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A RESIDUAL-BASED POSTERIORI ERROR ESTIMATES
FOR /p FINITE ELEMENT SOLUTIONS OF GENERAL
BILINEAR OPTIMAL CONTROL PROBLEMS

ZULIANG LU

(Communicated by M. Aslam Noor)

Abstract. In this paper, we investigate a residual-based posteriori error estimates for the hp
finite element approximation of general optimal control problems governed by bilinear elliptic
equations. By using the Ap discontinuous Galerkin finite element approximation for the control
and the Ap finite element approximation for both the state and the co-state, we derive a posteriori
upper error bounds for the optimal control problems governed by bilinear elliptic equations in
L?>—H' norms. We also give a posteriori lower error bounds for the error estimate of the optimal
control problems. These estimates can be readily used for constructing a reliable adaptive finite
element approximation for such optimal control problems.

1. Introduction

Optimal control problems are now widely used in physical, biological, engineering
design, fluid mechanics, and social-economic systems etc. The finite element method
is undoubtedly the most widely used numerical method in computing optimal control
problems. Finite element approximation of a class of elliptic optimal control problems
has been studied by Falk as a pioneer in [13]. For some classes of linear and nonlinear
optimal control problems, many researchers have obtained a priori error estimates for
the standard finite element methods in [12, 14, 21, 27, 7] and for the mixed finite ele-
ment methods in [5, 6, 7, 9, 11, 22, 23, 24], but there are very less published results on
this topic for hp-finite element methods for bilinear optimal control problems.

Adaptive finite element approximation is among the most important means to
boost accuracy and efficiency of the finite element discretization. There are three main
versions in adaptive finite element approximation, i.e., p-version, h-version, and hp-
version. The p-version of finite element methods uses a fixed mesh and improves the
approximation of the solution by increasing degrees of piecewise polynomials. The
h-version is based on mesh refinement and piecewise polynomials of low and fixed de-
grees. In hip-version adaptation, one have the option to split an element (/2 -refinement)
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or to increase its approximation order ( p-refinement). Generally, a local p-refinement
is the more efficient method on regions where the solution is smooth, while a local &-
refinement is the strategy suitable on elements where the solution is not smooth. There
have been many theoretical studies about /p finite element method in [1, 3, 4, 15].

Actually, there are many h-version of adaptive finite element methods for opti-
mal control problems in [8, 16, 21, 19, 20, 17]. But, for high order element such as
hp-version of finite element method for optimal control problems is very few. More
recently, in [7], for the constrained optimal control problem governed by linear elliptic
equations, the authors have derived a posteriori error estimates for the hp finite ele-
ment solutions. Inspired by the work of [7], we consider a posteriori error estimates
in L> — H' norms for hp finite element solutions of general optimal control problems
governed by bilinear elliptic equations. To our best knowledge for optimal control prob-
lems, these posteriori error estimates in L?> — H' norms for the general bilinear convex
optimal control problems are new.

For 1 < p < e and m any nonnegative integer let W™ (Q) = {v € LP(Q); D%v €
LP(Q) if |o| < m} denote the Sobolev spaces endowed with the norm ||v||}, =

> ||DO‘VHZP(Q), and the semi-norm | v [}, ,= ¥ HD"‘VHZP(Q). We set Wy"7(Q) =

lo|<m |ot|=m
{vew™P(Q):v|yqo=0}. For p=2, we denote H"(Q) =W"2(Q), HQ) = W(;"’Z(Q),
and || [[m=||lmz2. |I-]l| =1 llo2- In this paper, we focus our attention on the following
general bilinear convex optimal control problems:

min{g(y) +j(u)}, (L.1)
—div(AVy)+uy=7f inQ, ylyo=0, (1.2)

where Q and Qg are bounded open sets in R? with a Lipschitz boundary 9Q and
dQu, g is a convex functional which is continuously differentiable function on the
observation space L*(Q), j(u) = Jo, h(u)dx, where h(-) is a strictly convex continu-
ously differentiable function and #'(-) is locally lipschitz continuous in a neighborhood
of u. Let f € L*(Q), and A(-) = (a;;(+))ax2 € (WH=(Q))?*2, satisfying that there is
a constant ¢ > 0 such that for any vector X € R?, X’AX > c||X|12, . Let K be a closed
convex set defined by K = {u € L*(Qy) : Jo, udx>0}.

