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INFINITE REFINEMENTS OF THE DISCRETE
JENSEN’S INEQUALITY DEFINED BY RECURSION

LAszZLO HORVATH

(Communicated by I. Peri¢)

Abstract. In this paper we give very general refinements of the discrete Jensen’s inequality for
convex and mid-convex functions defined by recursion. Conditions are given for strict inequality
which is rare in this topic. In some cases explicit formulas are obtained. The results contain and
generalize earlier statements. As an application we define some new quasi-arithmetic means and
study their (strict) monotonicity.

1. Introduction

The main purpose of this paper is to give a new refinement of the famous discrete
Jensen’s inequality which says that

THEOREM A. (see [1]) Let C be a convex subset of a real vector space X, and
{x1,...,xn} be a finite subset of C, where n € N is fixed. Let pi,...,p, be nonnega-
n

tive numbers with ij =1.
j=1
(a)If f:C — R is either a convex or a mid-convex function and in the latter case
the numbers p; (1 < j<n) are rational, then

n n
f{ 2| < 2pif ). (1)
j=1 j=1
(b) If n > 2, there are at least two different elements between the vectors xi,...,X,,
the weights p1,...,pn are all positive, and f is strictly convex, then strict inequality

holds in (1).
The function f: C — R is called convex if
flax+(1—a)y) <afx)+(1-a)f(y), xyeC, O<a<l, 2)
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and mid-convex or Jensen-convex if

£(557) < 30+ 3700, xyec
f is strictly convex if the inequality in (2) becomes strict inequality for x # y and
O<oa<l.

The set of nonnegative integers and positive integers will be denoted by N and
N, respectively.

We say that py,...,p, generate a discrete distribution if they are nonnegative num-

bers with » p;=1.
j=1
Many papers dealing with various refinements of the above inequality have ap-

peared in the literature: see, for example, the recent book [5] and the references therein.
We recall two results concerning special refinements proved recently in [4] and [3],
respectively.

The first assertion gives the weighted version of Theorem 1 in [6].

THEOREM B. (see [4, Theorem 1]) Let C be a convex subset of a real vector
space X, and {xy,...,x,} be afinite subset of C, where n € N is fixed. Let py,...,pu
generate a discrete distribution. Assume f :C — R is either a convex or a mid-convex
function and in the latter case the numbers p; (1 < j < n) are rational. Define

Gk = Gk7n(xl7'”7xn;pl7'”7pn)

n
D iiPjXj
. 1 o j=1
= (n+k—1) 2 lepj fl——1, keNg. 3)
— i1+...+ip=n+k—1 =1 .
k=l llij_eN:l }lqgjgn ! lepj
=1
Then
1 n
Fl 2Py | =G <. <G < Grn <. < X pif ().
.le j:l

The second result is a parameter dependent refinement of the discrete Jensen’s
inequality. We state a variant of Theorem 1 (a) in [3], suitable for our purposes.

THEOREM C. Let C be a convex subset of a real vector space X, and {xi,...,xn}
be a finite subset of C, where n € Ny is fixed. Let py,...,p, generate a discrete
distribution, and let A; > 1 (1 <i<n). Suppose f:C — R is either a convex or
a mid-convex function and in the latter case the numbers p; and A; (1 <i<n) are
rational.

Introduce
1

A1

dA)=d M, M) == 4)
j=1
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and for k € N define
Dk(k) = Dkﬂ(xl,...,xn;pl,...,pn;ll,...,ln)
1 2 (k—1)!
@A)+ 1)kt i o —ntk—1 (i =Dt (i —1)!

ij€N+; 1<j<n

X - = 1 A,l:j_l . ‘/:17 . 5
H(A«j—l)lj_l <‘/§1 j p./)f n - . ( )

Then

(i Jx,> = ) <., g Dk(k) g Dk+1(z,) < g ipjf(x.,’). (6)
=1 J=1

It can be seen that there are essential similarities between Theorem B and Theo-
rem C:

(i) Both of them are infinite refinements of the discrete Jensen’s inequality;
(ii) Gy and Dy(A) are sums over the same set

Sklz{(i17...,in)€N{1~_Zij:n—f—k—l}, ke Ng; 7
j=1
(iii) Gy and Dy(A) are special cases of the general expression

I, = Tk,n(xly---,xmpl,---,Pn§gly---agn)

