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Abstract. The multiplicative sum Zagreb index is defined for a simple graph G as the product of
the terms dg (u)+dg(v) over all edges uv € E(G), where dg(u) denotes the degree of the vertex
u of G. In this paper, we present some lower bounds for the multiplicative sum Zagreb index
of several graph operations such as union, join, corona product, composition, direct product,
Cartesian product and strong product in terms of the multiplicative sum Zagreb index and the
multiplicative Zagreb indices of their components.

1. Introduction

In theoretical Chemistry, the physico—chemical properties of chemical compounds
are often modeled by means of molecular—graph—based structure—descriptors, which
are also referred to as fopological indices [12, 17]. The Zagreb indices are among
the oldest topological indices, and were introduced as early as in 1972 [13]. These
indices have since been used to study molecular complexity, chirality, ZE—isomerism
and hetero—systems. For details on their theory and applications see [1, 4, 5, 6, 15, 21].
Let G be a simple graph with the vertex set V(G) and the edge set E(G). The first
and second Zagreb indices of G are denoted by M;(G) and M;,(G), respectively, and
defined as:

Mi(G)= Y do(u)’ and My(G)= Y dg(u)ds(v),
uev(G) uveE(G)

where dg(u) denotes the degree of the vertex u of G. The first Zagreb index can also
be expressed as a sum over edges of G:

M (G) = 2 [dg(u)+dg(v)).
uveE(G)

The multiplicative versions of Zagreb indices were introduced by Todeschini et al.
in 2010 [16]. The first and second multiplicative Zagreb indices of G are denoted by
I1,(G) and I1,(G), respectively, and defined as:

(G = [] dew)® and Th(G)= [ do(u)ds(v).
uev(G) uveE(G)
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The second multiplicative Zagreb index can also be expressed as a product over vertices
of G [11]:
Mm(G)= [T do(w®".
ueV(G)
In 2012, Eliasi et al. introduced another multiplicative version of the first Zagreb
index called multiplicative sum Zagreb index [9]. The multiplicative sum Zagreb index
of G is denoted by ITj(G) and defined as:

(G =[] ldg)+ds(v)).

uveE(G)

We refer the reader to [10, 18, 19] for mathematical properties and applications of the
multiplicative Zagreb indices and multiplicative sum Zagreb index.

It is well-known that many graphs of general and in particular of chemical inter-
est arise from simpler graphs via various graph operations sometimes known as graph
products. 1t is, hence, important to understand how certain invariants of such graph
operations are related to the corresponding invariants of their components. In [14],
Khalifeh et al. presented some exact formulae for computing the Zagreb indices of
some graph operations. In [7], Das et al. obtained some upper bounds for the first and
second multiplicative Zagreb indices of various graph operations in terms of the Zagreb
indices of their components. In this paper, we present some lower bounds for the mul-
tiplicative sum Zagreb index of several graph operations in terms of the multiplicative
sum Zagreb index and the first and second multiplicative Zagreb indices of their com-
ponents. Readers interested in more information on computing topological indices of
graph operations can be referred to [2, 3, 8, 20].

2. Main results

In this section, we study the behavior of the multiplicative sum Zagreb index under
several graph operations. All considered operations are binary. Hence, we will usually
deal with two finite and simple graphs G| and G;. For a given graph G;, its vertex
and edge sets will be denoted by V(G;) and E(G;), and its order and size by n; and
m; , respectively, where i € {1,2}. Throughout the section, we assume that G| and G,
have no isolated vertices.

At first, we recall two well-known inequalities.

LEMMA 2.1. (AM-GM inequality) Let x1,x>...,X, be nonnegative numbers.

Then
X1+x2+...4+ x, ;
—n > V/X1X2 ... Xy,

with equality if and only if x| =xp = ... = x.
LEMMA 2.2. Let Xx1,X2...,Xn, Y1,Y2,-..,Yn be positive numbers and for every
1<i<n, x;>y;. Then
X|X2 .o Xp Z V1Y2 -V,

with equality if and only if for every 1 <i< n, x; =Yy;.
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2.1. Union

The union G; UG, of graphs G; and G, with disjoint vertex sets V(G;) and
V(G>) is a graph with the vertex set V(G) UV (G,) and the edge set E(G)UE(G2).
The degree of a vertex u of G;UG; is equal to the degree of u in the component
G, i € {1,2} that contains it.

In the following Theorem, an exact formula is obtained for the multiplicative sum
Zagreb index of the union of G| and G, . Its proof follows easily from the definition,
so is omitted.