The paper is organized as follows. In Section 2, we shall contruct the /p finite
element approximation for the distributed convex optimal control problem governed by
bilinear elliptic equations. In Section 3, we derive both hp a posteriori upper error
bounds and /p a posteriori lower error bounds for the error estimates of the control,
the state and the co-state. In Section 4, we give conclusions and some possible future
work.

2. hp finite element of bilinear optimal control

In this section, we discuss the hp finite element approximation of general bilinear
optimal control problems (1.1)—(1.2). Now, we shall take the state space V = Hé (Q),
the control space U = L?(Qy), and H = L*(Q) to fix the idea. Let the observation
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space Y = L*(Q). To consider the hp finite element approximation of the general op-
timal control problems (1.1)—(1.2), we first give a weak formula for the state equation.
Let

a(v,w) = / (AVv)-Vwdx, Yv,weV,
Q
(1) = [ Afadv, ¥(fifo) € HxH,
(v,w)y :/ vwdx, Y(vw)eUxU.
Qu
Then it is easy to see that
(7 (), )y = / I (u)vex.
Qy
It follows from the assumptions on A that there are constants ¢,C > 0 such that

a(v,v)}chH%, la(v,w)| < Cvly|wly, Vv,weV. 2.1

Then, the general optimal control problems (1.1)—(1.2) can be restated as follows:

min {g(y)+ ()}, (2.2)
a(y(u),w)+ (uy,w) = (f,w), VYweV =H}Q). (2.3)

It is well known (see, i.e., [18]) that the optimal control problems (2.2)—(2.3) has a
solution (y,u), and that if a pair (y,u) is the solution of (2.2)—(2.3), then there is a co-
state p € V such that the triplet (y,u, p) satisfies the following optimality conditions:

a(y,w)+ (uy,w) = (f,w), YweV= Hé (Q), (2.4)
a(g,p)+ (up,q) = (g'(y),q), Vg€V =Hy(Q), (2.5)
(W' (u) —yp,v—u)y =0, WweKcCU=L*Qyp), (2.6)

where ¢’ and /' are the derivatives of g and h. Here g’ and /' can be viewed as
functions in ¥ = L?(Q) and U = L*(Qy), respectively.

Assume that Q and Qg are polygonal. We consider the triangulation .7 of the
set Q C R? which is a collection of elements T € .7, 7 is a parallelogram or a
triangle; associated with each element 7 is an affine element map F; : T — T, where
the reference element 7 is the reference square S = (0,1)? if 7 is a parallelogram and
7 is the reference triangle 7 = {(x,y) € R?: 0 < x < 1,0 <y < min(x,1 —x)} if ©
is a triangle. We consider the triangulation .7 which satisfies the standard conditions
defined in [25]. We write h; = diamt. Additionally we assume that triangulation .7
is y-shape regular, i.e.,

e 1 F iy + el (F) ™ ey < 7 2.7
This implies that there exists a constant C > 0 that depends solely on 7y such that

C 'y <hy <Chy, 1,7 €. with TNT #0, (2.8)
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and there exists a constant M € N that depends solely on ¥ such that no more than M
elements share a common vertex.

We also assume that the triangulation 77 of Qp which is a collection of elements
Ty € Ty, is y-shape regular which satisfies the standard conditions as .7 . Associated
with each element 7y is an affine element map F7, : T — 1y . We further assume the
triangulation .7 satisfies the relation between the patch and the reference patch in [25].
For each element T € .7, we denote &(7) the set of edges of T and by .4'(7T) the set
of vertices of 7, and choose a polynomial degree p; € N and collect these numbers in
the polynomial degree vector p; = (pr)re.7 . Similarly, for each element 17y € Iy, we
choose a polynomial degree vector p, = (pq, )yye, (Pry € N). And A (.7) denotes
the set of all vertices of 7, &(7) denotes the set of all edges. Next, for V € A4 (.7),
e € &(.7), we introduce the following notations:

N(e)={VeN(T):Vce},
wy ={xcQ:xe7T and TN{V} #0}°,

wz = U wy, w% = U wy, (2.9)
Vet (e Ve (r)
pe=max{pr:ec€ &(1)}, hy, = diamty,

where x° denotes the interior of the set y . We denote by 4, the length of the edge e.
Additionally, C or ¢ denotes a general positive constant independent of h¢, pr, hy,,

p’l’U ’ he’ Pe> and p’l’U .
Now, we define the hp finite element space SP1(.7) C H'(Q) and the hp dis-
continuous Galerkin finite element space SP2(.7;) C L*(Qy) by

SPU(T) = {v € C(Q): v]co Fr € T1,, (7)),
SP2(Ty) = {v € LX(Q): V]ey o Fry € T,y ()},

where we set

M(7) = Po=span{x'y/ :0<i+j<k}, ifT=T,
R 0x = span{xy/ 1 0 < i, j <k}, if7=Ss.