" Zg, ) PjXj
= > k(i (Z ) — |, ®
E S0
where
(8 (m)pery, . 1< J<n
are real sequences and
up (i, oyin), (i,.-00n) €8, keNL
are real numbers.
Considering Gy, and Dy ,(A), we have the sequences
gi(m)==m, meN;, 1<j<n )

and
gi(m):=A"" meNy, 1<j<n, (10)
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respectively. Common properties of these two sequences are the next: they are strictly
increasing positive sequences for which

gi()=...=g,(1). (11)

In this paper, among others, we shall show that for arbitrarily choosen increasing

positive sequences (g; (m)) (1 < j < n) satisfying (11) there exist finite positive
sequences

meN

(i (it sin)) iy iyese . K ENG (12)

such that (Ty) ke, defined in (8) gives a refinement of the discrete Jensen’s inequality.
Regarding Gy, and Dy ,(A), the finite sequences above are

. . 1 . .
ug (it in) i= (n+k71)7 (i1y.-yin) € Sk, ke NL (13)
k-1

and
b ) 1 (k—1)!
e a0+ )— (=D (= 1)!

XH llj_l, (il,...,in)ESk, ke N,
/*1 -

(14)

respectively, that is they are defined expllcltly. This is hardly to be expected in the
general case. Really, we shall be able to give the finite sequences (12) by recursive
definition.

Our first main result is the following:

THEOREM 1. Let n € N, be fixed, and let

be strictly increasing sequences such that

o=g1(1)=...=g,(1)>0. (16)
Define the finite sequences
(Mk (il""7in))(i17...,in)esk7 k6N+ (17)
recursively by
(1,....1) 1 (18)
uy (1,...,1):= —,
! o

and for every (iy,...,iy) € Sgr1 (see (7))

U1 (i1, 0n) 1=

M=

1e{1,...,n}|i; #1 Az i—1)
R L

i t,+1 ,)
J#l

i — 1 o . .
gili —1) ug (in, sty i = L g,y dn) - (19)

g (i ) g;(z;—l)
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Let C be a convex subset of a real vector space X, and {x,...,x,} be a finite
subset of C. Let pi,...,pn generate a discrete distribution. If f:C — R is either a
convex or a mid-convex function and in the latter case the numbers p; (1 <i<n) and
the sequences (15) are rational, then

n n
f(Eijj)=T1<---<T1<<Tk+1<~-<ijf(xj)7 (20)
=1 =1

where T, is introduced in (8).

Some conditions under which all inequalities in (20) become strict are given in
the next statement. The most important situations are covered. Similar results are quite
rare in this topic.

THEOREM 2. Suppose the conditions of Theorem 1 are satisfied, and suppose that
f:C— R is strictly convex. If n > 2, there are at least two different elements between
the vectors xi,...,X,, and py,...,pn are all positive, then

<2p,x,> = ST < Tepr <o < X pif (X))

j=1
Now we consider a special case of Theorem 1, in which the sequences (17) can be
given explicitly.
In the further part of the paper we use the following notational convention: the
empty product is equal to 1.

THEOREM 3. Let n € N, be fixed, and let
(8 (M) peny, » 1<j<n
be strictly increasing sequences such that
=g (1)=...=gu(1) >0,

and for every k € Ny the numbers

g ZJ+1) (,)’ (i17'”7in)ESk

depend only on k, that is

< (i) . .
g l+1) e (i1, in) € Si. @1

If p1,...,pn generate a discrete distribution, then for every k € N

e = S DAy L.
uk(ll,-~~,ln)—EHTC(D'H<’Egj(m+1)—gj(m)

j=1 j=1
(k—1)!
oD (=D

(i1,...,in) € Sk, (22)
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where uy (i1, ...,in) is defined by (18) and (19).

2. Discussion and applications

Theorem | contains Theorem B and Theorem C, as the following example shows.
Moreover, we obtain a common generalization of these results.

EXAMPLE 1. Suppose n € N is fixed, and suppose pq,...,p, generate a discrete
distribution. Let o¢ >0, @ > 0 and b; € R (1 < j < n) such that the numbers a +b;

are all positive. Define the sequences (g (m)),,cy, by

m—1
1

i ::a” 1 , eN,, 1<j<n

gj(m) i=1< +ai—|—bj) m + Jjsn

Then these sequences are strictly increasing,
ao=g1(1)=...=g,(1)>0,
and for every k € N

(lj) —aln _ n ' ; l
=gy Atk 1>+j:21b.,, (i1s.sin) € i

c(k):= -
Z‘l gj(ij+1

Thus they satisfy all the hypotheses of Theorem 3, according to which for every
ke Ny

lkfl 1 n ij71
uk(lla7ln):an n H H(am+b7)
Fl4an+j—1)4 Y b = \m=l
=1

k—1)!
X(il_l()!...()in—l)!’ (i1, in) € k. (23)

By choosing o =a =1 and b; =0 (1 < j < n), we have the sequences (9), and
(23) gives (13).