THEOREM 2.3. The multiplicative sum Zagreb index of Gy U G is given by:
I} (G1 UG,) =T} (Gy) x T (Gy).

It is clear from Theorem 2.3 that we can restrict our attention to connected graphs,
since for a graph with several connected components its multiplicative sum Zagreb
index is equal to the product of the indices of its components.

2.2. Join

The join G+ G, of graphs G| and G, with disjoint vertex sets V(G;) and V(G>)
is a graph union G| UG, together with all the edges joining V(G;) and V(G,). The
join of two graphs is also known as their sum. The degree of a vertex u of G| + G; is
given by:
dGl (M)+n2 uec V(Gl)

dGlJer(”) = {d(;z(u)"‘nl uec V(GZ) .

THEOREM 2.4. The multiplicative sum Zagreb index of G| + G, satisfies the fol-
lowing inequality:

HT(GI + Gz) >(2\/§)ml+m2\/n2mln1m2 (3\3/1’11 +n2)n1n2 N Hl(Gl)nznl(Gz)nl

VI (G (Gy).

Proof. Let G = G|+ G,. By definition of the multiplicative sum Zagreb index,
we have:

mi(6) = 1 [datn)+d(v)]

uveE(G)

ST [l (1)

uveE(Gy)

< |1 KdGz(u)—l—m)+<dGz(v)+n1>]

uveE(Gy)

<~ [T 11 KdGl(u)-l—nz)+<dGz(v)+n1>]

uEV(Gl) VEV(GQ)
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= I1I chl(u)—kdcl(v))—i-an}

uveE(Gy)

< I chz(u) +d02(v)> +zn1}

uveE(Gy)

< T TI |:dGl u)+dg, (v) + (n1+n2)]~

uEV(Gl) VEV(GQ)

Now by Lemmas 2.1 and 2.2,

> I1 z\/(dcl u)+dg,(v)) x2n2 ] 2\/<d02 )+ day(v))  2m

uveE(Gy) uveE(Gy)

<~ I 11 3\/6161 ) X dg,(v) X (n1+ny)

ucV(Gy)veV(Gy)

:(2\/§)m1+m2\/n2mlnlm2 (3\3/n1+n2)n1n2

x (/Hl(Gl)"znl(Gz)”l\/HT(GI)HT(GZ).

Note that the above inequality is strict. Since if the equality holds then by Lemma
2.2, forevery u € V(G;) and v € V(G2),

dGl (u) + d(;z(v) + (nl + nz) = 3{/&'@1 (u) X dGz(V) X (n1 —|—n2).

By Lemma 2.1, this implies that for every u € V(Gy) and v € V(G,), dg,(u) =
dg,(v) = ni +ny, which is a contradiction. [J

For a given graph G, the graph K; + G is called the suspension of G, where K;
denotes the single vertex graph. In the following Corollary, we obtain a lower bound for
the multiplicative sum Zagreb index of the suspension of graphs. Note that in Theorem
2.4, the graphs G| and G, are assumed to have no isolated vertices.

COROLLARY 2.5. Let G be a finite simple graph of order n and size m. The
multiplicative sum Zagreb index of K| + G satisfies the following inequality:

I (K, 4+ G) > (V2)" ™" (v + 1) YT (), /T (G).

2.3. Corona product

The corona product Gy o G, of graphs G| and G, is a graph obtained by taking
one copy of G and n; copies of G, and joining the i—th vertex of G| to every vertex
in i—th copy of G, for 1 <i<n;. We denote the i—th copy of G> by G»;, 1 <i<n;.
The degree of a vertex u of G| o Gy is given by:

dGl(u)—Fnz uGV(Gl)

dorcen (1) = { de,()+1  ueV(Gy)
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In the following Theorem, a lower bound is obtained for the multiplicative sum
Zagreb index of the corona product G| o G, in terms of the order, size, the first mul-
tiplicative Zagreb index and the multiplicative sum Zagreb index of G| and G,. Its
proof is similar to the proof of Theorem 2.4, so is omitted.

THEOREM 2.6. The multiplicative sum Zagreb index of G| o G, satisfies the fol-
lowing inequality:

IT; (G1 0 Ga) >(2V2)"™ ™2\ fuz)™ (33/my + 1)1 f/l'h (G1)"™1I; (G2)™
1} (G} (G2)™

2.4. Composition

The composition G[G,] of graphs G| and G, is a graph with the vertex set
V(G1) x V(G,) and two vertices (u1,u;) and (vy,v;) are adjacent if and only if u;vy €
E(Gy) or [u; = vy and upvy € E(G3)]. The composition of two graphs is also known
as their lexicographic product. The degree of a vertex u = (u;,uz) of G1[G>] is given
by:

dg, (6, (1) = madg, (u1) + dg, (u2).