We also assume that the polynomial degree vector p, = (pr)cc satisfies:
Y lpe<py<ypr, 1,7 €T with TNT £0. (2.10)
Then we can construct the following finite element spaces
Vip=VNSPU(T), Ky,=KnSP2(Ty).

Then the hp finite element approximation of (2.2)—(2.3) is as follows:

min {g(yhp) +j(uhp)}7 (2.11)

Mh[)Eth

a(y(uhp>7whp) + (uhpyhpa Whp) = (f7 whp)a vwhp € Vhp~ (212)
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It is well known that the optimal control problems (2.11)—(2.12) has a solution
(Vhp unp) and that if a pair (yup,upnp) € Vap ¥ Kjp is the solution of (2.11)—(2.12), then
there is a co-state py, € Vj,, such that the triplet (yj,, ppp,unp) satisfies the following
optimality conditions:

a(yhp7wh[7) + (uhpyhpawhp) = (f?whp)7 vWhp S Vhp cV= H(% (Q)’ (2.13)
a(thaphp) + (uhpphpaCIhp) = (g/(yhp)ath)v thp € Vhp CcV= Hé (Q)» (2.14)
(' (Unp) — YipPhps Vip — tnp)u =0, Yvu, € Kpp C U = L*(Qy). (2.15)

The following lemmas are important in deriving a posteriori error estimates of
residual type [25].

LEMMA 2.1. Let p be an arbitrary polynomial degree distribution satisfies (2.10).
Then there exists a linear operator E" : HY(Q) — SP1(T)NHL(Q), and there exists
a constant C > 0 depending solely on vy such that for every v € Hé (Q) and all elements
T€J andall edges e € &(T)

h h
h T h T
|[v—E pVHU(r)*‘;HV(V—E ")) <C;HVVHL2(w%)7

1
he \ 2
o= Bl < € (2) 190l
e

LEMMA 2.2. There exists a constant C > 0 independent of v, hq,, and pq, and

h
a mapping np:g ‘H'(ty) — Py, () such that Vv € H' (1), € Ty the following
inequality is valid

th .|

h
1V = Tepey vl 2 < Ve (20

where we will write v € &), (Tu) ifthefollowmg satisfied: v|z, o Fr, € Py, (T 7) if

is a triangle; v|q, o Fy, € Ope, (7) if v is a parallelogram.

Proof. For a proof we refer to the Lemma4.5in [1]. O

Let H*(Qu, ) = {v: |y, € H'(1y),V1y € Ty}, and then we can define the

mapping that is useful in the estimate of the control, i.e., there exist a mapping Igp :
H*(Qu, Zy) — SP2(Ty) such that

hz,
IV =mpl (V). Y e T (2.16)

3. A residual-based posteriori Error estimates

In this section, we will discuss Ap a residual-based posteriori error estimates for
the optimal control problems. Let y(u) and yp,(uy,) are the solutions of (2.2)—(2.3)
and (2.11)—(2.12) respectively. For simplicity of presentation, let

T(u) = g(y() +j(u),  Tnp(unp) = g((unp)) + j(utnp)-
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Then the reduced optimal control problems of (2.2) and (2.11) read as

min{J(u)}, G.D
and
uhIpI‘lEIII(lhp{Jhp(uhp)} (3.2)

respectively. It can be shown that

(' (u),v)u = (W' (u) = yp,v)u,
(Jl/zp(uhp)vv)U = (h/(uhp) _yhpphp7V)U7
(J/(uhp)7 V)U = (h/(uhp) _y(uhp)p(uhp)7 V)U:

where p(upp) is the solution of the auxiliary equations:

a(y(unp),w) + (unpy(unp), w) = (f,w), Yw eV =Hy(Q), (3.3)
a(q, p(unp)) + (ppp(unp), @) = (&' Y(unp)),q), Vg€V =Hg(Q).  (3.4)

THEOREM 3.1. Let u and uy, be the solutions of (3.1) and (3.2) respectively.
Assume that

(J () =T (v),u—v)y >cHu—vH12}( Yu,veU. (3.5)

Qu)’

