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QUANTUM INTEGRAL INEQUALITIES
FOR CONVEX FUNCTIONS

WEERAWAT SUDSUTAD, SOTIRIS K. NTOUYAS AND JESSADA TARIBOON

(Communicated by A. Agli¢ Aljinovic)

Abstract. In this paper we establish some new quantum integral inequalities for convex func-
tions.

1. Introduction
A function f:1— R, 0 # 1 CR, is said to be convex on [ if inequality

flox+ (1 =1)y) <tf(x)+(1=1)f(y),

holds for all x,y € I and ¢ € [0, 1]. Many inequalities have been established for convex
functions but the most famous is the Hermite-Hadamard’s inequality [1], due to its rich
geometrical significance and applications, which is stated as follows:

Let f:1 CR — R be a convex mapping and a,b € I with a < b. Then

() <5t [ B0

Both the inequalities hold in reversed direction if f is concave. Since its discovery,
Hermite-Hadamard’s inequality has been considered the most useful inequality in math-
ematical analysis. This inequality has been extended in a number of ways and a num-
ber of papers have been written. The main aim of this paper is to establish some new
quantum integral inequalities for convex functions. Many consequences of Hermite-
Hadamard type inequalities are obtained as special cases when g — 1.
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2. Preliminaries

Let J :=[a,b] C R, J° := (a,b) be interval and 0 < g < 1 be a constant. We
define g-derivative of a function f:J — R ata point x € J on [a,b] as follows.

DEFINITION 2.1. Assume f:J — R is a continuous function and let x € J. Then
the expression

f(x) = flgx+ (1 —q)a)
(1-q)(x—a)

is called the g-derivative on J of function f at x.

Hqu(x) = ) X 7& a, l/quf(a) zjlcilgaqu(x); (21)

We say that f is g-differentiable on J provided D, f(x) exists forall x € J. Note
thatif @ =0 in (2.1), then oD, f = Z,f, where , is the well-known g-derivative of
the function f(x) defined by

_ f(x) — flgx)
@qf(x) - ( _q)x (22)
For more details, see [2].
LEMMA 2.1. [3] Let o € R, then we have
o __ 1— qa _ o ya—1
aDg(x—a)” = ( g ) (x—a)* . (2.3)

DEFINITION 2.2. Assume f :J — R is a continuous function. Then the ¢-
integral on J is defined by

[ 70t = (1= —a) S flg"c (1)), 0.4

for x € J. Moreover, if ¢ € (a,x) then the definite ¢-integral on J is defined by
X X C
/_ J(t)adqt :/ f(t)adqt_/ J(t)adyt

=(l—q)(x—a) Zoq”f(q"er (1—4")a)

(- ae-a) XA+ (1=

Note that if ¢ =0, then (2.4) reduces to the classical g-integral of a function

f(x), defined by / f(t)odgt = (1 —q)x ), q"f(q"x) for x € [0,00). For more details,
0 n=0
see [2].
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THEOREM 2.1. [3] Let f:J — R be a continuous function. Then we have
X
(1) Dy [ F(Oudst = £2):
a
X
(i) [ aDaf (W)adet = £() = £c) for € (@)
c

THEOREM 2.2. [3] Assume f,g:J — R are continuous functions, o € R. Then,
forxelJ,

() [ 11O+t = [ Ot + [ gl0)uds
) [ (@ eadet = [ f0)ad
(i) [ £(00uDysl0)udst = )t~ [ slat+ (1 = )Dyf Wadit for ¢ € (a.).
LEMMA 2.2. [4] For o € R\{—1}, the following formula holds:
/ax(t —a)%dyt = (%) (x—a)%*. (2.5)

THEOREM 2.3. [4] (q-Hermite-Hadamard) Let f:J — R be a convex continu-
ous function on J and 0 < g < 1. Then we have

f<a;—b) = a/f < (l)_:'qf() (2.6)

3. Auxiliary results

In this section, we present some auxiliary results which are used throughout this
article.

LEMMA 3.1. Let f:J — R be a continuous function and 0 < g < 1. If ;Dyf is
an integrable function on J°, then the following equality holds:

[ oy - L)
o a) I+q (3.1)
—ﬁ/o (1~ (14 )8)aDq f(sb+ (1 — s)a)odys.