By taking ¢ =1, a =0 and bf:ﬁ (I<j<n),where ; >1 (1<j<n),
we have the sequences (10), and (23) gives (14).

The considerations in the previous example and Theorem | lead to a common
generalization of Theorem B and Theorem C:

COROLLARY 1. Let C be a convex subset of a real vector space X, and {xy,..., %, }
be a finite subset of C, where n € N, is fixed. Let pi,...,pn generate a discrete dis-
tribution. Let 0 >0, a> 0 and bj € R (1 < j < n) such that the numbers a+bj are
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all positive. If T, (k € N.) is defined by

k—1 1 n [ij—1
Ty = H n ’ Z I H (al+bj)
j=1 1 +a(n +] _ 1)_|_ Ebl i1+...+ip=n+k—1 | j=1

= ijeNgs  1<j<n

! 1 1 j=1i=1 !
G =1 (;111:[1<1+az+b,-)p’>'f w1 1 ’
’ ZH(1+M>P1

j=1i=1

and f:C — R is either a convex or a mid-convex function and in the latter case the
numbers p; (1<i<n), a, aand bj € R (1< j<n) are all rational, then

f(zpﬂﬁ):TI<~~~<TI<<TI<+1<~H< pjf(Xj). (24)
j=1

~.
Il M:
—_

By applying Theorem 2, conditions for strict inequality in (24) can be obtained.
According to (20), the sequence (T) ken, 1s increasing and bounded, hence it tends to
a finite limit, which is known for the special sequences (Gy);cn, and (Dg(A));e, - In
[3] probability theoretical method is applied to determine kh_>n.3<, Dy (A),if X is a normed

space and f is a continuous convex function. In [4] a totally different argument gives
]}im Gy, if f is a convex function.
PROBLEM 1. Find the limit of the sequence (Tj);cy, -

As an application we introduce some new quasi-arithmetic means and study their
monotonicity.

DEFINITION 1. Let n > 2 be a fixed integer, and let
(8 (M) peny, » 1<j<n
be strictly increasing sequences such that
o=g1(1)=...=g,(1)>0.

Let I C R be an interval, x; € I (1 < j<n),let pi,...,p, generate a discrete
distribution, and let ¢, v : I — R be continuous and strictly monotone functions. We
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define the quasi-arithmetic means with respect to the sequence (7j) ken, DY

My (k) =y D kit <2g, ) (25)

i1+...+ip=n+k—1
1 €N+ 1<j<n

Egj ij P/(P(xj)
_1) 17— ke N,.

x(yoop ;
Zgj (ij)p
j=1

REMARK 1. My, ,(k) really defines a mean, since as we shall see in (38)

n
z Z uk(il,...,in)gj(ij)pj =1, keNy,

i odip=ntk—1
Ny 1)<

where the members are positive.

Another well known mean is also needed.

DEFINITION 2. Let n > 2 be a fixed integer, let / C R be an interval, x; € 1 (1<
Jj<n),andlet py,...,p, generate a discrete distribution. For a continuous and strictly
monotone function z : I — R we introduce the following weighted quasi-arithmetic

mean
M, =z <2p,z x,) (26)

We now study the monotonicity of the means (25).

COROLLARY 2. Let n > 2 be a fixed integer, and let
(gj(m>)mgN+7 1 <J§n

be strictly increasing sequences such that

o:=g1(1)=...=g,(1)>0.
Let I C R be an interval, x; € 1 (1< j<n),let py,...,pn generate a discrete
distribution, and let @, W : 1 — R be continuous and strictly monotone functions. Then
(a)
My =M (1) <... <My o(k) <My o(k+1)<... <My, keNy, (27)

if either wo @~ is convex and v is increasing or yo ¢~ is concave and y is de-

creasing.
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(b)
My =M o(1) > ... > My o(k) > My o(k+1) > ... > My, keNy, (28)

1 1

is convex and  is decreasing or Yo @~ is concave and Y is

if either yo @~

increasing.
(c)If wo @™ is strictly convex (strictly concave) in (a) and (b), there are at least

two different elements between the numbers xi,...,x,, and pi,...,p, are all positive,

then all inequalities in (27) and (28) become strict.