Moreover, we assume that h'(uy,) — ynppnp € H (Qu, Ju). Then,

”u - uthiZ(QU) < C(Thz + ”yhp _y(uhp)”%}(g) + thp _p(uhp)”%}(g))a (3.6)

where py, and p(uy,) are the solutions of the equations (2.14) and (3.4) respectively,
and

=X "y / W (unp) = YnpPip))-

Ty pTU
Proof. By using (2.6), (2.15), and (3.5), we have

cflu— uhp”iZ(QU)

(' () u —wnp)v — (I (upp) s u = unp)u

— (S (unp),u— upp)u

— (I (upp)u — unp)v + (B (unp) = YapPhps Vip — Unp)u

np Wnp) s ttnp —wy + gy (unp) = I (), — np)v + (W' (unp) = YupPhps Vi — tip)u
(W (unp) = YipPrps unp — w)v + (v (ttnp) p(tthp) = YipPhpstt — hp)u

+ (' (unp) = YnpPhps Vip — np)u

NN N
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= (h/(uhl’) = YhpPhp:Vhp — M)U + ((y(uhp) _yhp)p(uhp) +th(P(Mhp) - php)7u - uhp)U
< (h/(uhp) — YhpPhp»>Vhp — u)U +CHyhp _Y(uhp) HiZ(Q)
C
+Cllpnp — p(unp) HiZ(Q) + 7 Ju— ”thi2(QU)~ (3.7

Now, we introduce the L?(Qy)— projection of u into SP2(.7y ), i.e., let Pyyu € SP2(Fy)
be the function defined by

(u— Pyput, wyp)u =0, Ywp, € SP2(T). (3.8)

Setting wy, = 1 in (3.8), we have

Pypu = / u=>0.
Qu Qu

So we have Py,,u € Kj,,. In order to use the scaling argument, we introduce the follow-
ing notation:
G|TU = h/(”hp) — YhpPhp>

G le=Glay = (' (wnp) ~ynppip) o Foy € H' (). Gle= [Gle [ [1.
It follows easily from (3.8) that
= Pupttll 120y < Nl =vipllizyy:  Vvip € SP2(T0). (3.9)

Set vy, = Pypu € Ky, it follows from (3.8), (3.9), Lemma 2.2, Poincaré€ inequality, and
scaling argument that

(h/(uhp) — YhpPhp>Vhp — M)U
= (h/(uhp) - yhpl?hp»PhpM - M)U

h =S
W (1)~ Yoy — G|?—1P(h’(uhp>—yhpphp—6|?>7Phpu—u)U

- Z <h/ Unp) = YpPhp = G ‘T nPrU (h/(uhp) —YnpPhp — G |3), Pyptt — u)
T

U

h‘[ =
<C Uy - - NPy —
z(pm T I L Y By
Z (u - +£HP u—ul?
< hp — YhpPhp T H (1) 4 hp L2(Qu)
2
c
gcz %”V(h/(”hp) _thphp)”iz(m) + 2 [ — ”thiZ(QU)' (3.10)
TU Ty

By using (3.7) and (3.10), we have
2

T 2
” uhl’”Lz (Qu) <CZ - HV (uhp) _yhpphp)HLZ(TU)
TU

+CHyhp_ (”hp)HLZ +Cthp p(”hp)HLZ
The proof of Theorem 3.1 is completed. [J
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THEOREM 3.2. Let (y,p,u) and (ypp,Php,Unp) be the solutions of (2.4)—~(2.6)
and (2.13)—(2.15). Supposed all the conditions in Theorem 3.1 are valid. Moreover,
assume that g and W' are locally Lipschitz continuous in a neighborhood of y and u.
Then,

Hu_uhp”iZ(QU)—i_”y_yhp“?{l +HP PthHI <CZTI, ) (3.1D
i=1

where
n; = 2/ &' (Vp) + div(A*V pup) — unppip) +2/ [(A*Vpp,-n))?,
n3 :2/1 lT;(f+diV(AVyhp) _uhpyhp)2+2/p_e[(AVyhp'n)F;
T T 2 Je De

where e is a edge of an element t, [(A*Vpy,-n)| and [(AVyy, -n)| are the A-normal
derivative jumps over the interior edge e, defined by

[(A*Vphp n)]e = (A*Vphp“:‘! _A*Vphp“r}) n,
[(AVypp-n)le = (AVynp|gg — AVynp|e2) -1,

where n is the unit normal vector on e = fi n 7._'3 outwards T} . For ease of exposition,
we let [(A*Vpy,-n)le = [(AVyy,-n)le =0 when e C 0Q.

