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CONVEX ORDERING PROPERTIES AND APPLICATIONS

AURELIA FLOREA, EUGEN PALTANEA AND DUMITRU BALA

(Communicated by M. Matic)

Abstract. A relevant application of the stochastic convex order is the well-known weighted
Hermite-Hadamard inequality, where the weight is provided by a given probability distribu-
tion. Our goal is to show that, starting from such a fixed weight, we can fill the whole space
between the Hermite-Hadamard bounds by highlighting some parametric families of probabil-
ity distributions. Thus, we propose two alternative constructions based on the convex ordering
properties.

1. Introduction
The paper refers to the following result of Hermite (1883) and Hadamard (1893).

THEOREM 1. If f:]a,b] — R is a convex function, then

()<t frome @3

A rich literature has been stimulated by this result. We mention here a brief se-
lection of relevant extensions. Fejér [4] highlights in 1906 the first weighted version of

(D).

THEOREM 2. If f : [a,b] — R is convex and g : [a,b] — [0,0) is integrable and
symmetric about (a+Db)/2, i.e. gla+b—x)=g(x), Vx € (a,b), with ffg(x) dx >0,

then
atb _ (7 0s@dx _ fa)+/(b)
(5) < e <55

Remark that for g(x) = 1, V x € [a,b], we obtain the Hermite-Hadamard inequal-
ity. Another interesting generalization is due to Brenner and Alzer [2].

2

THEOREM 3. If f : [a,b] — R is convex and g : [a,b] — [0,0) is integrable and
symmetric about ¢ € (a,b), such that [ g(x)dx >0, ¥V 0 <t < min{c —a,b—c},
then
[ f(x)g (x)dx<b—c c—a
J&gydx " b—a

c

fle) <

f(b). 3)
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Mention that Bakula, Pecari¢ and Peri¢ have recently provided an extension of
Theorem 3 for positive linear functionals (see [1]).
Fink proves in [5] a general weighted version of the Hermite-Hadamard inequality.

THEOREM 4. Let [ be a real Borel measure on [a,b], with u([a,b]) > 0.
If f :[a,b] — R is convex, then (under some restrictions of positivity on [L),

Xy—a
b—a

f(®), 4)

1 b b—x
() <€ gy L @ an0) < GEr @)+

where x; = 7%?[3%);) is the barycenter of L.

Florea and Niculescu find in [6] a complete characterization of the measures
satisfying the right inequality of (4). A comprehensive treatment of convex functions
can be found, for example, in [&].

In this paper, we look at the weighted version (4) of the classical inequality of
Hermite and Hadamard from the perspective provided by the stochastic convex order.
This approach is mainly due to Cal and Carcamo. Thus, in the paper [3] the weight i is
regarded as a probability measure on [a,b] and the inequalities are interpreted in terms
of the convex ordering between random variables. Recently, also in [10-13, 15, 16] are
studied the Hermite-Hadamard inequalities based on the convex ordering properties.
Rajba [12] was the first who used the Ohlin’s lemma [9] on convex stochastic ordering,
to get a simple proof of some known Hermite-Hadamard type inequalities as well as to
obtaining new Hermite-Hadamard type inequalities. In [12] are given some measures
U satisfying the inequality (4), as well as some generalizations of the inequality (3).

In this context, we will prove that the majorant and the minorant in inequalities of
type (4) can be respectively obtained by a continuous deformation of given probability
measure (. We think this preoccupation is instructive, helping to better understand this
inequality.

Let us recall some basic notions and results on the stochastic convex order (see,
for example, [14]).

DEFINITION 1. Let & and 7 be two random variables. We say that

1. & is smaller than 7 in the convex order (denoted by & <., ) if

E[f(&)] <E[f(n)]
for all real convex functions f.

2. & is smaller than 1 in the increasing convex order (denoted by & <. 1) if

E[f(&)] <E[f(n)]
for all increasing real convex functions f.