1

Proof. Theorem 1 can be applied to the function yo ¢!, if it is convex (—yo
¢!, if it is concave) and the n-tuples (@(x1),...,@(x,)), then upon taking y~!, we
get (a) and (b). Theorem 2 implies (c). [

3. Preliminary results and the proofs

LEMMA 1. Let k € N be an integer, and (iy,...,i,) € Syy1 be fixed. Then

5 (k—1)!
tern o en (= D (o = D= 2) G — DY (i — 1)!

B k!
(=D (=1

Proof. The lowest common denominator is (ij — 1)!...(i, — 1)!. Combined with

n
Y ij =n+k the result follows. [
j=1
The next two lemmas will be used in the proof of Theorem 2.

LEMMA 2. Let n € Ny is fixed, and let
(8 (M)pen,» 1<j<n
be strictly increasing sequences such that

ai=g (1) =...=gu(1)>0.

(19) are all positive.

Proof. The case k =1 follows from (18), and the proof is completed by induction
on k, using an easy argument. [l
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LEMMA 3. Let n > 2 be an integer. If o0 >0 and a; > o0 (1 <i< n), then

a o ... O
oga ... o

det| = 7 . |>o. (29)
oo ...a

Proof. We prove by induction on n. The result is true for n = 2, since

a, o
det( ! ):alaQ—a2>0.
o ap

Let n > 2 be an integer such that the result holds for every possible parameters, and let
oa>0and ¢; > 0o (1 <i<n+1). Now we study

a o ... o

oga ... O
det| . .. . |. (30)

o o ...ay
Substracting the second row from the first row, and then expanding (30) along the first
row we have that it is

a o ... o

aaz... O
(a; — o) det

o o cee Apyl

oao... o

aasz... O
+ (ap — a)det

oo ... Aanp+1
The induction hypothesis together with a; > o imply that the first member in the previ-

ous sum is positive. Thus it is enough to show that the second member is also positive.
Since a; > o, this follows from

oo ... O

ogaz... O
det| . . . . > 0. 31

oo ... Cln_;,_l
To compute this determinant, we substract the first row from all the other rows, and
then expand it along the first column, we have that it is

afaz—a)...(ans1— ),

which is positive by the assumptions. The proof is complete. [
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REMARK 2. In fact, we have proved that the matrix in (29) is positive definite

Proof of Theorem 1. We proceed in three steps.
(i) By using the definition of 77, (16) and (18), we have

. Zlgj DjXj
Tl _uk(17 al) <2g1(1)pj>f _n
=1 > ei(l)p;
j=1

(ii) Next, we show that Ty < T;.; (k € N;). Fix k € N4, It is easy to check that

forevery (iy,...,in) € Sk

ll+1) & (ir)

S (i) pix;
jg,lgj j)Pj J_ | | é’*{ (i)

ggj (ij)pj l+jzlgj(iji/1()lj)gj(ij)

28; Ypjx;+ (g (i 4+ 1) — g1 (ir)) pixi igj(ij)l)j"‘(gl(il‘F1)_gl(il))l71
=

Zgj(ij)Pj+(gl (i +1)—g (i) pi > 8
Jj=1
(32)

Since the sequences (g; ( ))mEN+ (1 < j < n) are strictly increasing and positive, for

n the numbers

every l=1,...,
_ D8 (i) pj+ (g (i +1) =g (@) pu
1 . g (@) =
N (i) 1+1)— g R
b zgj(ijil()—gj(i,») gl mat 2.8 (i) pj
J=1 j=1
(33)

are positive. It can be obtained by an easy calculation that the sum of these numbers is
equal to 1. Therefore, since f is convex on C, Theorem A shows that
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Zg, )Pjx; 1 " (i)
f < N (34)
. L 0i(i - (i +1) =g (ir)
Zgj(lj)Pj 1+2g7.(-i11()12(-.) =
j=1 =18 Lj —8j\lj
N.gi(ij)pit+ (g (i+1) =g (ir) pi > gi(ij) pixj+ (g (i+1) =g (ir)) pixi
Jj=1 j=1
X m f 7 ;
> gilij)p; > g (i) pj+ (g (1) —gi (i) pi
j=1 j=1
and thus
T =

n
R Z (ij) pjx;
Y uk(il,---,in)(Zgj(ij)lﬂj>f —_——
i1+ tip=ntk—1
ijeNy; I<jsn

< X

. . 1
ug (i1, ..y in) . @ (35)
i1+...+ip=n+k—1 8i\lj
1Ny ASisn 1+J-§‘lg./(i./+l)—g./(i./)
n . n
XZ g1 (ir)