Proof. Firstly, let e” = p(uyp) — ppp and E hp be the interpolator defined in Lemma
2.1. It follows from (2.1), (2.14), (3.4), and Lemma 2.1 that

clle? |7 @) (Ve A*V (p(unp) — pap)) + (np(p(unp) = pap),e”)

=(V(e! —E"e?), A"V (p(unp) — pip)) + (unp(p(up) — prp),€” — E"PeP)
+ (VE"e? A"V (p(uny) = pip)) + (unp(p(np) — pip), E"eP)
(

—2/ &' np) +div(A*Vpp,) — wpppip) (ef — E"PeP)
=3 [ AV pay - nl(e" = EPe)ds + (g (3(01p)) = ()€”)
h% / . * 2
5)2—2/(8 np) +div(A™Vppy) — unppip)
A*ppp-n +C52 /|ep Eh1’e‘”|2

e pe e
Pe
+c8y, / Peler — £4e s+ Cllg () — & O iz |/ 2
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h2 .
5)2—5 / (&' Omp) + V(A V i) — unppip)?

+C(8) Y e A P n) +C(8)lynp = y(unp) | 72y + C8ll€” 71
(3.12)

where we have used the embedding theorem [|v[[14(q) < C|[v[|51(q) and the property
1Ppllgi (@) < C. Then, let § = 5, we have

h? s
thp_p(”hp)H?{l(Q) <Cz,p_;/T(g/(yhp)"'le(A Vphp) _”hpphp)2
T Pz

he
+C2p_/[A*php~n]2—|—C||yhp—y(uhp)||i2(g). (3.13)
e e Je

Similarly, let e¥ = y(up,) — yn, and let E"P be the interpolator defined in Lemma 2.1.
It follows from (2.1), (2.13), (3.3), and Lemma 2.1 that

clly(unp) —)’thén(Q) S(AV((unp) — yap), Ve') + (unp(y(unp) — yap),€”)
= (AV((unp) — ynp), V(e* —E"Pe”))
+ (np (y(upp) = yip), € — E"Pe”)
= ;/T(f—l—div(AVyhp) — uppyip) (€ — E"Pe)

—2/ (AVyhp-n)(ey—Ehpey)ds
<C(9) (f +div(AVyy,) — uhpyhp)
T p‘r T
Z /AVyhp O8Ny (B4
Hence,
2 & . 2
I5(a17) 3y ) SCT % [ (7 +iv(AV3) — gy
T T
he
—|—C2—/[AVyhp~n]2. (3.15)
¢ DPeJe
It follows from (3.13), (3.15), and Theorem 3.1 that
2 S
= unpllz2 () < C; n;- (3.16)
Note that

1y =Ynplle @) < 1y(np) = yupll e @) + 1y = y(np) [l 1 () (3.17)
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1P = Pupllen ) < 1P (unp) = Prpll e ) + 1P = P (i) | 1 () (3.18)
and

12— P () gy + Iy = ¥ By < Cllu— 2oy B19)
Therefore, (3.11) follows from (3.13), (3.15), (3.16), and (3.17)—(3.19). [

Now, we will derive hp a posteriori lower error bounds for the optimal control
problems governed by bilinear elliptic equations. To obtain the posteriori lower error
bounds, we need the following polynomial inverse estimates [26].

LEMMA 3.1. Let =1 <o < f3, 6 €[0,1] and let ®;(x) = x(1 —x). Then there
exist Cy = C(a,B), and Cy = C(8) such that for all univariate polynomials W of
degree k

1
/0 O3y (x)dx < C 2P~ / @ w2 (x)dx (3.20)
1
/ 2% () (x))%dx < k>0 / @3 w2 (x)dx. (3.21)
0 0

LEMMA 3.2. Let T=S or T="T and let ®; = dist(x,07). Let —1 < a2 < 3 and
0 € [0,1]. Then there exist C3 = C(a, 3) and Cy4 = C(8) such that for all polynomials
Vi € Ok

[ @ wiasay <P [ (@) yiaay (3.22)
T T

[V Paxdy < ) [ (@2 yEdrdy. (3.23)

LEMMA 3.3. Let T=S or T=T, a € (3,1]. Set é = (0,1) x {0} and let ;
and ®z be given in Lemma 3.1 and Lemma 3.2 respectively. For every univariate
polynomial y € P of degree k and every € € (0,1], there exists a constant C = Cy >0
and an extension w; € H'(T) such that

wele =y -@F and we|yz =0, (3.24)
Iwell72z) < Cellw®g 1 72,): (3.25)