THEOREM 2.7. The multiplicative sum Zagreb index of GG, satisfies the fol-
lowing inequality:

nymp

T} (G1[Ga]) >3 (2v2)""™ (/)™ "> 25 {111 (G )T, (Go) ™™

\/H* )V T (Gy) ™.

Proof. Let G = G1[Gy]. By definition of the multiplicative sum Zagreb index, we
have:

I1;(G) = IT [dc((ul,uz)) +dG((V1;V2))]
(u1.u2)(v1,2)EE(G)

= 11 I II [("20'61 (1) +dG2(u2)>+<n2dG1(Vl)+dG2(v2)>}

MIVIEE(GI)I,QEV(Gz) VzEV(Gz

« T1 T [(mede ) +doy(un) + (madg, (m) +dy (v2) ) |

uy EV(GI) usvp EE(GQ)

= 11 I II [”2(0'61 Uy +dG1(V1)>+dGz(M2)+dGz(V2)]

MIVIEE(GI)I,QEV(Gz) nev Gz)

< ]I 11 {2’125161(“1)"'(dGz(u2)+dGz(V2)>]

u1€V(Gy) upn €E(Ga)
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Now by Lemmas 2.1 and 2.2,

mG)> T1  T1  T1 3¢/ne(de () +de () x doy (1) x dg, (v2)

uv1 €E(G1) u2€V(Ga) v2€V(Gy)

< TI HGZ)Z\/andGI (1) x <dGz(u2) +dG2(V2))

1 EV(Gy) upvy€E(
=(3ynm )n%ml Wf/nl((b)ml"z f/nl(Gz)mlnz
% (2/200)"" {1 (G1)™ | /TT; (Ga)™
_3mm (zﬁ)nlznz(%)3n11n2+2n%ml li/nl(Gl)3m2Hl(G2)4m1n2
\/H* PRI (o)™

The above inequality is strict. Since if the equality holds then by Lemma 2.2, for
every ujvy € E(Gy) and up,v; € V(Gy),

n <a’c1 (u1) +dg, (V1)> +dg, (u2) +dg,(v2)

:3§/I’l2 (dGl (u1) +dg, (V1)> X d(;z(uz) X dGZ(VZ).
By Lemma 2.1, this implies that for every u;v; € E(Gy) and uy,v; € V(G,),

ny (dcl (ur)+dg, (V1)> =dg,(u2) =dg,(v2).

So for every u € V(G2), dg,(u2) > 2ny, which is a contradiction. [J

2.5. Direct product

The direct product G x G, of graphs G| and G, has the vertex set V(Gy) X
V(G,) and two vertices (u1,uy) and (vq,v,) are adjacent if and only if uyv € E(Gy)
and upv; € E(Gy). The direct product of two graphs is also known as their rensor
product, Kronecker product, categorical product, cardinal product, relational product
or conjunction. The degree of a vertex u = (uj,uy) of G| x G, is given by:

d, xG, (u) = dg, (u1)dg, (u2).

THEOREM 2.8. The multiplicative sum Zagreb index of G| x G, satisfies the fol-
lowing inequality:

IT{(G1 x Gy) > 4™"™T1,(Gy) "™ T, (Gy)™,

with equality if and only if G| and G, are regular graphs.
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Proof. Let G = G| x G,. By definition of the multiplicative sum Zagreb index,

we have:
mG) = [ [|do((u,m)+da((m.))].
(u1,u2)(vi,v2)€EE(G)

Note that if (uy,u2)(vi,v2) € E(G), then (uj,v2)(vi,u2) € E(G). Hence,

@)= 1 T1 [(d6w)do () +do, (v1)dcy (1))

u1v1 €E(G1) upv2€E(Gy)
% (doy (10)doy (v2) +da, (v)dos (1) ) |.