=181 (il—|— 1) —

e (Zgj (i))pj+ (g i+ 1)—gz(il))171>
|

zé’j (i) pjxj+ (g1 (i +1) — g1 (ir)) prxi
xf ~

n

Y gilif)pi+(gi(ii+1)—g (i) p
o

By interchanging the order of summation on the right hand side, we have

. . 1

up (ity. oo yin) - m o)
iy 1+ (1) +ip e tin=ntk 8i\lj

R iflelm;) lllzljgn e l+,zlgj(ij+l)*gj(ij)
j:
i (i) d

X—

(ll+ 1) <2

+ (g (i1 +1)— gl(il))pl>



REFINEMENTS OF THE DISCRETE JENSEN’S INEQUALITY DEFINED BY RECURSION

1127
Y& i) pjxi+ (& (i +1) =g (i) pr
j:l
xf
Zg; + (g1 (i +1) — g1 (ir)) i
n
= u ity ii—1,0 = Lyipen, oo sin)
=1 i tin=ntk
ijEN+; 1<j<n; il#l
1 i —1
l4_alic) .y (i) gi(i) =g (ii—1)
gili)=gi(i=1) jzlg_,-(i_,-+1)—g_,-(i,-)

In the previous expression the multiplicity of an element (iy,...,i,) € Si.1 is the car-
dinality of the set {/ € {1 n} | iy # 1}, and therefore (36) can be written as
iile-g.;;-i-in=n.+k {te{1,..n}i#1}3 1 + sz ip—1)

n
1<j<n; gl l[ 1 Z
#

(/)
gi(ip—1)

X (lla il*l7il_17il+la"'7in)
g (i) —g—1)"

" ; i (i) pjx;
X (Z&(U)Pj) f 7,7 ;
Jj=1 z

from which, in view of (19)

T; < D uk+1(i1,~~~,in)<
IR —

ijeNL;

~.
IN\ZE
L

1<j<n;

=Tit1.

i‘,l DjXj
gj (U)Pj) f ]7
28

(iii) Finally, we show that

k< Ypiflxj), keNp
=1
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It follows from Theorem A that

i1+ tip=ntk—1

VA
/N
=
RS
-
B
SN~—
M=
oQ
~.
=
S
~.
<
=
~.
v -
»
m
Z,
T

(37
j=1
ij€N+; 1<j<n
and this tells us that it is enough to observe that forany j=1,...,n
Y u (v, ,in) gj (i) =1, keNy. (38)
i1+ Hip=n+k—1

ijeNy; I<jsn

For a fixed j € {1,...,n}, we prove this by induction on k. We can obviously suppose
that j = 1. By (16) and (18)

231 (17"'71)81(1) =1,

thus (38) is true for k = 1. Suppose then that k is a positive integer for which (38)
holds. Then

D et (inseeeyin) g1 () = wrgr (k+ 1,1, 1) gr (k+1)
i1+ bin=ntk

ij€N+; 1<j<n

_|_

U1 (i1, 0n) g1 (1) -
i ki =nk

ij€N+; 1<j<n; i<k

With the help of (19) this yields

> g (i i) 81 (1)
i1+ in=ntk
ijeNy; I<jsn

1
i+ tip = +k< 1e{1,...n}|ij£1 gi(ip=1) S 8;(ij)
;}em; l 1<n./<n et iz &i(ir)—gi(ii—1) T 2 o (ij+1)

gi(ip—1) . o . . .
U ({1 h—1 0 — L, yin) | 81(0) -
gi(i)—gi(ii—1) ( i n)> )
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A simple calculation confirms that the previous sum can be rearranged in the following
form

2 uk+1(i17“‘vin)gl(i1)

i1 +...+ip=n+k
ij eNg; 1<j<n

. . 1 .
— Z (uk(zh...,zn)- m @) g1 (i)
it bip=ntk—1 o gili)
ijeENy: I<j<n 1+ z’]gj(tj-&-l) g,(j)
o a1 +1) _'_i 8 (i)
gi(ii+1)—gi(i)  Shgi(ij+1)—g;(iy)
Combined with
gi(ii+1) - g1 (i1)
gr(ii+1)—gi(ir) gi(ii+1)—gi(i1)
this gives

