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A NOTE ON SOME INEQUALITIES FOR UNITARILY INVARIANT NORMS

JIANMING XUE AND XINGKAI HU

(Communicated by M. Krni¢)

Abstract. In this paper, we obtain an improved inequality for unitarily invariant norms, which
was established by Fu and He [J. Math. Inequal. 7 (4), (2013), 727-737].

1. Introduction

Let M,,, be the space of m x n complex matrices and M, = M, ,. A norm |||
is called unitarily invariant norm if |[UAV|| = ||A|| for all A € M,, and for all unitary
matrices U,V € M. The Ky Fan k-norm||-[|  is defined as

=~

‘AH Z 7"'7"7

where s; (A) (i = 1,--- ,n) are the singular values of A with s; (A) >--- > s, (A), which

1
are the eigenvalues of the positive semidefinite matrix |A| = (AA*)?2, arranged in de-
creasing order and repeated according to multiplicity. The Schatten p-norm ||-|| p 18
defined as

1/p
1Al = (Zs ) = A", 1< p<e.

It is known that these norms are unitarily invariant, and it is evident that each
unitarily invariant norm is symmetric gauge function of singular values [1].
Let A,B,X € M,, such that A and B are positive semidefinite. Then, the function

v) = ||A’XB*" + A* "X B||

is convex on [0,2], attains its minimum at v = 1, consequently ¢ (1) < ¢ (v), which
implies that
2||AXB|| < ||[A"XB* " +A*XB"||, 0<v<2. (1)

Zhan provedin [2] thatif A,B,X € M,, such that A and B are positive semidefinite,
then

|AYXB> Y+ A*XBY|| < — H 2)
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1 3
for 3 <v< 2 and —2 <t < 2. So it follows from (1) and (2) that
2
2||AXB| < ||AYXB* " +A*XBY|| < P |A%X +tAXB + X B||. 3)

Recently, Fu and He [3] obtained an improvement of inequality (3) which can be
stated as follows:
% v 2—v 2—v v 2 2 2
2||AXB||+2 /1 [A"XB>7" +A*"XB"||dv—2||AXB| | < T2 |A°X +1AXB+ XB’||
2

“4)

3
for gvgiand —2<t<2.

N =

For more information on inequalities for unitarily invariant norms the reader is
referred to [2-8].
In this paper, we will give a refinement of inequality (4).

2. Main results
We begin this section with two lemmas.

LEMMA 1. [4, 5] Let f be a real valued convex function on the interval [a,b]
which contains (x1,x3). Then for x; < x < xp, we have

) < f(xz)_f(xl)x_xlf(xz)—xzf(xl).

X2 — X1 X2 — X1

LEMMA 2. (Hermite-Hadamard Integral Inequality) [7] Let f be a real valued
convex function on the interval |a,b]. Then

1 (25) <t om0

THEOREM 1. Let A,B,X € M,, suchthat A and B are positive semidefinite. Then

)

: PR, Ul a3ypl o adynl
2||AXB]| + 4 /1 |A"X B>~ + A>XB ||dv—HAXB||—§HA4XB4+A4XB4
2

)

<2 |A%X +1AXB+ X B
t+2

where — <v< -, —2<t<2.

| =
NSRS}

Proof. Ttis known thatif A,B,X € M,, such that A and B are positive semidefinite,
then the function

o(v)=|AXB*" +A*XB"||, 0<v<2
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, then by

1w

. .. o1
is convex on [0, 2] , attains its minimum at v = 1. It follows that if 7 <v<
Lemma 1 and the convexity of function ¢, we have

o0 < ‘P(f_‘g:‘f(%)v %w(%gjq)(%),
4 2 4 2
that is,
o) < (-4 (%) F202v— 1) (%) .
Thus

3

/f (3—4v)dv+2¢ (Z) /f (2v—1)dv,

2 2

froacip@o@) o

/;<p(V)dv<<p<%)

which implies

If % < v < 1, then by Lemma 1 and the convexity of function ¢, we have
o) < w(liig(%)v_%qo(ll)_—;(%)7

that is,
o <40 (3)+@-300)

Thus

/;(1 —v)dv—i—(p(l)/; (4v—3)dv,

7 7

/;rp(V)dvsw (%)

%

which implies

1 1 3
[otmar<glo(3)+om). ©
4
5 ..
Ifr<v< Z,s1m1larly, we have
3\ _o(l 3N _30p(1
71 71
that is,
5
o)< 540 +40-10(3).
Thus

5

(p(v)dv<¢(1)/11(5—4v)dv+4(p G)/l (v—1)dv,

NI
ENIVY

J
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which implies

/12 o (v)dv

1 5
< = 1 — . 7
o+ (3)] 0
5 3
If — <v < =, similarly, we have
4 2
3 5 5.(3 3.(5
O(5)—0(z 19(3) 39 \3
o)< 2B, 0G)-30(®)
2714 2714
that is,
5 3
o< 640 (3)+@-50(3)
Thus

é%(p(ﬂdv<q><§>/f (6_4V)dv+¢<%)/5%(4\)—5)dv,

i

%q»(v)dvsé[«p (%)w(%ﬂ (8)
5

which implies

N[O

of; owar<o(3)+om+20(3),

which is equivalent to
3
2 1 1 /3 1
1)+4 ——o(l)—=z0o (=] < = .
o) +4 [ p0)dv—30(1) 2<p(4)] o(3)

The last inequality is

: PR, Ul a3ypl o adynl
2||AXB|| +4 /1 |A"XB*™" +A*XB ||dv—HAXB||—§’A4XB4+A4XB4
2

)
)

1 3 3 1
< HAfXBf L A3XB?

By (2), we get

3
3 1 s s
2||AXB|| +4 (/12 |A"X B>+ A> X B || dv— |IAXB] — 5 ) AIXBi +AIXBi
2

<2 |A%X +tAXB+XB||.
1+2

This completes the proof. [l
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REMARK 1. Theorem 1 is better than inequality (4). In fact, by Lemma 2 , we

have 3 X
o(3) <2/, o0)an ©)

(Z) / o(v (10)

It follows from (9), (10) and ¢ ( ) < ) that

20(3) <2, ; L

that is
3 3
) ¢ v)dv=e (Z)’
where ¢ (v) = ||A"XB*™" +A*"XB"||. Thus
3
2 v 2—v 2—v v 3 2 3 3
/1 |AX B 4 42X dv > aixBE +aixBE .
2
So

% v 2—v 2—v v 1 3 3 3 3
4( ) IaxB> a2 xB | av— JaxB| - 5 [aixBi+alxsd
2

)

3
) ([7 |A"X B> +A> "X B"| dv—2 ||AXB||>
2

3
=2 (/12 |4XB> Y+ 4> xB" || dv— [aiXBT +aTxB
2

)20.
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