Proof. Using Definitions 2.1 and 2.2, we have
1
(= (15 @)9)aDy (sb+ (1 = s)a)odys

_/ ( fisb+( 1—S) ) )(J;(iqj)+(l_s")“))odqs

{ ( Fobtlms— ot (Lsgh
v [ 0-ab—apy ) s
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i F(@"b+(1=¢"a) = Y f(g" b+ (1 - 61"“)0)1

b—a| = o
—(11, 9 qu q"b+(1—-4q" qu (" b+ (1—¢g"Ma )]
=f(b2:§(“>— lf" qu (¢"b+(1—¢")a)
(1 i ("b+ (1 ¢")a)
fO)—fla) (1+9) & ppn .
- - ,,gb q"f(q"b+(1—-4")a)
(l+q) . n n n
2b—a) f(b)—f(b)+n§,1q flg"b+(1—q"a)
_J)—fla) (1+q) (14+q9) & .. .
N b—a B (b—a)f(b)+ (b_a)ngbqf(q b+(1—q)a)

S z P b+ (1 q")a)

__af@+ () 1+ -a) (=) S ooy g
-5 ) R (b_a)goqf(qbﬂl q")a)

_ qfla+f 1+q
o q(b—a) /f

Therefore, we obtain the desired resultin (3.1) as required. The proofis completed. [

REMARK 3.1. If ¢ — 1, then (3.1) reduces to

fla)+fb) 1 P _
5 _b—a/a f(s)ds =

See also [5, Lemma 2.1, page 91].

a 01(1 —25)f'(sb+ (1 —s)a)ds.

LEMMA 3.2. Let 0 < g < 1 be a constant. Then the following equality holds:

q(1+49+q°)
(I+g+4¢*)(1+q)

1
/0 5|1 — (14 q)slodgs = (3.2)

Proof. By computing directly, we have

1
/ s|1— (14 q)slodys

e 1
:/0 s(1—(1+q)s )odqs+/l S((1+q)s — 1)odys

T+q
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1 1 1 1

= /Hq sodqs—(l—i-q)/lm szodqs—|—(1—i-q)/1 s20dys — | Sodgs
0 0 T T+

1 l+g¢g 1+¢)B3q+3¢*+4¢%) 29+

(I+q)? (I+g+¢))(1+q)P (1+q+¢*)(1+q)?° (1+¢q)?
q(1+49+4°)
(I+g+¢*)(1+4q)*

The proof is completed. []

LEMMA 3.3. Let 0 < g < 1 be a constant. Then the following equality holds:

1 2 3
q(L+3¢~+2¢°)
1—s)[1—=(14+q)s|odys = .
/O ( )| ( Q) |0 q (l+q+q2)(l+q)3
Proof. Taking into account Lemma 3.2, we have

1
(1=9)[1 = (1 +g)slodys

(3.3)

1 1
11— (1 —|—q)s|0dqs—/0 5|1 — (14 q)s|odys

1 1 1
1+q(1_(1+q)s)0dqs+/L((l+q)s—l)odqs—/) s|1— (14 q)s|odys

T+q

S— S— 5—

1 e 1 1 1
L
:/ E lodqs—(l—i—q)/lw sod,rv—l—(l—i—q)/l s()dqs—/1 lodqs—/ s|1=(14q)s|odys
0 0 - s 0
_ 1 14q  (14+9Q4+q)  q  q(l+4q+4’)
I+q (1+q)° (1+4)° I+q (I+q+¢°)(1+q)°
q(1+3¢*+2¢°)

(I+q+q°)(1+q)*
The proof is completed. [

4. Main results

In this section, we present some ¢-integral inequalities for convex functions on
[a,b].

THEOREM 4.1. Let f:J — R be a continuous function. If |,Dyf| is convex and
integrable on J°, then the following inequality holds:

a b
WSO [ )
7*(b—a)

((14+4q+g%)|aDq f(b)| +q(1 434> +24°)|aDgf (a)]) -
4.1

S (1+g+4)(1+q)*
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Proof. Using Lemma 3.1 and the convexity of ,D,f on J?, we have

‘qf(l)+q b a/f

= ‘q(ll)_:;) /0 (1= (1+9g)8)aDyf (sb+ (1 —s)a)odys
<20 [ (1] 51 ) + (1= 9) D @) o
q<1b+_; |aqu(b)}/O \1—(1+q)s|s0dqs+|aqu(a)}/0 1—(l+q)s|(l—s)0dqs].