IVwel72z) < C(eRP ) e [wdF 172,
Noting that F; is the element map for the element T and e is the image of the
edge é under F; [25], we define @; and @, as follows:

(3.26)

O =c;Q;0F; !, ®,=cD;0F; ",
with scaling factors cz,c., > 0 chosen that
[@cl=r) =1, [ Pellz=(e) = 1. (3.27)

For Fy, , we have the same definition as that of F7.
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THEOREM 3.3. Let (y,p,u) and (ypp,Php,unp) be the solutions of (2.4)—(2.6)
and (2.13)~(2.15). Assume that A is a constant matrix, (h'(upp) — ynpPp)|z, is a
polynomial of degree py, for any ty € Jy, the solution u satisfying fQU udx >0, and
g and I are locally Lipschitz continuous in a neighborhood of y and u. Then for any
€ satisfying 0 < € <3/2, we have

Zﬁiz<C(||”—Mhp||H1(QU)+Hy—ythiyl +1lp— Php||H1 +G7) (3.28)

where
&
=3 [ (V0 ) = o)
(10 U pTU
2

. he
3= 3 [ T 0np) A Vo) sy + 3, [ iz (A7)
T e /€

. he
(f +div(AVyy,) — ”hpyhp)2 + Z/e p3+2£ [(AVynp - n)]z’

and

N2
jzg ”f_fHLZ 2 25 HuhPth uhpythLz

T T

2 28 Hg yhP — & (yhp)”iz“-)

T
Proof. Tt follows from (2.6) and fQU udx > 0 that

W (u)—yp=0, ae. in Q. (3.29)

It follows from the polynomial inverse estimates (3.23), (3.29), and the affine map Fz,
that

: ”V(h/(uhp) - yhpphp) HiZ(TU)

p
TU ||( (uhp) _thl)hp)Hiz(TU)

=Cpm 1 ) = ) = 3+ 9 P
=Cp, (W (unp) = ' () = (Prp = P = Gp = 9)P 72z
<Cp, (I (unp) = W @72 ) +123p = PN T2y + 1380 =¥l 2 )
Then we have
2 ,
IV (n) = ynppip) 2 2y

TU

SCIR (unp) =K ()12 gy + 121y = P2y + 1mp =Yl 2(gy))- (3.30)
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It follows from (3.30) that

. h2
n12 = Z p% ”V(h/(”hp) - ”hpphp) HiZ(TU)

T Py

gCZ(Hh/(”hp) - h/(”)”iz(m) + ||Php - PHiz(TU) + ||th _YHiz(TU))

U

<C(Hu - uth?—]l(QU) =+ ||P _pth%.]l(Q) + H)’—)’th?;l(Q))- (3.31)

To bound 7)3, we define vy = (g'(ynp) + div(A*Vpup) — Wppp) P, o € (0,1]. We
use the trivial extension by zero on Q\7 so that v; can be viewed as an element of
H{(Q). Then we have

H"Tq)_a/2||L2(T)

= [ O+ V(A Vi) ~ T v

= &/ 0n) + Qi¥(A" Vi)~ iy — £ (0) ~ div(A"V) + up)ve
=+ / g vnp) — &' vip) vz + / UnpPhp — WnpPhp)Ve
— [AVer)V (o= p)+ [ (p =ty + (537) =8 ()ve

+/ yhp yhp V‘L’+/ UnpPhp — uhpphp)vr
—o/2
<Clpap = Pla (o) - Vela () + 18 mp) — &' () @ @7/’ ”Lz(r)'HV‘rq)‘ra/ ll22(2)
2 —a/2
+[1(up = wnppip) O 2 [ve®7 2|2y
2
118" Gnp) — & Onp) )7

—o/2
+ 1| (npprp — TrpPip) P ”Lz(r)'”‘)‘fq)fa/ lz2(z)- (3.32)

—a/2
ey Ve 2

To estimate |v¢|1 (r)» We use the inverse estimates (3.22) and (3.23) and the affine map
F;. Then we have for a > 1/2

Velp () <2 / |V (g’ (p) + div(A*V pry) — TPy

+ 2/1(8’(yhp) +div(A* V) — WpPip)’ [VOF|?