Now by Lemmas 2.1 and 2.2,

0@ > 1 TI [2/do (w)dey () xdo (v)do, (v2)

u1vi €E(G)) upm €E(Gy)

X 2\/dG1 (ul)dGZ (Vz) X dG1 (Vl)dGz (u2) ]

= I IT 4[‘101(141)6161("1)Xdcz(uz)dcz(m)]

u1vi €E(G)) upm€E(Gy)
— 47T (G )" T (Go)™

By Lemma 2.2, the above equality holds if and only if for every u;v, € E (G)
and U, € E (Gz) ,

dg, (u1)dg,(u2) +dg, (vi)dg,(v2) = 2\/d61 (u1)dg, (u2) x dg, (vi)dg,(v2),

and

da, (u1)dc, (v2) +dg, (v1)da, (u2) = 2\/dG1 (u1)dg, (v2) x dg, (vi)dag, (u2).
By Lemma 2.1, this implies that for every u;v; € E(G) and upv, € E(G3),

dg, (u1)dg, (u2) = dg, (v1)da, (v2),

and
dg, (u1)dc, (v2) = dg, (v1)dg, (u2),
and this clearly implies that G| and G, must be regular graphs. [

2.6. Cartesian product

The Cartesian product G1IJG, of graphs G| and G5 has the vertex set V(G;) X
V(G,) and two vertices (u1,uy) and (vy,vy) are adjacent if and only if [u; = v; and
upvy € E(Gy)] or [up = v, and ujvy € E(G))]. The degree of a vertex u = (uj,u;) of
GG, is given by:

d6,06, (u) = dg, (ur) + dg, (u2).
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THEOREM 2.9. The multiplicative sum Zagreb index of GL1G, satisfies the fol-
lowing inequality:

M} (Gi0G2) > (2v2)"" ™" {/111(G1) ™ T (Ga)™ /T (G1) T (o)™
with equality if and only if G| and G, are regular graphs with the same regularities.

Proof. Let G= GG, . By definition of the multiplicative sum Zagreb index, we
have:

MG = 1 [do(u,m)+do((vr,v2)]

(u1,u2)(v,v2)€E(G)

=TT M (o) + dee) + (d6, () +dey ()]

u1€V(Gy) uan€E(Gy)

< T TT [(don) +dey () +(dey () + dey () |

ur€V(Ga) uyv1 €E(Gy)

= [ T1 [2de, () + (doy () +dy(2)|

up EV(GI ) uvy EE(Gz)

« 1 1I [Zd(;z(uz)—i—(dGl(ul)—del(vl))].

quV(Gz) upvy EE(GI)

Now by Lemmas 2.1 and 2.2,

> 1 T1 2y/2de ) x (doye) +doy(o)
(G2)

u1€V(Gy)upvr €E

< 11 HGI)Z\/ZdGz(uz) X (dGl (1) +dGl(Vl)>

MZEV(GZ)MIVI EE(

V)" (G (G x (V)" {6 i G

V)" T (G (G T (6T (G

By Lemma 2.2, the above equality holds if and only if for every u; € V(Gy) and
urvy € E(Gz) S

2, (1) + (dg, (12) + g (v2) ) = 2¢2dcl (1) x (day (2) + diy (v2) ).

and for every up € V(G3) and uyvy € E(Gy),

2 )+ (doy () + iy (1)) =22 0) x (d )+ (1))

By Lemma 2.1, this implies that for every u; € V(G1) and upvs € E(G2), 2dg, (u1) =
dg,(u2)+dg,(v2), and forevery up € V(Gs) and u1vy € E(Gy), 2dg, (u2) = dg, (u1)+
dg,(v1). This clearly implies that G; and G, must be regular graphs with the same
regularities. [
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2.7. Strong product

The strong product G} X G, of graphs G| and G, has the vertex set V(G) X
V(G,) and two vertices (uj,uy) and (vy,v;) are adjacent if and only if [u; = v; and
Urvy € E(Gz)] or [uy =vy and ujvy € E(Gl)] or [ujv; € E(Gl) and upv) € E(Gz)].
The degree of a vertex u = (uy,up) of G; X G, is given by:

dgwG, (1) = dg, (n1) + dg, (u2) + dg, (u1)da, (12).

THEOREM 2.10. The multiplicative sum Zagreb index of G1 X G, satisfies the
following inequality:

I} (G K Gy) > 16" (3v/2)"" ™™ §/T11(Gy )" T, (Go)™ \/Hz(Gl)msz(Gz)m1

Q/HT (Gl )4n2+3m21—[,{ (G2)4n1+3m1 .

Proof. Let G = G1 X G,. By definition of the multiplicative sum Zagreb index,

we have:
MG = [ [do(Cnm)+da((vir)]-
(ug,u2)(v1,v2)€E(G)

By definition of the strong product, we can partition the above product into three prod-
ucts as follows:

The first product P is taken over all edges (u1,u2)(v1,v2) € E(G) such that u; =
v and upvy € E(G,). The calculation of Py is as follows:

Pi= T T [(do(m)+dey () +dg, (n)de, ()
u1€V(Gy) upn €E(Ga)

+ (doy (1) + doy (v2) + g (1)da, (v2) )|

= T I |2do (w0)+ (doy (e2) ey (v2) ) i (1) (do (2) + (02) ) |.

up EV(GI ) uvy EE(GQ)

Now by Lemmas 2.1 and 2.2,

Pz T T1 3{/2de, () x (do, (w2)+do, (v2) ) xda, (1) (doy (u2) 4+, (v2))
u1€V(Gy) uv,€E(Gz)

:(3\3/5)n1m2 </H1 (Gl)m2 \Zv/HT (G2)2n1.