The following theorem (see Theorem 3.A.1 in [14]) establishes an useful criterion
for the convex order and the increasing convex order.
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THEOREM 5. Let F and G be the survival functions of the random variables &
and 1, respectively, that is F(t) = P{& >t} and G(t) =P{n >1t}, for t € R. If
E[8] =E[n] then

E<an & / f(u)dug/ G(u)du, VxR & & <iex 1.
X X
For a random variable &, with values in [a,b], let us denote:
o F(x)=P{& <x}, x €R, —the distribution function of &,
e p:la,b] — [0,00) — the density function of & (if exists!);

o E[f(€)] = Jp f(x)dF (x) = [° f(x)p(x)dx — the mean (or the expectation) of the
random variable f(&) (where f : [a,b] — R is integrable).

In [3] the inequality (1) is written as
FEE]) <E[f(S)] <E[f(E)], (5)

where & is a random variable with uniform distribution on [a,b], £&* a random variable
with uniform distribution on {a,b} and f: [a,b] — R is a convex function. In fact, the
right inequality of (5) say

< 8"

The same authors provide the following general multi-dimensional extension.

THEOREM 6. Let K C R" be a compact convex set. Denote K* the set extreme
points of K. For a given K-valued random vector &, there is a K*-valued random
vector &* such that the multi-dimensional Hermite-Hadamard type inequality

E[f(§)] <E[f(£")] (6)
holds for all convex functions f: K — R.

In this paper, we will develop the treatment of the weighted Hermite-Hadamard
inequalities in the frame of convex order.

2. Main results

In the following, we will consider a real interval [a,b] and a fixed point m € (a,b).
Let us define the discrete random variables & and &; with values in [a,b], having the

distributions
a b
&y(’?) and&:(uu). @)
b—a b—a

The corresponding survival functions of &y and &; are

I, x<a

—= I,x<m —= —a

Fo(x):{07x>m and Fy(x) = S_a,a<z<b, (8)
>
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respectively. For an integrable function f : [a,b] — R, we have

b—m m—a
b—af(a)+ b—a

Also, note that the two random variables have the same mean m and

E[f (80)) = f(m) and E[f (&1)] =

f(b). )

b b
m:a—|—/ fo(x)dx:a—k/ F1(x)dx.
a a
In fact, we have a specific formula for the mean of [a,b]-valued random variables.

LEMMA 1. Let & be a random variable taking the values in the interval [a,b). If
F is the survival function of &, then

EE}:a%iAbf@yk.

Proof. Let F =1—F, F(x) =P{& <x}, x € R, be the distribution function of & .
Recall that F is right-continuous. Since F(x) =0 for x < a and F(x) =1 for x > b,
we obtain [“_ xdF (x) = a(F(a) —0) = aF(a) and [, xdF(x) = 0. Hence

—oo

E[¢] = /_ixdF(x) = /u xdF (x) —|—/ahxdF(x) —|—/wadF(x) =aF(a)— /abxdf(x).

Integrating by parts, we find
b _ _ b _ b
(/MHw:M@%wH@—/F@M:—PH@+/F®M}
a a a

Since F(a)+ F(a) = 1, we obtain the conclusion. [

Now, we can adapt Theorem 5 to the case of random variables with values in a
given interval.

LEMMA 2. Let & and M two random variables taking values in [a,b], with the
survival functions F and G, respectively. Assume | ab F(x)dx = ff G(x)dx. Then & <y
n ifand only if [PF(x)dx < [P G(x)dx, for all 1 € (a,b).

Proof. According to our hypothesis and Lemma 1, we find E[E] =E[n]. On the
other hand, we have

[Fx)dx=a—1t+ [PF(x)dx=a—1+ [P G(x)dx = [~ G(x)dx, fort < a;

[FF(x)dx= ["F(x)dx < [" G(x)dx = [~ G(x)dx, fora <t <b

[7F(x)dx=0= [~ G(x)dx, fort > b
Then, applying Theorem 5, we obtain the conclusion. [J

A significant consequence of the above lemmas is the following probabilistic ver-
sion of Theorem 4.
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THEOREM 7. For a random variable & taking values in [a,b], with the mean

E[E] = m, we have
50 Sex é Sex éb

In particular, if & has a density function p : [a,b] — [0,0), then

m< [ e p@ae< I @ "2 ), (10)

for any convex function f : |a,b] — R.