2(2—a)
<Cc=

[ @@y +div(A Vi) — Ty
T

1 1) T ek __
g J 5 (& lny) + div(AVpp) ~ Ty
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2(2—a)
<CP [ 0% o) + A ) — T
gcpf(1 “ ”T|| v @ 2 . (3.33)

Thus it follows from (3.32), (3.33), and (3.27) that
ve® |2 ey
<CPE G E 1P = Plasco + 18/ 0np) = € O)2(e) + lep — wippny i
+ Hgl(yhp) - mllym + lunpprp — UnpPhpll12(7))- (3.34)
Combining (3.22) and (3.34), we have for § > 1/2
&' (np) + div(A*V prp) = WipPip 122
<CPE (&7 Onp) + div(A" Vpip) — Topip) D [ 2

p
<CPR (0¥ P 7 Py = Pl o)+ 18/ Onp) =& O)l2(0) + e — sy 12c

+ Hgl(yhp) —&8 (yhp) ||L2(7:) + Huhpphp - uhpphp”[}(q;)) . (3.35)

Setting B =1/2+¢ (0 < & < 3/2) in the above result (3.35), we have
h.zL- TR . % [, )
P_% ||g (yhp) + le(A Vphp) - uhppthLZ(T)

h2 h2
<C|phl7 - p|?—11(1) +Cp3_128 Hg/(yhp) - g/(y)HiZ(T) +Cp3_128 H”p - ”hppthiZ(T)
T T

h2 — h2
+ Cp%frzg 18" (vap) — &' (ap) Hiz(f) + CI?T% [unpPmp — ”hpl’hP”iZ(r)' (3.36)

It follows from the inequality (3.36) that

0 ,
2, 28" Oup) - div(A" Vi) = pip 72
T

T
oo -
<CE‘P_‘T‘Hg/(yhP) +le(A Vphp) _uhpl’hpniz(r)
T T
c e vyawanvIp) c nt .
+ 2p4||g np) = &' Onp) 2y + 2 el o e
T T T
SCXlpw =Pl + €25 ngg ) — O
T

h2 2
+ CZ p3—T2£ Hul? — Mhppthiz(T) + CZ [Trzg ||g/(yhp) - g/(yhp) HiZ(r)
T T T T

K2 )
+ Cz ITTZE Huhpphp - uhpphp”LZ(T)
T T
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Clllpnp = Plli gy + 18" Omp) — 8’ )12y + 1P — unppipl2 )
h2
+C2 [Tng o — TP 2

TS ngg ¥ip) = 8 Onp) 22y (337)

Next, let e = 97! Ndt2 and 7, = T. UT>. We construct a function w,|, =
[(A*Vpyp) -n]®Y in Lemma 3.3 where w,|; and w,|; are defined as the affine trans-
formation of w; on the reference element. It is easy to see that the univariate polyno-
mial y is corresponds to [(A*Vpy,)-n]. Then w, € H}(7.), and we can use the trivial
extension of w, by zero on Q\7, so that w, can be viewed as an element of Hé (Q).
Then we obtain

we®s 2|25, = 1A Vpiy) - n @2,
— [1a"Vpi) -
- / (A"Vpip) - Ve + / div(A™V ppy)we
—/ (A"V(ppy — Vwe+/ V) + div(A*Vppy) — up)we
= / (AVwe)-V(pnp—p) + /Tg(g (Vap) + div(A"Vppp) — upppnp)we

+ / (WnpPhp — & Otp) — up+ &' (7)) Wwe

SClpnp = Pl z,) - Welmi z,) + [unppnp — upll2(,) - Iwell 2z,
+ 118" (np) + dV(A™V piy) = wppipll 2z, - 1Well 2z,
+1g'») = &' Onp)ll 2,y - Well 2, )- (3.38)

For the case o € (1/2,1], it follows from (3.25) and (3.26) that

1 - - %

el (e < Co(epe ™™ e 1A Vpup) - n@E sy, (3.39)
T

Wwell22 ) < Chee|[(A"Vpip) -0 2|2, . (3.40)

Then it follows from (3.38), (3.39), and (3.40) that

1[(A*Vpyp) - 0] "‘”HLZ

2(2—0:)

1
<Ch_(8p‘r )|php p|H1 +Ch1’£||uhpphp Mp”iz (Te)
T

—|—Ch18||g/( ) 8 (yhp)HLZ ‘|‘Ch‘r£||g (yhp)+d1V(A Vphp) uhpphp||i2(.,;‘,)~
(3.41)
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It follows from (3.36) and (3.41) that for § > 1/2

11(A*Vpip) 1172
<Cr[[[(A"Vny) -n]cbé‘/zniz ©
<Cp2ﬁ (SPT( P e ) puy— Plit e + Cp heeupppip — up|| 2