Applying Lemmas 3.2 and 3.3, we have

‘qf(l)—i—q b a/f

q(b—a) q(1+4q+q°) g(1+34+24°)
g <<1+q+q2><1+q>3>'“qu(”)”<<1+q+q2><1+q>3'“qu(“m
q*(b—a)

= 1+q+A(1+q7 {(1 +4q+q°) ’quf(b)| + ((1 +3¢*+24°) |aqu(a)|)].

The proof is completed. []

REMARK 4.1. If ¢ — 1, then the inequality (4.1) reduces to the integral inequal-
ity for convex functions

fla) + (b—a)(f @)+ /(b))
Cb— a/f ’ '

2 8
See also [5, Theorem 2.2, page 92].

Next, we present the second result of g integral inequality for convex functions on
[a,b].

THEOREM 4.2. Let f:J — R be a continuous function. If |,Dyf|" is convex and
integrable on J° and r > 1 then the following inequality holds:

qf(a) +
1+q Cb— a/f

(144q+q)|Daf (D) + (1+3¢*+24°) Dy f (a)|”
(I+q+4¢*)2+q+4°)

1/r
7*2+q+q*)(b—a)

(I+9)*

4.2)
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Proof. From Lemma 3.1, we have

qf(a) +
l+q Cb— a/f

(4.3)
< —(1 D 1—
o /| (14 9)sllaDy (5D + (1= $)a) odys
and by the power-mean inequality
1}
/ 11— (14 q)slaDyf(sh+ (1 — 5)a) odys < (/ 11— ( 1+q)s|0dqs)
(4.4)

([ 1= asllastsb (-0 ods )

Using convexity of |,D,f|" and applying Lemmas 3.2 and 3.3, it follows that
1
1= 4 @sllaDyf (s (1= )a)odys
1
< [ =5l O + (1 =9)LaDas (@) odgs

1 1
<UD O [ sl (1 +a)slodys + Do f (@I [ (1=5)[1 = (1 +q)slodys

q(1 —|—3q2—|—2q3)
(I+q+4*)(1+q)

_ q(l+49+4%)
C (1+g+¢*)(1+q)

3 q
 (I+g9+¢)(1+9)°

3 ‘aqu(b)V"' 3 |quf(a)|r

(1+4g+¢%) Dy f ()| 4+ (1+3¢> + 2q3>|aqu(a>|’] :

4.5)

1
Applying the fact that / |1 — (1+q)slodys = (q(2+q+4°))/(1+q)* and substituting
0
(4.4) into (4.5) we get

1-1
q(2+q+q3)> ’

/01|1—(1+q)S||aqu(sb+(1—S)a)lodf15<( (1+4)3

1

r

- <<1+q+qq2><1+q>s (@ +4q+q2>|aqu<b>|q+<1+3q2+2q3>|abqf<a>|q>) 7

which yield the desired inequality in (4.2) as requested. This completes the proof. [

REMARK 4.2. If ¢ — 1, then the inequality (4.2) reduces to integral inequality
for convex function

LGRSO R P ' ){f’( )I’+|f’(b)l’r.

2 2

See also [6, Theorem 1, page 52].
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Next, two more g-integral inequalities for convex functions are established.

THEOREM 4.3. Let f and g be real-valued, nonnegative and convex functions on
J. Then the following inequalities hold:

N f(@)g(a) | q(1+4°)f(b)g(b) +¢°N(a,b)
) gz [ P < LD, SLLIIERD LT G
a a b
(ii) 2f< erb>g< ;b) < bia/u J(x)g(x)adgx
4.7
2¢°M(a,b) + (1 +2q+ q*)N(a,b) @0
2(1+q)(1+q+4) '
where M(a,b) = f(a)g(a) + f(b)g(b) and N(a,b) = f(a)g(b) + f(b)g(a).
Proof. (i) Using the convexity of f and g, forall s € [0, 1], we have
f(sb+(1=s)a) <sf(b)+(1—s)f(a), (4.8)
gsb+ (1 —s)a) < sg(b)+ (1 —s)g(a). (4.9)
Multiplying (4.8) with (4.9), we get
F(sb+ (1= s)a)g(sb-+ (1-5)a)
(4.10)