Proof. Based on Lemma | and Lemma 2, it suffices to show

/tbfo(xmxg /thf(x)dm /tbﬁ(x)dx, Vi€ labl

For 1 € [m,b], we have [P F(x)dx > 0= ["Fydx. Assume that there is 7 € [a,m] such
that [PF(x) < [*Fo(x)dx = m—t. In this case, ["F(x)dx < ['F(x)dx+m—1 <
t—a+m—1t=m—a, in contradiction with the assumption E[£] =m. So ftb Fo(x)dx <
JPF(x)dx, ¥ 1 € [a,b]. Assume now that there is 7 € (a,b) such that ["F(x)dx >
JPF(x)dx = % . Since the function F is nonincreasing, we have [” F(x) dx <
(b—1)F(t). Thus, we obtain F(f) > =% Therefore, [’F(x)dx = [ F(x)dx+
JPF(x)dx > (t —a)F(t) + [P F(x)dx > "= W 9 4 (mf,fz(:*’) =m — a, in contradic-
tion with the assumption E[&] =m. So [ ( )dx < [PFi(x)dx, V t € [a,b]. There-
fore, &y <ex & <ex &1 Thatis E[f (&) < E[f(E)] <E[f ()], for a convex function

f:]a,b] — R. But, if & has the density p then E[f ()] = 7 f(x) p(x)dx and we
obtain (10). This completes the proof. [

REMARK 1. Using the Ohlin’s lemma [9], Rajba [11] gave an alternative very
simple proof of Theorem 7. The Ohlin’s lemma is also used to study inequalities of the
Hermite-Hadamard type in the papers [10,13,15,16]. In the papers [10,15,16], further-
more, to examine the Hermite-Hadamard type inequalities is used the Levin-Steckin’s
theorem [7] (see also [8]), as well as Lemma 2 [10], which is some modification of the
Levin-Steckin’s theorem. The Levin-Steckin’s theorem [7] as well as Lemma 2 in [10]
give necessary and sufficient conditions for the stochastic convex ordering. Moreover,
for random variables with values in some closed interval, from the Levin-Steckin’s the-
orem [7] it follows Theorem 5.

Let us consider now a (fixed) continuous random variable & taking values in [a,b].
Assume that & has a density function p : [a,b] — [0,0) (i.e. p is integrable on [a,b],
with [” p(x)dx = 1) and the mean E[£] = [”xp(x)dx = m. Our goal is to show that
the interval between the Hermite-Hadamard bounds

H-H minorant H-H majorant
— —
Ef&) oo EUE)] oo ElFE)

left spacing right spacing
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can be “filled” by considering an associated family (&) Aefo,1] of random variables
which is totally ordered with respect to the stochastic convex order.

Let F(x) = P{§ < x}, x € R be the distribution function of &. For x € [a,b],
we have F(x) = [ p(t)dt. Since F is a continuous (nondecreasing) function, with
F(a) =0 and F(b) =1, there is ¢ € (a,b) such that

o) = [ ploydr =

DEFINITION 2. Let p : [a,b] — [0,°) be a density function with the mean m €
(a,b) and ¢ € (a,b) such that the relation (11) holds. The parametric family of func-
tions (p2)xe(o,1)» Where pj : [a,b] — [0,c0), induced by the density p is defined as
follows:

e (0,1). (11)

x—a(2A—1
2(11—A)P< 2((1—/1) )> ;X € [a,up]

pa(x) =140, x € (up,vz) , for A €[1/2,1), (12)

—b(2A—1)
2(11—/1)19( -7 ) , X € [vy,D]

where
uy :=2A—-1)a+2(1-21)c
1= R2A—-1b+2(1—A)c’
and i)
1 X+m —
m(x)={”p< e RELRY Lford € (0,1/2),  (13)
0, X € a,s),) U (ty,D]
where

sy :=2Aa+(1-2A)m
1y =20+ (1-2A)m

Observe that p;, = p. Moreover, the definition (13) can be even applied for A =
1/2. The significance of the family of functions (p; ); c(0,1) introduced in Definition 2
is highlighted by the following lemma.