+ Cprﬁ hee||g'(v) = & np) (g, + CPF et |18 (9np) + diV(A*Vip) — wnppip 22,
<Cp? 1 (SPT( P e )y — Plie) + Cp et upppip — up|| o

+ Cprﬁhfe?llg () = &' Onp) 32,y + CPP et | & Gnp) + div(A"V i) = TipPig 132

+Cp%ﬁh‘[£||uhpphp uhppthLz +Cprﬁhr€||g Vnp) — m\@(m

2 2— 442
<Cpﬁ (8191( Plpe )iy — le1 (%) +Cp+ﬁ

- Elpip = Plip e,

+C T“S“ﬁhfeuuh,,ph,, upll7a e, +Cpﬁ2€“’3hfeug () =& Onp) 172,

+ Cp‘lr+2g+2ﬁh‘r£Huhpphp - uhppthLZ(Tg)

+Cpe 2 P he|lg (ap) — & Onp) (s, (3.42)
Setting € = 1/p2 and B =1/2+¢ (0 < & < 3/2) in (3.42), we have

| [(A*Vphp) -n] ||22(e)
P3+28 4e 4e / / 2
SC=—pp = Pl (o) + CPEhellunpprp — upllfz ) +CPehe |8 () — &' Onp) 72,

+Cpr hT”uhpphp uhpphp”LZ —|—Cp.,;8hTHg ()’hp) —gl()’hp)||i2(.[e)~ (3.43)

Then it follows from (3.43) that

he .
Z F H [(A Vphp) : n] ”22(2)

h2

2 2
<C Z |php - p|H1 () +C E , p3_12£ ||uhpphp - MPHLZ(TB)
e e T

h2 "2 -
+CY, pgfzg lg'() = &' Omp)ll 725,y +C X pg_’% 8" mp) = &' Omp) 72

+ CZ p3—Tze [npPhp — ”hpphp”LZ(r,_,)
e T

C(Hp _php“?-ll(g) + Huhpphp - Mp”iz(g) + ”g/(y) _gl(yhp)HiZ(Q))
h? R h2
+C2p3_‘r28 Hg/(yhp) _g/(yhp)HiZ(T) +CZ lﬁ“uhpphp - uhpPthiZu—y (3.44)
Tt Pt Tt Pt




680 Z.Lu

Therefore, it follows from (3.44) that

. h2 P he .
7722 = 2 p_f; Hg/()’hp) +d1V(A Vphp) - uhpphp”iZ(T) + 2 W || [(A Vphp) ) n] ”iZ(e)
T e Pe

T

<C(”p - pthi]l(Q) + ||uhpphp - ”pHiZ(Q) + ”g/(y) _g/(yhp)HiZ(Q))

h2 — h2
+C21T128H8’(yhp)—8’(yhp)||§z<f)+C2p3—fzs||”hpphp—Mhpphpﬂizm-
T T T T
(3.45)
Note that
Huhpphp - MPHiz(Q)
<Cllngl2aicy 19— Py + Pl iy 11— s
<Cllp = pupll3 gy + Cllu = wnpl 3 - (3.46)
Therefore, it follows from (3.45) and (3.46) that
ﬁ22 <C(|lp _Php”]qu(g) +ly _yhp||12ql(g) + ||lu— uth?{l(QU))
h2 — 2
+C2ﬁugl()’hp)_gl()’hp)”iZ(T)"’Cz,ﬁ”uhpphp_“hppthiz(T)-
T Pt t Pt
(3.47)
Similarly,
a2 hi . 2 he 2
ns = Z?”f"‘le(AVyhp) — unpYhpll2() +ZFH[(AVyhp'n)]”L2(3)
T T e e
h? -
<CUlp = Py + 1=l + =l i)+ €2~ 1 = Fle
T T
(3.48)

Then, (3.28) follows from (3.31), (3.47), and (3.48). The proof of Theorem 3.3 is
completed. [

4. Conclusion and future works

In this paper, we use the Ap finite element approximation for both the state and
the co-state and the hp discontinuous Galerkin finite element approximation for the
control. And then we derive a posteriori error estimates for the optimal control problem
governed by bilinear elliptic equations in L> — H' norms. To our best knowledge in
the context of optimal control problems, these posteriori error estimates for the bilinear
optimal control problems are new.

In future, we shall consider the /p mixed finite element method for optimal control
problems. Furthermore, we shall consider a posteriori error estimates and superconver-
gence of the hp mixed finite element solutions for optimal control problems.
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