2 ey (i1, ,00) g1 (i1) = Z up (i, .. ,00) g1 (i),

i1 +...+ip=n+k i1 +...+ip=n+k—1
ijeNy: Isjsn ijeNL: ISjsn

and hence we can apply the induction hypothesis. The proof is complete. [

Proof of Theorem 3. Since (1,...,1) is the only element of S}, we have from (22)
that

Ml(l,...,1)=—7

which is exactly (18). We make the inductive assumption that (22) holds for some
k € N Then, by (19)

[u—

Uk+1 (i17"'ain) =

{le{1,...n}|ij#1} (1 gz ii—1)

gtlll ,24 z+1 g (i+1)—g;(ij)
J#
g(i—1) 1541
g1 (i) = 1—15111+0J
y (k—1)!
(=D (o = D = 2) (g = DY (= 1!

i—2

gim) o gi(m)
g | by ,1<,,,ng,<m+1> <m>>>’

J#
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and therefore (21) and Lemma 1 insure that

J m=18J —8&j (m

n ij—1
ukJrl(il’”"in):aHl—l—lC H(H (m+1 )
!

|
X

=1 J
(k—
(el i #£1} (il—l)' (ll 1— '(11—2)' ll+1— )!...(in—l)!

1 k n lj*l
- H1—|—C (H

j=1 \m lgj(m+1
k! ) )
X7 . ’ (lla"~7ln)€Sk+l~

(=Dl — 1)

The proof is completed. []

Proof of Theorem 2. We prove first that
T < Tiy1, keNi. (39)

Fix k€ N;. By Lemma 2

k(i1 e s <2g, ) (i1y.-yin) € Sk,

and therefore the estimate of 7 in (35) leads to the next: it is enough to prove that there

exists a fix (iy,...,i;) € S; for which strict inequality holds in (34). Since the numbers
(33) are all positive, it follows from Theorem A (b) and (32) that we will be ready, if
for some (iy,...,i,) € Sy there are at least two different between the vectors

281 ij) pixj+ (g1 (i +1) — g (ir)) pixi

C1<i<n (40)
28; + (g (i +1)—g (i) pi

To this end, assume that the vectors (40) are all equal for a fixed (ij,...,i,) € Sk, that
is

3 (i) s+ (a1 i+ 1) = i) pov

= —a, 1<i<n 41)
Zg; + (g1 (i +1) — g1 (ir)) i
Itis easy to see that x; = ... =X, = a is a solution of this linear system, hence we have

a contradiction if there is only one solution. Thus we have to prove that the matrix of
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(41) is invertible, or equivalently, the determinant of this matrix
n
sz
=1

ﬁ ( 3 giij)pj+(g(i+1)—g (h))l’z)
1

=1 \j=

gi(ii+1) g(2) - gulin)
gi(i1) gi2+1)... gu(in)
x det . . . .
gi(it)  g&(i2) ...gn(int1)
is not zero. We show this for
(k,1,...,1) €8y,

thus we study the determinant

g1(k+1)ga(1) ... gn(1)

et g1 (k) 82:(2)::~gn:(1) . “)

gi1(k) g(1)...8:(2)
If n =2, then

(k+1) g2(1)
det(glg1 ) Zi (2)) =g1(k+1)g2(2) —g1(k) g2 (1),

which is positive, since g; and g, are strictly increasing. Suppose n > 3. We have
from the properties of determinants that (42) is

gk) a ... «

g1(k) g2(2) ... «
det . . .

gl'(k) o ~:gn'(2)

gilk+1)—gi (k) o ... «
0 &2 (2) .o
+det ) _
0 o ...g.(2)
The second determinant has the value
2?2 o ... «o
o g3(2)... «

(g1 (bt D=gr(kder| ]
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which is positive by Lemma 3, and by g (k+1) > g; (k). Further, a repetition of
the argument applied to the computation of the determinant (31) shows that the first
determinant has the value

81 (k) (82(2) = ). (g (2) — @),

which is also positive. (39) has now been proved. The last thing to be shown is that

T, < ijf(xj), ke N;.
=1

This comes from (37) by applying Theorem A (b) and Lemma 2. The proof is com-
plete. O
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