LEMMA 3. p; :[a,b] — [0,) is a density function on |a,b] with the mean m, for
all A € (0,1).

Proof. Clearly, p, is integrable on [a,b] for 2 € (0,1).
Assume A € (1/2,1). We have

/ 1 /<2A—1>a+2<1—x>c (x a(2/l—1 ) ., /
=
/ 1 /b (x b(2A —1) ) /
Pl 2(1-2) (2171)b+2(171)cp 2(1-2) Pl
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Then

[ prtae= [ paas+ [ b patoe= [ poart [ poac= [ pioyar =

In addition, from (11), we obtain

), b—m b m—a
/u py(xX)dx = - and /vxpl(x)dx— Pyt (14)

—a

The mean of p, is given by

b 1 Uz x—a(2A—1) 1 b x—b(2A-1)

[ st = g [ (i )"’”2(1—@/&”( )
—/p 2(1— M)t +a(2h — 1) dt+/ p(O2(1— )i+ 522 — 1]dr

:2(1—x)/u tp(z)dt+(2/1—1)<a/a p(t)dt+b/cbp(t)dt)

alb—m) bm—a)|
b—a | b—a }—m.

=2(1—A)m+ (24 —1) {

For A € (0,1/2), we find

b 1 2Ab+(1-2A)m x+m(2l _ 1)) b
d:—/ —————d:/ fdr = 1
/a pal)dx 2A J2ha+(1-20)m p( 21 = p(e)

and
/ ’ wpy (X)dx = / o) RAm(1—2A)]di = 22 /  p()dt-tm(1—-22) / )it =m.

Therefore the py : [a,b] — [0,e0) is a density function on [a,b] with the mean m, for
all L€ (0,1). O

Based on the above construction of the family of density functions (pz)xe(0.1)
(Definition 2), we will formulate the main result of this paper.

THEOREM 8. Let &, be a continuous random variable with the density function
pa, for A € (0,1). Let & and & be two random variable with the distribution de-
fined by (7). The family (&3)xc(0,1] of [a,b]-valued random variables has the following
properties:

1. &, @él,forl T1;
2. 69e, for A L 0;

3. & @&Oyﬁ)rl — Ao
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4. if A, u€[0,1], such that A <, then &y <cx &y
5. for every convex function f : [a,b] — R,
b
I1:0,1] = R, 1(A) =B (50)] = | f(x)ps (),
a

is a continuous nondecreasing function on [0,1], with the image

1([0.1) = ﬂm%@—mvw+%m—wﬂmy

b—a

« ), S
Here, “— 7 denotes the convergence in distribution.

Proof. For A € [0,1], let us denote by F; and F, the distribution function and
the survival function of &, , respectively.

1. We have to show )Llinll F) (x) = Fi(x) at the continuity points x € [a,b] of
Fy. Assume x € (a,b). Since llinll u) =a and llinll vy =D there is A, € (1/2,1)
such that uy < x < vy, VA € (A, 1). Then, from (14), Fy (x) = [i* p; (t)dt = 22 =

Fi(x), VA € (A, 1). So, & D& for A 11.

2. For x € [a,m), there is A, € (0,1/2) such that 53 >x, VA € (0,A,). Then
Fy(x) =0=Fy(x), VA € (0, ). Similarly, for x € (m,b], there is A, € (0,1/2) such
that 7, <x, VA € (0,A). Thus, F)(x) = f;; pa(t)dt =1=Fy(x), VA € (0,4). As

follows, &, ) &o,for A | 0.