<SP f(b)g(b) + (1 —s)’f(a)g(a) +s(1—s)[f(a)g(b) + f(b)g(a)]-
Taking g-integral for (4.10) with respect to s on (0, 1), we obtain
/01 flsb+ (1 —s)a)g(sb+ (1 —s)a)odys
< F0)50) [ Sodys+ flag(a) [ (1= ods

HLA@s(6) + 0@ [ 51~ S)odys

_ S(b)eb) | a(1+a)f(@)s(a) | ¢ (f(@)s(b) +f(b)g(a))
I+q+q> (I+q)(l+q+q)  (I+q)(l+q+q)

By substituting sa + (1 — s)b = x, we deduce the desired inequality in (4.6).
(ii) Since f and g are convex functions on [a,b], for s € [0, 1], we get

(525
f<sb+(;—s)a+ (l—s)2b+sa>g<sb+(;—s)a+ (1—s)2b+sa)
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< (%f(sb—l— (1 —s)a)+ %f((l —s)b—l—sa))
X (%g(sb—i— (I—5)a)+ %g((l —s)b+sa))

[f(sb+ (1 —s)a)g(sb+ (1 —s)a) + f((1 —s)b+sa)g((1—s)b+sa)]

N
L A=

o Bl

[(5/(B) + (1 - )£(@)((1— )g() +58(a)) + (1 — )£ (B) +5/(a))
g(b) + (1 - 5)g(a))]
Flsh+(1—s)a)g(sh+ (1 —s)a) + (1= 5)b+sa)g((1 —5)b+s5a))

—~

+ BI= X

[25(1 = 5)(f(a)g(a) + f(b)g(b)) + (*+ (1 = 9)*)(f(a)g(b) + f(B)g(a))].

B

Taking g-integral with respect to s on [0, 1], we obtain
a+b a+b
(457):(%)

<i%/qﬁ%w+%l—sm)(w+%1—sm)+fﬂl—®b+ﬂ®g«1—®b+“ﬁh¢ﬁ

Z[ (fla)g(a) + f(b)g(b ))/018(1—S)odq5+(f(a)g(b)+f(b)g(a))

—5) odqs

ba/f qx+

4«ﬂwaw+fwmw»(yij;;+4—liq+1+;+f)

= [ e |2 el
2(b—a) a

(1+q)(1+g+4°)
N (142q+q°)(f(a)g(b) + f(b)g(a))
(I4+q9)(1+q+4% ’

2(f@e@) + 100 (1.~ o)

which leads to the estimate (4.7). This complete the proof. [

REMARK 4.3. If ¢ — 1, then the inequalities (4.6) and (4.7) reduce to the inte-
gral inequalities for convex functions

1 b 1 1
o / Fx)8(0)dx < 3M(a,b) + =N(a,b),

2f<a;b)g<a;b> — /f X)dx+ Mab)+;N(ab)
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respectively. See also [7, Theorem 5.2.1, pages 250-251].

Now, the last two g-integral inequalities for convex functions are established.

THEOREM 4.4. Let f and g be real-valued, nonnegative and convex functions on
J. Then the following inequalities hold:

(i) (1—|—q 1—|—q—|—q ///fsy—l— (1 —9)x)g(sy+ (1 —5)x)odgSadgXadyy

2

\”2"” / S8y + 7 )<<q f(@)g(@)+ f(b)g(b)) +aN(a,b)),
(4.11)
(i) 1+q+q / / <sy+ (I—s) ;b)g<sy+(l—s)%b>odqsadqy
1 q(1+4°)
+ 2059 (M(a,b)+N(a,b))
6]2
31 g7 2 (@s(@) + £O)g(b)) + (14 N (@b)). "

where M(a,b) = f(a)g(a) + f(b)g(b) and N(a,b) = f(a)g(b) + f(b)g(a).