By Lemma 2.2, the above equality holds if and only if for every u; € V(Gy) and upv, €
E (Gz) S

2dg, (u1) + <dG2 (u2) + dGz(V2)> +dg, (u1) (dGz (u2) +dg, (V2)>

:37 2, (1) (A (2) + i (v2) ) x dis () (s (142) + diy (2))
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By Lemma 2.1, this implies that for every u; € V(G) and upv; € E(G3),
2dg, (u1) = dg, (u2) +dg, (v2) = dg, (11 (dcz uy) +dg, Vz))
So the equality holds if and only if for every u; € V(G1), dg, (u1) =1 and for every
uvs € E(Ga), dg,(u2) +dg,(v2) =2. Thatis G| and G, are 1-regular graphs.

The second product P is taken over all edges (u,u2)(v1,v2) € E(G) such that
upvy € E(Gl) and uy = v,. So,

p= 11 II [(dGl(ul)+dGz(M2)+dG1(M1)dGz(M2)>
MIVIEE(Gl)MQEV(GQ)

+ (d(;l (1) +da, (u2) +dg,(v1)dg, (ln))] )

By symmetry,

(3\/—)}12"’11 3 H G2 ml \/H* 2n2

with equality if and only if G| and G, are 1-regular graphs.
The third product P; is taken over all edges (uj,uz)(vi,v2) € E(G) such that
upvy € E(Gy) and upvy € E(G,). The calculation of Pj is as follows:

= ] I1 [(dGl(Ml)+dGz(M2)+dG1(M1)dGz(M2)>
MIVIEE(GI)MQVZEE(GQ)

+ (dcl () +dg,(v2) +dg,(vi)dg, (V2)>}
X [(d(;l (u1) +dg,(v2) +dg, (u1)dg, (V2)>
+ (doy (1) + oy (1) + g, (n)dg (1) )|

= I I [(de ) +do, ) + (doy ) +doy ()

U1 €E(Gy) upr €E(Gy)
+dg, (u1)dg, (u2) +dg, (v1)d, (Vz)}
% [ (do (1) +dg, () ) + (doy (12) + o, (2))
+ dg (11)da, (v2) +do, (v1)do, (12)] -

Now by Lemmas 2.1 and 2.2,

> ] [T 16 (dcl(u1)+d61("1)>X(dcz(u2)+dcz(vz)>

uv1 €E(Gy) upn€E(Gy)

X \/d(;l (ul)d(;l (Vl) X d(;2 (uz)d(;2 (Vz)

—tg [ (mGons(6)) " (MG ma(e2)

mi
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By Lemma 2.2, the above equality holds if and only if for every u;v; € E(G;) and
Urvy € E (Gz) s

(do, (1) +da, (1)) + (do (12) + do, (v2) ) + dg, (11 )da, (u2) + e, (v1)da (v2)

:4</(dcl (ur) +dGl(V1)> X (dcz(uz) +dcz(v2)> X dg, (u1)dg, (u2) x dg,(vi)dg,(v2),
and

(dGI (u1) +dg, (V1)> + (dGz (u2) +dGz(V2)> +dg, (ul)dGz(V2) +dg, (Vl)d62 (u2)

:4</(d61 (u1) +dg, (Vl)) X (dGz(uz) +dGz(V2)> x dg, (u1)dg, (v2) x dg, (vi)dg, (u2).
By Lemma 2.1, this implies that for every u;vy € E(Gy) and upv, € E(G3),

dg, (1) +dg,(v1) = dg,(u2) + dc, (v2) = dg, (u1)dc, (u2) = dg, (v1)dc, (v2)
= dg, (u1)dg, (v2) = dg, (v1)dg, (u2).

So, G| and G, must be 2-regular graphs.
Hence,

IT;(G) = PLPyPs >(3v/2)"" {11, (G))™ {/H*;(Gz)z"l

< (2™ G G

1

<16 | (mG0me)) ™ (MG m(G2))

=16""2 (3v/2)"" " /1 (G )T (Go)™

(GG {3 (G ™ ey (G
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