3. It is sufficient to note that the function F) (x) = [ p; (r)dt is continuous in
A €(0,1), forall x € [a,b].

4. Theorem 7 ensures &) <.y &, <ex &1, for all A € (0,1). Then, we have only
to establish the convex ordering between &, and &, for 0 <A < p < 1/2 and for
1/2<A<u<1.Let ¢:a,b] — R be the function defined by

o(x) = /th,l (1)t — /Xbﬂ(z)dt, x€lab).

We have @'(x) = Fj (x) — Fu(x) = Fy(x) — Fy(x), for x € [a,b].
In the first case, 0 < A < u < 1/2, we obtain

0, X € [a,s;]
m+%

R = [ padr = [ ez, v e (s1.12)
1, X € [ty,b]
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Thus, after some calculations, we find

0, X e [a,sﬂ]

m-+30

Jo * p(2)dz, x€ (su,s2)

m+23
f +x m p( )dZ7 X € [Sl,m]

- f’"*g@ p(2)dz, x € (m,1)

- ,sz;“m p(2)dz, x € [13,14]

0, x € (ty,b]

Therefore, according to the sign of the derivative, ¢ is nondecreasing on the interval
[0,m] and nonincreasing on the interval [m,b]. Since ¢(a) = (m—a)—(m—a)=0
and @(b) =0—0=0, we conclude that ¢(x) >0, Vx € [a,b].

In the second case, 1/2 <A < u <1, we have

a+52=4-
fd A p(z)dz, X € [a7ul]

0= [ paar=4 b, X€ (1.2)
1— f;’_Z(bl:);L) p(2)dz, x € [v;,b]
and
u:ﬂﬁl,{) p(z)dz, x¢€ [a,u#]
f“*z(‘fﬁ) p(2)dz,  x€ (up,up)
o' (x) = 0, X € [uy,vy)

—f e p(z)dz, x € (vy,vy)
b—x

- h,ﬂ) p(z)dz, x € [vy,b]
2(1—p)

Hence, ¢ is nondecreasing on the interval [0,v;] and nonincreasing on the interval
[vy,b]. From ¢(a) = @(b) = 0, we conclude that ¢(x) >0, V x € [a,b].

As follows, for 0 < A < u < 1, we have fxbfl (t)dt < fxbf“ (t)dt, ¥ x € [a,b],
with [PF) (t)dt = [PFy(t)dr. Thus, from Lemma 2, we obtain &, <. &, for 0 <
A<u<l.

5. Let f: [a,b] — R be a convex function. From the definition of the convex order
and the previous result 4, the function I, is nondecreasing on [0,1]. We have

:/S?f(x)p;t(x)dx:/abf(m—l—2l(t—m))p(t)dt, for A e (0,1/2) (15
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and
4@ = [* rwpaas [ o a6
— [ flar20-2)0-a)par
+/Chf(b+2(1 ) (e=b))plt)dt, for X € [1/2,1).
The function f is then bounded on [a,b] and continuous on (a,b). Clearly, we have
Ir(A) = I(A) where f is the continuous function on [a,b] defined by f(x) = f(x), for

x € (a,b), fla)= 1im+f(x) and f(b) = lim f(x). Then, based on the properties of

the integrals involving parameters, the function /; is continuous on (0,1). Also, we can
directly verify Alirg Iy(A) =17(0) and Alinll I¢(A) =1I¢(1). Hence Iy is continuous
—0+ —]—

on [0, 1], with the image |f(m), (b_m)f(a;fim_“)f(b)} . O

REMARK 2. We have I4(1/2) = b F(x)p(x)dx. 1(0) = f(m) is the Hermite-
Hadamard minorant and I;(1) = 'I’;’a" (a)+5=5 f (b) is the Hermite-Hadamard majo-
rant. Note that the continuity of I at 0 and 1 is explained by the proved convergences

é;b(izéo,forklo,andél(izél,forle.