Proof. (i) From the convexity of f and g, forall s € [0,1], x,y € J, we have
Jly+ (L —=s)x) <sf(y)+ (1 —9)f(x), (4.13)

g(sy+ (L —s)x) <sg(y) + (1 —5)g(x). (4.14)
Multiplying (4.13) with (4.14), we get
flsy+ (L —=s)x)g(sy+ (1 —s)x)
(4.15)
<SF()8(y) +(1—9)2f(x)g(x) +s(1 = 9)[f(x)g(y) + f(¥)g(x)]-

Taking g-integral for (4.15) with respect to s on (0, 1), one has

[ sy (1= v+ (1= udys
< FO)0) [ Podys + 7800 [ (15 odys

)
1
s(1—s)odys
0( 0lq

0
+HX)gk) + ()] )
_ SO00) | a1+ f@s@) | 2 FDg0) +/0)gl) o

I+g+4¢> (14+9)(1+q+4% (1+q)(1+g9+4?)
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Next, taking double g-integral to both sides of (4.16) with respect to x,y on (a,b), we
obtain

///fsy+ (1—9)x)g(sy+ (1 — 5)x)odgSadgXadyy

1+q+q/f (1:—1;611+q+q /f
Ry (/g ooy [ 1yt [ 100 qy/a (elo)udy).

(4.17)

By applying Theorem 2.3 on the right hand side of (4.17), we have

///fsy+ (I =s)x)g(sy+ (1 —s)x)odgSadgXadyy

q(1+4%)
S <1+q+q +(1+q)(l+q+q ) A / f)
2¢*(b—a)? )
(0190 Tq+0) ((4°f(a)g(a) + f(b(g(b)) +gN(a,b)).  (4.18)

Multiplying both sides of (4.18) by ((1+¢q)(1+q+4?))/(b—a)?*, we deduce the
desired inequality in (4.11).
(ii) Since f and g are convex functions on [a,b], for s € [0, 1], we get

fora-9(3)) cwmra-or(30). @

atb a+b
g(sy—!—(l—s)( 7 )) sg(y)—|—(1—s)g< 7 ) (4.20)
Multiplying (4.19) with (4.20), we obtain

(ora-a2)rr-a(:52)

<))+ (1—5)°f (a;b>g<a;b) (4.21)

wot1-9) 100 (52 47 (452 ) 600

Taking g-integral for (4.21) with respect to s on (0, 1), it follows that

/Olf (Sy+(1 —s) <%b>)g (Sy+(1 —5) <#)> odys
g [ s (521 (%57) [ -5

#r0 (57) 15 (452 60| [ 501 -ohays

N
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— fely) a+b a+b 2 1
_1+q+q2+f< 2 )g< 2 )[1 1+q+1+q+q2}
I a+b a+b 1 1
+_f(y)g< 2 )+f< 2 )g( )H1+q_1+q+q2]
~ f)g { 9+ ]f<a+b) <a+b>
N 1+q+q (1+q9)(1+q+¢% 2 )8\ 72
[ q> a+b a+b
larazara) Fos(57) (57 o)

Applying g-integral with respect to y on [a,b] and using Theorem 2.3 with the con-
vexity of the functions f, g, we observe that

// (sy+ 1—3) ( ;Lb)>g<sy+(1—s) (Clzib»odqsadqy

1+61+6] / f0) qy+(1+qq—li_—zq+q (a;b) <a+b) adqy
2 a

+<1+q><1q+q+q ((+b>/f el ( *) [ s

< o [ 10ty + 7 D10+ 5t e(0)

g +q)§ll)+;l)—|—q2) ((g( )erg(b)) (qf(ci);rqf(b)>

N (f(a) erf(b)> (qg(ci)j;’(b)) )

q(1+4*)(b—a)
1+q+q / o) +4(1+61)(1+q+612)

£lo—a)
ST g ) 24/ (@s(@)+ F0)e0) + (1 gN@ ). 422)

(M(a,b)+N(a,b))

Multiplying both sides of (4.22) by ((14¢)(1+g+4*))/(b—a), we deduce the de-
sired inequality in (4.12). This complete the proof. [

REMARK 4.4. If g — 1, then the inequalities (4.11) and (4.12) reduce to the
integral inequalities for convex functions

///fsy+ (1 —s5)x)g(sy+ (1 —s)x)odgsdxdy
b a a Ja

dx+ M(a,b)+N(a,b)),




QUANTUM INTEGRAL INEQUALITIES FOR CONVEX FUNCTIONS 793

b a// (Sy+ 1_s)a;b>g<sy+(1—S)a;_b)dsdy

< a/f dx—f—;( (a,b) + N(a,b)),

respectively. See also [7, Theorem 5.2.2, pages 252-253].
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