M q)(y) Ot+n+s P
Ox‘ /|y|<l |y[" b d> dx)

% _168/ q)( ) Ot+n+s

=, € P SN 1yl
q)(y) o+n+e
= & | fell o (e gy /‘ e

The remaining proof is the same as that of Theorem 2.1. So we omitit. [

4. Multilinear Hausdorff operator

We firstly recall the definition of multilinear Hausdorff operator Tp(F). Let
x €R", u= (uy,uz,...,up,) with u; € R and |u| = /|u1 >+ ua|> + - -+ [u|*>. The
operator Ty (F) is defined by

Tq>(F)(x):/ D by s )t

nm ‘u|nm
THEOREM 4.1. Suppose B =n(m—1) and p > 1. If ® satisfies

L = O b
_ P ; oo,
Kdzp,n,m—wnm_l(/snl (/0 [@(po)|p ™ dp) dqo) <

then we have
HTQ(F)HLP(Rn7\x\ﬁdx) < K<1>,p,n,m||F||LP(R"m)~

Proof. By polar coordinates, we have

D=

p — P ymn
||T¢(F)||U’(R”,|x|/3dx) _/0 /Sn—l ’T‘P(F)(p(p)| P d(p p ’
where 8 = n(m— 1). Therefore,

) d6d.

and

HT(D( )HLp R" \x\ﬁdx

-1 dl P mn dp
</ /Sn—l //Snm,llq)(lﬂpt )”F(t9)|d97>p d(p7
A m o dt\NP dp
/ / . / /51 (por™")(pt 1)"||F(t9)t"|de—> 9=
I 1 _1 mn ﬂ pd_p
/ / /51/ (por™ ) td6> 279,

n

(te)t"r
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By Holder’s inequality, we have

B -1 —1\™ mn | dt p
/5‘nm—1/ [ @(por ") (pr~ ") ¥ ||F(16)t » }Tde
Prim— 1</S 1/ |[@(per") V| |F(0)

dt
d@) |
Hence,

HT(])( )” LP(R™, x| dx)

- oo oo B dp
P o) D) F(t0)t Ld6d
mnm,lfsnfl/ymfl/o (/0 @(por )7 (o) | ) 54049,

As the proof of Theorem 3.1, using Young’s inequality, we have

</0m </Ow’q’(P<Pt‘1) | 2 (|F(10)%F dt>p‘if>

So applying Minkowski’s integral inequality, we obtain
I’ o0
P mn—1
TP iy < Ot [, ([ [ 1F 0O P Ndpa)

°° mn _ P
X (/O |@(po)|p 7 1dp> do

~ o) [ ([ |oee)lp ap) ag-IFI]
nm—1 Snfl 0 L” an

Therefore, we have

HT(I)(F)HLP(R’17‘x‘ﬁdx) < K<1>.,p,n,m||F||Ll’(R"m)’

1 - 1
o’ moy NP\
Kopum=0" (/Snl </0 |D(po)|p dp) d(p) . O

REMARK 4.1. As described in [6], if we take

F(u17u27""um) =fi (ul)fZ(uZ)"'fm(um)a

then Ty (F) becomes an m-linear operator

where

T‘D(flvf27"'7.f;ﬂ)(x) :/nn1 |u‘nm H
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So by Theorem 4.1 and Holder’s inequality, we obtain

1T (f1. /2, "'7fm)HLP(R"7‘x‘ﬁdx) < Ko pnm H Hfj”L”j(Rn)»
j=l1

1 1 L _1 . P
where E—i—g—l—...—f—p—m—p,pj,leand]—l,...,m.

REMARK 4.2. Obviously, when @ is a radial function in Theorem 4.1, we obtain

Theorem B in the introduction.
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