Further, we intend to complete our probabilistic approach by indicating a general
method to construct a random variable with the values in the interval [a,b] and the
expectation m € (a,b). The construction starts from an arbitrary [0, 1]-valued random
variable. Moreover, starting from a family of [0, 1]-valued random variables, which
is totally ordered with respect to the increasing convex order, we will get a family of
[a,b] -valued random variables which is totally ordered with respect to the convex order.

DEFINITION 3. Assume a real interval [a,b] and m € (a,b). Let & be a random
variable taking the values in the interval [0, 1]. Suppose that the distribution function
F of & has at most a finite number of points of discontinuity. We define the random
variables - = m+ (a —m)&, with the distribution function F_, and &, =m+ (b —
m)& , with the distribution function F. A random variable & having the distribution
function F, = ?j‘T’ZF;; + 5= Fe, , will be called an ([a,b];m)-mixture of &.

We easily observe that E takes the values in the interval [a,b]. In particular, 0= &
and 1 = &; (see Definition 7). The following theorem proves some properties of the
([a, b];m)-mixtures.

THEOREM 9. Let & and 1 be two random variables satisfying Definition 3, such
that & <jex M. Let us consider their corresponding ([a,b];m)-mixtures & and 1, re-
spectively. Then E [é] =mand £ < 1.
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Proof. Let F and G be the distribution functions of & and 7, respectively. From
Lemma | and considering Definition 3 we obtain

= a+/ F. [a—i—/abf(x)dx] +rZ:Z [a+/ahf+(x)dx}
=2 ~"g[g |+ Z “E[&]
b

= S m+(a—mE[]

(b—m)E[E]} = m.

We also have E[1] = m. As follows,

b__ b__
/F*(t)dt:/ G.(t)dt. (17)

The inequality & <j.x ) implies

1 1
/F(z)dtgf G(t)dt, ¥V x €0,1]. (18)
From Definition 3 F', we obtain
x—m x—m
—(x) =Ple-<x}p = = = < ; »bl.
F_(x) =P{& < x} IP’{& a—m} and Fy(x) IP’{& b—m} for x € [a,b]

Then

— b—m xX—m m-—ap,
F. — PJ{c > <

(x) [b—a {é a—m} b—a {é —m}]
1—bomple > 2my forx € [a,m)
ak (5=
Since F has at most a finite number of discontinuity points, we obtain after some
calculations

my, for x € (m,b]

/bf* (t)dt = W im F(z)dz, for x € [m,b],

b—m
and

b_ b
/F*(t)dtz%/ F(z)dz+m—x, forx € [a,m).

But we have similar results for the expression of fx G.(t)dt. Therefore, using the
relation (18), we find

b b__
/ F*(t)dtgf G.(t)dt, ¥V x € |a,b]. (19)

From (17), (19) and Lemma 2 we deduce E <an. O

Finally, we apply our last construction to obtain new results of Hermite-Hadamard
type.
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DEFINITION 4. A stochastic process (X )se(o,1] With values in [0, 1] is said to be
continuous increasing convex ordered if

1. Xp=0 and X, @Xo,for/l 10;
_ () )
2. X;=1land X; = Xy, for A T 1;

X, @Xaﬂ,for/l—JOE(OJ);

sow

L0 <A<l = X)Ll gicxxlz'

EXAMPLE 1. Let X, be a Beta random variable with the distribution function

_ sin(Ar)

Fy (x) -

/ A1 —1)"rdr, x€[0,1],

0

for all A € (0,1). Assume Xo =0 and X; = 1. Then (X;)ac[o,1) is a continuous
increasing convex ordered stochastic process.

We obtain an alternative of Theorem 8.

THEOREM 10. Let (X;) Aefo,1] be a continuous increasing convex ordered stochas-
tic process. For A € [0,1], denote X, the ([a,b];m)-mixture of X;,. Then

0Sh<h<l= ]E[f@m)] <]E[f@2>]’

Sfor all convex functions f: [a,b] — R, i.e. ()?)L)Ae[o,l] is a totally ordered convex family
of random variables taking values in [a,b], with the common mean m.

The proof is based on Theorem 9. The details are ommited.
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